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AbstractLet pod_j(n) denote the number of partition k—tuples of any positive integer n
where the odd parts in each partition are distinct. The arithmetic properties of pod_(n) for the
particular cases k£ = 1,2, 3 and 4 have been studied by different authors in recent times. In this
paper, we study the arithmetic properties of the partition functions pod_s(n) and pod_7(n) and
establish infinite family of congruences by using Ramanujan’s theta-functions. We also prove
some other congruences for pod_s(n) and pod_7(n).

1 Introduction

Let pod_j(n) denote the number of partition k-tuples of any positive integer n where the odd
parts in each partition are distinct. The generating function of pod_(n) [7, p.1, (1.1)] is given
by
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(¢ 0)os
is a special case of the Ramanujan’s general theta-function f(a,b) which is defined by
> a2/, lab] < 1. (1.3)

Other two special cases of f(a,b) and of importance in this paper are

)=1+2 % 14
¢(q) == f(q,9) +; NPTy (1.4)

and
f(=q) = f(=¢, =) = D> (=1)"q"*""? = (g5 9)c- (1.5)

The arithmetic properties of pod_j(n) have drawn much attention in recent years. Hirschorn
and Sellers [5] studied the partition function pod_(n) (often denoted by pod(n)) and proved
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some infinite family of congruences including the following congruence: For o > 1,

23 x 32at2 4
+—
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> =0 (mod3). (1.6)

They also proved some internal congruences of the following type
pod(81n + 17) = pod(In +2) (mod 27). 1.7)

The congruences modulo 5 and 7 for pod(n) are proved by Radu and Sellers [6] by employing
the method of modular form. Wang [9] also found infinite family of congruences modulo 5 for
pod(n). Chen and Lin [3] investigated the arithmetic properties of pod_,(n) and proved infinite
family of congruences modulo 3 and 5. Wang [9] proved infinite family of congruences modulo
7,9 and 11 for the partition function pod_3(n). More recently, Wang [7] established infinite
family of congruences modulo 9 for pod_4(n) and also proved some internal congruences.

In sequel to above works, in this paper we study arithmetic properties the partition functions
pod_s(n) and pod_7(n) and prove some congruences by employing Ramanujan’s theta-function
identities.

In section 3, we prove congruences modulo 2, 3, and 5 for pod_s(n). For example, in Theo-
rem 3.5 we prove that, for « > 1 and any odd prime p,

. 200—1
pod_s (3;020‘71 4 38 +p)g a 5) —0 (mod 3), (1.8)
where : = 1,2,--- ,p — 1. We also prove some other congruences for pod_s(n) modulo 2, 3,

and 5.
In section 4, we investigate the partition function pod_7(n) and prove congruences modulo 3
and 7. For example, in Theorem 4.4 we prove, for & > 1 and any odd prime p, we have

- 2c—1 7
pod_ (9p2an+ 9(8””)5 + ) =0 (mod 3),

wherei=1,2,--- ,p— 1.
Section 2 is devoted to record some preliminary results for ready references in this paper.

2 Preliminary Results
Lemma 2.1. /1, p. 286, Lemma 3.11]We have

(@:0)oo(q*:0")

—ag) = 2.1
¥(—q) (@) (2.1
2 (%545
= (—¢;¢ )0 = —— . 2.2
(4% %)%
= ) 2.3
1) (@)oo (0 4*) 0 23)
Lemma 2.2. [2, p. 49, Corollary (i)& (ii)]We have

#(q) = ¢(a”) +2af (¢, 4"), (2.4)
W(q) = £, ¢%) + av(q”). (2.5)

Lemma 2.3. For any prime p and positive integer m, we have
(qpm;qan)oo = (qm;an)];O (mod p), (26)

#(¢") = #(¢)? (mod p). (2.7
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Proof. (2.6) follows from binomial theorem. (2.7) follows from (2.6) and the product represen-
tations of ¢(q) in (1.4). i

Lemma 2.4. [2, p. 51, Example(v)]We have
fa. @) = v(=a*)x(q)-
Lemma 2.5. [2, p. 350, Eqn. (2.3)]We have

e, d) =
Lemma 2.6. [2, p. 46, Entry 30(ii) & (iii)[We have

f((h b) + f(_av _b) = 2f (G/Sbv ab3) )
b 5.3
fa,b) = f(=a,=b) =2af  ~,a’b” ).
a
Lemma 2.7. [2, p. 49]For any odd prime p, we have

¢ +Zq f p(p— 2r p+2r))

Lemma 2.8. [4, Theorem 2.1]For any odd prime p, we have

M \

P +(2k+1) p2—(2k+1)p P21 )
( ,q 7 )+q 5 ah(gP).

B+k |, p*—
2 # 8

1
Furthermore, (mod p) for0 < k < %3.

3 Congruences for pod_s(n)

Theorem 3.1. For any positive integer n, we have

i) ipodfs@n)q” = % (mod 3),

n=0
(74 Zpod (Bn+1)¢" =2¢(—q) (mod 3),

(741) pod,5(3n +2)=0 (mod 3).

Proof. Setting k = 5 in (1.1), we find that

— (—a: )3 1
d_s(n)q" = - 31

Employing (2.1) and (1.4) in (3.1), we find that
S pod_s(n)g" = —2L___ (3.2)

Employing (2.4) and (2.6) in (3.2), we obtain

0 N é 9 f 37 15
2 pod-s(m)" = (q3;q3)oo((%1‘)2;q‘2)oo +2q(q3;q3)(i(q%2;)q‘2)oo (mod 3. G
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Extracting the terms involving ¢*" from (3.3), then replacing ¢* by ¢, and using (2.7), we arrive
at (1).
Extracting the terms involving ¢***! from (3.3), then dividing by ¢ and replacing ¢ by ¢, we

obtain S
2

Employing Lemma 2.4 in (3.4) and simplifying using (2.1) and (2.2), we obtain

(2% 0o (414" 0 (%1 %)
Zpod Bn+1)¢" =2 G (T (a0 (mod 3). 3.5)

Simplifying (3.5) by employing (2.6) with p = 3 and using (2.1), we complete the proof of (ii).
Since right hand side of (3.3) contains no terms involving ¢>"*2, extracting the terms involv-
ing ¢*"*2 from (3.3), dividing by ¢* and replacing ¢* by ¢, we readily arrive at (iii). O
Theorem 3.2. For any positive integer n, we have
pod_s(16n+j) =0 (mod 2),
where j =1, 3, 5, and 6.

Proof. Using (2.1) in (3.1) and simplifying using (2.6) with p = 2 , we obtain

- 1 }q)o
> pod_s(n)q" T @EZ;ZB% (mod 2). (3.6)

Employing (1.5) in (3.6), we find that
1 o0

> pod_s(n)q" = 50 > (=B (mod 2). (3.7)

n=—oo

Extracting the terms involving ¢'6"*7 for j =1, 3, 5, and 6 from (3.7) and employing the fact
that there exist no positive integer n such that n(3n + 1)/2 is congruent to 1, 3, 5, or 6 modulo
16, we arrive at the desired result. O

Them;eoem 3.3. We have
(7) Zpod,5(9n +1)¢" =2f(—q,¢*) (mod 3),

n=0

2
ii) pod_s(9n + 1) = pod_s | 9p*n + 3 +5 mod 3),
8

where p is a prime such that p = +1 (mod 8).

Proof. Replacing ¢ by —¢ in (2.5) and employing in Theorem 3.1(ii), we obtain
Zpod Bn+1)q" =2(f(—¢*,¢°) — q¥(—¢°))  (mod 3). (3.8)

Extracting the terms involving ¢°” from (3.8) and replacing ¢> by ¢, we arrive at (i).
To prove (ii), we set

> e(n)g" = ¢(q)- (3.9)
n=0
Employing (2.4) in (3.9) , we obtain
> e(n)g" = 6(¢’) + 2af (¢, 4"). (3.10)



PARTITION 5 AND 7 TUPLES WITH ODD PARTS DISTINCT 145

Extracting the terms involving ¢*"*!, dividing by ¢ then replacing ¢> by ¢, we obtain

o0

Zc(3n+l)q":2f(q7q5). (3.11)

n=0

Setting a = ¢ and b = ¢’ in Lemma 2.6, we obtain

fla.@)+ f(—a.—¢) = 2£(¢"*,4"°) (3.12)
and
fa.@) = f(=¢.—¢°) = 2af(d*, 7). (3.13)
Adding (3.12) and (3.13) and simplifying, we obtain
fla. @) = f(@®.4"%) + af(d*, ). (3.14)

Employing (3.14) in (3.11), then extracting the terms involving ¢%" and replacing ¢® by —g¢,
we obtain

Z (24n + 1)(=1)"¢" = 2f(—q,¢*). (3.15)
Employing Theorem 3.3(i) in (3.15) and equating the terms involving ¢", we obtain
c(24n+1) = (—1)"pod_s(9n + 1) (mod 3). (3.16)

Employing Lemma 2.7 in (3.9), then extracting the terms involving qPZ" and replacing qu by g,
we obtain

> e n)g" = ¢(q). (3.17)
n=0
From (3.9) and (3.17), we deduce that

c(n) = c(p*n). (3.18)

Replacing n by 24n + 1 in (3.18), we obtain

2
c(24n+1):c(24p2n+p2)=c(24< 241> +1>. (3.19)

Employing (3.16) in (3.19) and simplifying, we find that

2

pod_s(9n +1) = (_])(p2+1)n+(p2_1)/24p0d75 (9p2n + 3pg+5> (mod 3). (3.20)
Noting (p* + 1)n + (p> — 1)/24 is even for any prime p and p = £1 (mod 8), (ii) follows from
(3.20). o

Theorem 3.4. For o > 1 and any odd prime p, we have

> e 20
Z(A)P“nﬂp “D8pod_s <3p20‘n +3 (p o 1) + 1> ¢" =2(q) (mod 3).

n=0

Proof. We will prove the result by using the method of mathematical induction on «.
Replacing ¢ by —¢q in Theorem 3.1(ii) and employing Lemma 2.8, we obtain

Zpod (Bn+1 "=2 i
k=

< MM) + ¢ (g”)  (mod 3).
(3.21)
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Extracting the terms involving g7 ™+ ~1/8 from (3.21), then dividing by ¢ ~1/# and replacing
qu by ¢, we obtain

Z(—l)p2"+<p2_1)/8pod_5 (3p2n +3 (p ) + 1) ¢" =2(¢q) (mod 3). (3.22)
n=0
So the result is true for o = 1.

Assume that the result is true for o = k, so

0o 2k
Z(—l)ka”Hp%_l)/spod,s (3p2k~n 13 (p 8— 1
n=0

) + 1) " =20(q) (mod3). (3.23)

Employing Lemma 2.8 in (3.23), we obtain

> 2 2% 2k _
Z(_l)p ’“n+(zn’”71)/8pod_5 <3p2kn+3 <p < 1) + 1) "

n=0

pT—3
zZZq
k=0

Extracting the terms involving qPZ”sz*l)/ 8 from (3.24), then dividing by q(pZ*W 8 and replacing
qu by ¢, we obtain

k22+k f <q;73+(22k+1)p’172(22k+1)17 > + q#ﬂ}(qu) (mod 3) (3.24)

(oo}

2k (20 pPo1 )y p?F o 2_1 2k _
S (- (et ) 2% pod_s (3p2k<p2n+p8 >+3<p < )+1>q"

n=0
) P2 2(k+1) _ 1
2(k+1)n .
_ Z(_])p k+1)n+ g pod_s <3p2(k+l)n +3 <p8> + 1) q"
n=0

=2¢(q) (mod 3). (3.25)
Thus, the theorem is true for « = k£ + 1 whenever it is true for o = k. As the result is also true
for a = 1. Hence, by principle of mathematical induction the result is true for any o > 1. O

Theorem 3.5. For o > 1 and any odd prime p, we have

: 200—1
pod_s (3p20‘n + 3B+ p)é) + 5) =0 (mod 3),

wherei=1,2,--- ,p— 1.

Proof. Extracting the terms involving qp"+%7l from (3.24), then dividing by q% and replacing
q"™ by ¢, we obtain

> 2a+1, p?ot2 1 p2a+2 -1
Z(—l)p " pod_s (3p2a+1n +3 <8) + 1) q" =2¢(¢?) (mod 3),
n=0
(3.26)
where we replaced k by a. The right hand side of (3.26) contains no terms involving ¢?"** for
i = 1,2,---,p — 1, so extracting the terms involving ¢?"** from (3.26) and simplifying, we
arrive at the desired result. O
Theorem 3.6. For any positive integer n, we have
pod_s(5n+3j) =0 (mod 5),
where j =1, 2, 3, and 4.
Proof. Employing (2.1) in (3.1) and simplifying using (2.6) with p = 5, we obtain
o0 2. 2\5 10. 10
3" pod_s(n)g" = (o) o (070)w (mod 5). (3.27)

()20 (@ )% (:6°)0 (66700

Since right hand side of (3.27) contains no term involving ¢°"*7 for j = 1,2, 3, and 4, extracting
the terms involving ¢°"*7, we complete the proof. O
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4 Congruences for pod_;(n)

Theorem 4.1. We have
= n_ ¢*(¢%)
i) Zpod,7(3n)q = (mod 3).
n=0

(5 0) o0 (4% 4?) 0o (a*: ¢*) o

_ *(9)f (¢, ¢)

(i 3 Opod 7(3n+1)¢" = D~ (q D= (mod 3).
_ (a0, 4°)

(444) E pod_7(3n+2)q" = GO O T (mod 3).

Proof. Setting k = 7 in (1.1) and simplifying by employing (2.1) and (1.4), we obtain

()
Zp“d = GO RN @D

Employing (2.6) with p = 3 in (4.1), we obtain

o) . ¢2
3" pod_s(n)q CXOMes qg‘izo T (mod 3). (4.2)
n=0

Employing (2.4) in (4.2), we obtain

- n_ (D) +440(P) f (2 )+4q2f2(q q")
pod_7(n)q" = - (mod 3). 4.3)
nZ:O (2% 0%) o0 (4% ¢°) 0 (4% 4"%) oo

Extracting the terms involving ¢*” from (4.3) and replacing ¢* by ¢, we arrive at (i). Extracting
the terms involving ¢*"*! from (4.3), dividing by ¢ and replacing ¢> by ¢, we arrive at (ii).
Extracting the terms involving ¢*"*2 from (4.3), dividing by ¢* and replacing ¢ by ¢ we complete
the proof of (iii). O

Theorem 4.2. We have
Zpod (9n +2)¢" = (—q) (mod 3),

(it) pod_7(9n +5) =0 (mod 3),
(i12) pod_7(9n+8) =0 (mod 3).

Proof. Employing Lemma 2.4 in Theorem 4.1(iii) and simplifying using (2.1), (2.2) and (2.6),
we obtain

n (@30)5(0%4%) 0 _ (@30)0(0%0P)00 _ 5y
ZpOd (n+2)" = ()3 (g0 (4% 4%) oo =v(-0) (mod3)

(4.4)

Extracting the terms involving ¢°” from (4.4) and replacing ¢* by ¢, we arrive at (i).
Since right hand side of (4.4) contains no terms involving ¢°"*! and ¢*"*2, extracting the
terms involving ¢*"*! and ¢*"*2 from (4.4), we complete the proof of (ii) and (iii), respectively.
O

Theorem 4.3. For any odd prime p and o > 1, we have

& 2

Z(—l)pza”+p2{;71pod_7 (9p2an +9 (p 8_ 1) + 2) " =(¢) (mod 3).

n=0
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Proof. We will prove the result by induction on «.
Replacing g by —¢q in Theorem 4.2(i) and employing Lemma 2.8, we obtain

Zpod On+2)(—1)"¢" =

(o ) ) mod3)

4.5)
Extracting the terms involving g2 "+ ®* ~1)/8 from (4.5), then dividing by ¢*"~1)/8 and replacing
q”2 by ¢, we obtain

:O

oo 2
S (=1 pod_, <9p2n +9 <p 1) + 2> ¢" =¥(g) (mod3). (4.6)

8
n=0
So the result is true for o = 1.
Assume that the result is true for o = k, so

o 2k_1

Z(_l)kan+(P2k*1)/8p0di7 <9p2kn 49 <p
n=0

)+z) =l (mod3). @)

Employing Lemma 2.8 in (4.7), we obtain

e 2 2 2k — 1
Z(_l)p Fn+(p ’gl)/Spod_7 <9p2kn+9 <p < ) + 2) "

n=0

u

p—

2 +)p p°—Q2k+ P’=
_ (M’(Zkl))_i_q 3 ¢(qp2) (mOd 3) (48)

k:O

Extracting the terms involving qu’”(pz*l)/ 8 from (4.8), then dividing by q<?’2*1)/ 8 and replacing
qu by ¢, we obtain

oo

2wk (2 21 2k _y 2 2k
+2L )42 -1 -1
Z(—l)” (p" s ) ¥ pod_q <9p2k (p2n+p o >+9(p o )+z>q”
n=0

2(k+l)7| 2(k+l) . 1
7 <9p2<’““>" +9 (pg ) + 2) q"

HMS
?f‘
r
i
=
3
S,

=¢(q) (mod 3). 4.9)
Thus, the theorem is true for « = k£ + 1 whenever it is true for o = k. As the result is also true
for « = 1. Hence, by principle of mathematical induction the result is true for any o > 1. O

Theorem 4.4. For o > 1 and any odd prime p, we have

- 2c—1 7
pod_ (9p2an+ 9(8””)5 + ) =0 (mod 3),

wherei=1,2,--- ;p— 1.

Proof Extracting the terms involving qler " from (4.8), then dividing by ¢ 2 and replacing
q" by ¢, we obtain

i 2a+2

2l 4 p 2a+1 p2a+2 -1 n
> (=1 s pod_7 (9> n+9( ———— ) +2)¢" =(¢?) (mod 3), (4.10)

8
n=0

where we replaced k by a. Since right hand side of (4.10) contains no terms involving ¢?"** for
i=1,2,---,p— 1, extracting the terms involving ¢*"™* from (4.10) and simplifying, we arrive
at the desired result. O
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Theoggm 4.5. We have
(i) Y _pod_7(3n+ 1)¢" = f(—q.¢*) (mod 3),
n=0
(i2) pod_s(9n + 1) = 2pod_7(3n + 1) (mod 3),
7
> (mod 3),

2

(#31) pod—7(3n + 1) = pod_7 <3p2n +2
where p is a prime with p = £1 (mod 8).
Proof. Simplifying Theorem 4.1(ii) with the help of (2.7), (1.4), and Lemma 2.4, we arrive at

()3, ) (dD)d

Zpod (3n+1)g" = ¢*(q) (@ D)oo (05060 8(a) (459)00(a% a¥)

(mod 3). (4.11)

Employing (2.7), (1.4) and (2.2) in (4.11) and simplifying , we obtain

Zpod (3n 4 1)g" (i(q;) (mod 3). (4.12)

Replacing ¢ by —¢ in Lemma 2.5 and employing in (4.12), we complete the proof of (i).
(ii) follows easily from Theorem 3.3(i) and Theorem 4.5().
To prove (iii), combining (3.15) and Theorem 4.5(i), we obtain

c(24n +1) = (—1)"pod_7(3n + 1) (mod 3). (4.13)

Employing (4.13) in (3.18) and simplifying, we obtain
2, 2
pod_7(3n + 1) = (=)D 2 poq (3p2n + 1’8+7> (mod 3). (4.14)

Noting (p? + 1)n + (p* — 1)/24 is even for any prime p and p = +1 (mod 8), we complete the
proof of (iii). O
Theorem 4.6. For any positive integer n, we have

pod_7(Tn+3j) =0 (mod 7),
where j =1, 2, 3, 4, 5, and 6.

Proof. Employing Lemma 2.1 in (1.1) with £ = 7 and simplifying using (2.6), we obtain

(¢*: %)% (¢":4") o0
pod_7 = mod 7). (4.15)
nz;) S L@ @) )
The right hand side of (4.15) contains no term involving g™ for j=1,2,3,4,5, and 6, so
extracting the terms involving ¢’"*7, we complete the proof. O
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