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Abstract The Euler, Laplace, Whittaker and fractional Fourier transforms of k—Bessel func-
tion is established in this paper. The results obtained here are expressed in terms of generalized
Wright function.

1 Introduction
The k-Pochhammer symbol (1)), , is defined (for A, v € C; k € R) by

(N 1= W (AeC\{0}) (1.1)

_ 1 (v=0)
B AA+k)--AN+(n=1)k) (v=neN);

and the k-gamma function has the relation
-l (2
Ty(2) = ki r(k) (1.2)

is such that I'y(2) — I'(2) if & — 1 [1]. The Bessel function of fist kind has the power series
representation of the form [3]

0o 1) ( )2k+'u
=2 Thror DR (1.3)

k=0

The k—Bessel function defined in [2] (also see [4]) and represented as follows:

oo 27":|:
= E JkeRT, 9 el 9> —k. 14
J:I:ﬁ ’I“k‘ 19 k) € v e lv> (1.4)

The generalized hypergeometric function represented as follows [5]:
F
P (/Bq) 5 _7 1 (ﬁj)

provided p < ¢;p = ¢+ 1 and |z| < 1 and (a)n is well known Pochhammer symbol, o € C
(see [5])
The generalized Wright function ,'¥,(z) is given by the series
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where a;,0; € C,and o3, 8; e R(i =1,2,...,p;5 = 1,2,...,¢). Asymptotic behavior of this
function for large values of argument of z € C were studied in [6] and under the condition

q p
dBi=> i>-1 (1.7)
=1 i=1

was found in the work [7, 8].

The generalized k—Wright function introduced in [9] as:
Forke R";ze C,a;, 3 € R (o, 8; #0;i=1,2,..,p;j = 1,2, ...,¢) and
(a; + a;n), (bj + Bjn) € C\KZ~

i B & (a’ha’i)l,p
WP (2) = ¥, l( (b5, Bi)1., |Z>]
o ﬁ]"k(ai-i-ain) n
(= U

- ) (1.3)
n!
n=0 Hl"k (b] + B]n)
j=
Now, we recall the following definitions,
Definition 1.1. Euler Transform:
Let o, € Cand R (), R (B) > 0,then the Euler transform of the function f (z) is defined

by
1

O A (E O (19)
Definition 1.2. Laplace Transform:

The Laplace transform of the function f () is defined as

F(s)=L{f(t);s}= /OOO e St (t) dt, R (s) > 0. (1.10)

Definition 1.3. Fourier transform
The following integral gives the Fourier transform

=S u (w):/Ru(t)emtdt. (1.11)

where u = u (¢) be a function of the space S (R) Shwartzian space of function that decay rapidly
at oo together with all derivatives.

Definition 1.4. The Fractional Fourier Transform (FFT)
Let u be the function belonging to ¢ (R), the Lizorkin space of functions,where

¢(R)={peSR)}:3[g] € V(R)
and V' (R) is the set of functions defined by
V(R)={veSR)}: Vg =0,n=0,12,.
then FFT of order a, 0 < a < 1 is given by
Ua(w) = Salu)(w)
_ / ¢ty (1) dt (1.12)
R

particularly, if « = 1 (1.12) reduces to FT and for w > 0 (1.12) reduces to FFT given by Luchko
et al [10].

The aim of this paper is to derive the Euler,LLaplace, Whittaker and Fractional Fourier trans-
forms of k— Bessel function given in (1.4).
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2 Main Results

In this section, we give some theorems and corollaries as main results.

Theorem 2.1. If k € RT;a,b € C, ¥ € land 9 > —k, then

1
/ 27N (1= ) TE (227 dz
0

(a—i—ﬂl 20) ‘1’2
(2 +1,1). (ot b+ 22,20) | 7

T

= T® (ﬂ)% R

Proof. The left-hand side of theorem 1 denoted by by Z;.Using the definition of k—Bessel
function and (1.9) , we have

1
I = /z“il(l—z)b_lJf(:rzg)dz
0
1 =y ()
_ (1= 2"
/OZ 2 z::() Ty (rk + 0 + k) 7!

Interchanging the integration and summation under the given conditions, we get
o0 (=1)" 22ty

1
Il = / Za+2ra+%a—1 1—2 b—1 dZ,
Zz2r+%rk (rk+9+k)r!Jo s

- (5 )%i (=1)"a*  T(at2or+ )T ()
B 22T ( rk+ﬁ+k)r'r(a+b+2ar+%’)'

n=0
Now using (1.1), we get

r(EVESS I Tlators )
Li=T(b) (ﬂ) nZ=0 22rfrT (7rk+,;9+k) r!'T (a +b+20r + %’) .

In view of the definition of (1.6) , we arrived the desired result. O

Corollary 2.2. If we take k = 1, in theorem 2.1, then we have the following integral representa-
tions for Bessel function of first kind J, (z) :

1
/ 201 (1- z)b_1 Jyp (227) dz
0
x\? (a + VYo,20) z?
= I (= Y — .
()(2) b2 (19+1,1),(a+b+190,20)’ ]
Theorem 2.3. Ifk € Rt,ac C,9 € ,9 > —k, R(s) > O0and | % | < 1 then

/ 20 tem = gk (227 dz
0

2 (a—!—%ﬂo) ‘ z? ]

x —a -
= (g) (Z41,1) | dks>

Proof. Let 7, denoted by the left hand side of Theorem 2.3 and applying 1.4, we get

L = / zaflefsz(]ff(xz”)dz
0

)27‘+k

o) B 1)7‘(
_ 0= 1 sz 2
N /0 Zrk (rk+9+k)r!
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Interchanging the integration and summation allow us to write,

[e'e] r r+2
Iz = Z (_1) x2 TE /1 Za+27'0'+%0—le_82d2
L 22Ty, (rk + 0 + k) 7! Jo ’

In view of the definition of Laplace transform and (1.1) , we get

(=1)" g2r % I (%2 +20r+a)
2Ry (rk+ 0+ k)r! s% t2orta

[M]8

I, =

r=0

_ ( x )%Sﬂli (—l)‘r‘xzr F(%—"-ZO’T‘-’-G).
2kso 2rfrT (7k+]§9+k) r! g2or

r=0

In view of definition (1.6), we get the desired result. O

Corollary 2.4. If we set k = 1 in theorem 2.3, we have

o0
/ 227 e™% ], (229) dz
0

In the following theorem, we derive the Whittaker transform of generalized £—Bessel func-
tion. Here, we recall the following results:

(a + 0¥,20) ’ 22 ]

(W+1,1) | 4s

> ‘ T(3+pu+v)T(5—p+v)
vl —1& _ - \2 2 _
/0 e Wy, (1) dt N R (v p) > —1/2, (2.1)

where the Whittaker function W) ,, (¢) is given in [11] (also see [12]).

I (2p)

Wi (t) = (N CEY)

MA,—/L (t)
where M) ,, (t) is defined as
My, (1) = 252 Ry <; + 02+ 1;t> :
Theorem 2.5. If k € R*,6,p,a,b € C,Y € 1,9 > —k and R (p £ 207 + % + pi) > —1 then

/ e E Wy, (pt) J5 (wt®) dt
0

9
1\F*
= pl_p_% (Zk‘) 22

Proof. Let pt = v then

(3+n+p+5,20), (3 —ptp+ 5,20 ’ —w
(24 1,1), (1 =X+ p+22,20) 4kp20

/ e E Wy, (pt) J5 (wt®) dt
0

B /O°° < <;)MWA’“ (U)i22r+2ri(:lzr+w;+k)r! l(

n=0
Interchanging the integration and summation allow us to write

ole

SRS
N———
>
[
|
QU
I~

_ -2 —p-% - (=1 w" T S
=2"kp Pk ’;)2%])2‘”1% (rk+19+k)r!/0 e 2P W (U)dlla
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Using the formula for Whittaker transform (2.1) , we get

oo 1 w s
S S _
R nzork(rk+z9+k)r!< 4p26>

LGHp+20r+p+ )T (5 —p+20r+p+5)
T (1—A+p+20r+92) '

In view of (1.1), (1.2) and (1.6) , we get the desired result. O

Corollary 2.6. If we take k = 1 in Theorem 2.5 then we get
/ e E Wy, (pt) Jy (wid) dt
0

p P27,

(3+u+p+00,26), (3 —p+p+69,25) | —w
(W+1,1),(1 =X+ p+9,26) 4p?0

Theorem 2.7. Ifk c RT,9 € Y9 > —k and 0 < o < 1,then
So [T ()] (w)

— (2uh) %ir +1—|—2T)w (i)t gy
- C(r+%+1)r! (

r=0

Proof. Using the definition of 1.4 and FFT, interchanging the integration and summation gives
2r+2
DG "
/ xp (“” )Zrk(rk+ﬂ+k)r'

oo 71 T
- Z . (=1) / exp (iwit) 2+ & dt,
2R (rk+ 9+ k)l R

Sa [J5 (O] (w)

Letiwat = —£ then
o 1) 0 —{ 2r+2 df
- S amra e (S5) (52
2Rl rk+19+k)r‘ iwe iws
o0 _] T (o] B . 9
= Z o 2 ( ) i / e 552 +kdf~
—o 27Ty (rk + 0 + k) (i) lw T Erl o

T

Now using the formula (1.1) and definition of gamma function, we get

oo

%k_%zl—‘( +1+27")() zrlw_%.

=@ = wkl—‘(r—i—%—i-l)r! (4F)"

which gives the required result. O

Corollary 2.8. If we take k = 1 in Theorem 2.7, we get,

Sa [75 ()] (w)
-9 - I'( 19+1+27‘)w ;(-)—2r_1w_z,
; Fr+d9+1)r! 4r

In conclusion, by taking £ = 1 in the main results, we obtained the integral transforms of
Bessel function of first kind.
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