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Abstract. A subset S of vertices in a graph G is called injective dominating set if for every
vertex v not in S there exists a vertex u € S such that |T'(u,v)| > 1, where |T'(u,v)]| is the
number of common neighbors between the vertices u and v. The injective domination number

vin(G) of G is the minimum cardinality of such dominating sets. In this article, we introduce the
p

injective domination polynomial of a graph G of order p as D;,,(G,z) = Z din(G, j)2?,
j:'Y'in(G)

where d;,, (G, j) is the number of the injective dominating sets of G of size j. We obtain some

properties of D;,, (G, x) and compute this polynomial for some specific graphs.

1 Introduction

All graphs considered here are finite, undirected without loops and multiple edges. For a graph
G, let V(@) and E(G) denote the set of all vertices and edges of G, respectively. The open
neighborhood and the closed neighborhood of a vertex v € V(G) are defined by N(v) = {u €
V(G) : wv € E} and N[v] = N(v) U {v}, respectively. The cardinality of N(v) is called the
degree of the vertex v and denoted by deg(v) in G. The maximum and the minimum degrees
in G are denoted respectively by A(G) and §(G). That is A(G) = max,ev |N(u)|, 6(G) =
min,ey |V (u)|. The distance between two vertices u and v in G is the number of edges in a
shortest path connecting them, this is also known as the geodesic distance. The eccentricity of a
vertex v is the greatest geodesic distance between v and any other vertex and denoted by e(v).
For more terminology and notations about graph, we refer the reader to [11, 12].

A subset D of V(G) is called dominating set if for every vertex v € V — D, there exists a vertex
u € D such that v is adjacent to u. The minimum cardinality of a dominating set in G is called
the domination number of G and is denoted by v(G). For more details about domination of
graphs, we refer to [13].

The common neighborhood graph (congraph) of G, denoted by con(G), is the graph with the
vertex set V(G), in which two vertices are adjacent if and only if they have at least one common
neighbor in the graph G [6].

Proposition 1.1 ([6]).
(i) con(K,) = K.
(ii) con(K,) = K,.

s

p
W,) = K,.

(
(iii) con(Kym) = K, U Kp,.
(iv) con(

(

(v) con Pp) = P[gw U PL%J'

Cp, if pisoddandp > 3;
(vi) con(Cp) = ¢ PUP, ifp=4
Cp UCy, ifpiseven.
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The common neighborhood (CN-neighborhood) of a vertex v € V(G) denoted by N, (v)
is defined by N, (v) = {u € V(G) : w € E(G) and |I'(u,v)| > 1}, where |I'(u,v)| is the
number of common neighborhood between the vertices u and v, [10]. The concept of injective
domination in graph has introduced in [8]. For a graph G, a subset S of V(G) is called injective
dominating set if for every vertex v € V — S there exists a vertex v € S such that |T(u,v)| > 1.
The minimum cardinality of such dominating set denoted by 7;,(G) and is called the injective
domination number of G. The injective neighborhood N;,, (v) of a vertex v € V(QG) is defined by
Nin(v) = {u € V(G) : [I'(u,v)| > 1}. The cardinality of N,,(v) is called the injective degree
of the vertex v and denoted by deg;, (v) in G, and N;,,[v] = N;,(v) U {v}. A vertex vin G is
called injective isolated (Inj-isolated) vertex if and only if v is isolated or a center vertex of a star
component of GG. For more details about the injective domination of graphs, we refer to [1, 7].

Proposition 1.2 ([8]). For any graph G, v;,(G) = v(con(Q)).

Proposition 1.3 ([8]). Let G be a graph with p vertices. Then v;,(G) = p if and only if G is a
forest with A(G) < 1.

Proposition 1.4 ([8]). Let G be a nontrivial connected graph. Then v;,(G) = 1 if and only if
there exists a vertex v € V(G) such that N (v) = N, (v) and e(v) < 2.

Let D(G, j) be the family of dominating sets of a graph G of size j and let d(G,j) =
|D(G, j)|. The domination polynomial D(G, z) of G'is defined by D(G, z) = 327__ ) d(G, j)a’,
[5]. The dominating sets and the domination polynomial of graphs have been studied extensively,
for example in [5, 3, 4, 2]. Recently, the neighborhood polynomial of graphs has studied in [9].

There are many graph polynomial have introduced and studied extensively like Characteris-
tic polynomial, Chromatic polynomial, Matching polynomial, Tutte polynomial...etc. The graph
polynomial is one of the ways for algebraic graph representation. By the analysis of graph poly-
nomial and studied its properties we can get some information about the graph, that motivated us
to introduce a new type of graph polynomial is called injective domination polynomial of graphs.
In this paper, we introduce the injective domination polynomial of graphs. Some properties of
D;, (G, x) are obtained and exact formulas for some specific graphs are computed.

2 Injective domination polynomial of graphs

In this section, we define the injective domination polynomial of a graph G and study some of
its properties.

Definition 2.1. Let G be a graph on p vertices. The injective domination polynomial of G is
denoted by D;,,(G, ) and defined as

zn G $ Z dzn G j
Jj= ’Ym(G)

where v;,,(G) is the injective domination number of G, and d,, (G, ) is the number of injective
dominating sets of G of size j.

For instance, the cycle C4 has one Inj-dominating set of size four and four Inj-dominating
sets of size three and two, then the injective domination polynomial of Cy is D;,(Cy,x) =
x* + 423 + 42°. From Proposition 1.2 and Definition 2.1, it is easy to check the following
proposition.

Proposition 2.2. For any graph G, D;,(G,x) = D(con(G), ).

Theorem 2.3. Let G be a graph on p > 2 vertices. Then Dy, (G, z) = (1 + a:)p — 1 if and only
if for every vertex v € V(G), Nep(v) = N(v) and e(v) < 2.

Proof. Suppose Dy (G, z) = (1 +z)" — 1. Then D;,,(G,2) = Y7, ()2, which means that
any vertex v in G has a full Inj-degree. Hence by Proposition 1.4, N, (v) = N(v) and e(v) < 2,
Vv € V(G). The converse is clear. i
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Corollary 2.4. For any complete graph K, withp > 3, Dy, (K, z) = (1 + x)p —1.
Lemma 2.5 ([5)). If a graph G consists of m components G, . . .,G,,, then
D(G,z) = D(G1,z)...D(Gp, x)

By the same argument, Lemma 2.5 is also true for the injective domination polynomial of
any graph G' with m components.

Lemma 2.6. If a graph G consists of m components G1,...,Gy,, then

Din(G, x) = Din(Gla .Z') e Dm(Gm, 3?)

Proof. The proof is straightforward from Proposition 2.2 and Lemma 2.5. O
Lemma 2.7 ([5]). Let K, be the empty graph with p vertices. Then D(K,,x) = zP.

Theorem 2.8. Let G be a graph on p vertices. Then D;,,(G,x) = aP if and only if G is a forest
with A(G) < 1.

Proof. Suppose D;,(G,x) = 2P. Then by Proposition 2.2 and Lemma 2.7, con(G) = K,,. But
K, = con(nK; UmK,) for some n,m € Z* U {0}, where p = n + 2m. Hence, G is a forest
with A(G) < 1. The converse is clear. O

In the following theorem we obtain the injective domination polynomial of the join graph
G1 + G, of two graphs G and G».

Theorem 2.9. Let G1 and G, be any two graphs of orders p1 and p», respectively.
(i) If Gy or Gy is an isolated-free graph, then

Din(G1 + Ga,z) = (1 +$)P1+pz L

(ii) If Gy and G5 have isolated vertices, then

2
( (1+=z)P 1)+Z<(1+x (1+x)rk), ifGy # Kp, and Gy # Ky, ;
k=1
2
( (1+a)? 1)+(1+:v - (1+a2)™, if Gy # Kp, and G, = Kp,;
Din(G1+G2,x) = kzl
( (1+)? 1) +(1+z)” - (1+2)7, if Gi = Kp, and Gy # Kp,;
k=1
2
H ((1 —i—a:)p’c — 1), ifG1 = Kp, and Gy = K,
k=1

where 1 and  are the number of isolated vertices of G and G,, respectively.

Proof.

(i) Suppose G; or G is an isolated-free graph. Then for any vertex v € V(G1+ G2), Nen(v) =
N(v) and e(v) < 2. Hence by Theorem 2.3, D;,, (G + G2, z) = (1 + x)pl+p2 —1.

(ii) Suppose G1 # K, . Then any non-isolated vertex of G; forms an injective dominating set
of G1 + G,. Thus any subset of vertices of (G; contains at least one non-isolated vertex

forms an injective dominating set of G; + G,. Hence, we have (p 1) — (T1> injective
J J
dominating sets of G} + G5 of size 1 < j < p; (we can do the same for GG;). On the other

hand, suppose D; C V(G) and D, C V(G») be any subsets of vertices of G; and Ga,
respectively, such that |Dy| + |D,| = j. Clearly that, D; U D, is an Inj-dominating set of
G1 + G, of size 7. Hence the result.
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O

As a corollary of Theorem 2.9, we have the following formula for the injective domination
polynomial of the complete bipartite graph K. ,,,, the wheel graph W, and the star .S,.

Corollary 2.10.
(i) Din(Kr,max) = ((1 +x)r - 1) ((1 + x)m - 1>

(ii) If p > 4, Dypy(Wp,z) = (1 +2)" — L

(iii) Din(Sp, ) = z(1 +2)" " — 2.

Corollary 2.11. Let G = G1 + Go+-- -+ G, for any graphs Gy, k = 1,2, ..., n, wheren > 3.
Then

Din(G,QZ‘) = (1 +x)ZZ:|Pk 1

Proof. Since G = Gy + G2+ -+ + G, where n > 3, then for any vertex v € V(G), N¢,(v) =
N(v) and e(v) < 2. Hence by Theorem 2.3, D;,, (G, z) = (1 + ac)z’“:l Pr_. O

The following proposition is an easy consequence from the definition of the injective domi-
nation polynomial of graphs.

Proposition 2.12. Let G be a graph on p vertices. Then
(i) If G is a connected graph and G # S,, then d;,, (G,p) = 1 and d;,,(G,p — 1) = p.
(ii) din(G,j) =0ifand only if j < vin(G) or j > p.

(iii) Dy, (G, x) has no constant term.

(iv) D;n(G,x) is a strictly increasing function in [0, o).

(v) The only polynomial of degree two can D, (G, x) be equal is x* if and only if G = K, or
G~ K,.

(vi) Let H be any induced subgraph of G. Then

deg (Dm(G, x)) > deg (Dm (H, :v)) )

(vii) Zero is a root of D;,, (G, x), with multiplicity v, (Q).

Theorem 2.13. Let G be a graph of order p with t vertices of Inj-degree one and r Inj-isolated
vertices. If D;n (G, x) = Zé’:%n(@ din(G, j)27 is its domination polynomial, then the following
hold:

(i) r=p—din(G,p—1).

(ii) If G has s path Ps-components, then di,(G,p—2) = (5) —t+s—r(p—1)+ (5).
(iii) If G has no Inj-isolated vertices and D;,,(G,—2) # 0, then t = (}) — din(G,p — 2).
(iv) din(G,1) = [{v € V(G) : |degin(v) = p — 1}].
Proof.

(i) Suppose B C V(G) be the set of all Inj-isolated vertices of G. Then by assumption,
|B| = r. It is clear that, for any vertex v € V(G) — B, the set V(G) — {v} is an Inj-
dominating set of G of size p — 1. Hence, d;,(G,p— 1) = |V(G) = B|=p—r.
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(ii)

(iii)

(iv)

Suppose D C V(G) be a set of G of size p— 2 which is not Inj-dominating set. To compute
how many D sets in G, we have two cases:

Case 1. D = V(G) — {u, v}, where u or v is an Inj-isolated vertex in G. So, for every
Inj-isolated vertex u in G, there are p — 1 vertices such that V(G) — {u, v} is not an Inj-
dominating set of G. Therefore, the total number of (p — 2)-subsets of vertices of G of the
form V(G) — {u, v} which is not Inj-dominating set, where u or v is an Inj-isolated vertex
isr(p—1)— (3), since if u and v are Inj-isolated vertices, then we count V' (G) — {u, v} for
both u and v.

Case 2. D = V(G) — {u,v}, where u and v are Inj-adjacent (u and v have at least a
common neighbor) and deg;, (u) = 1. Since we have s P;-components, then the number
of such Inj-edges {u, v} is t — s. Hence the result.

Since D;, (G, —2) # 0, then by Lemma 2.6, G has no P3-components. Hence by Part (i),
t= () —din(G,p—2).

For any vertex v € V(G), the set {v} is an Inj-dominating set of G if and only if N(v) =
Nen(v) and e(v) < 2 (Proposition 1.4), which means that deg;,(v) = p — 1.

Lemma 2.14 ([5]). Let G be a graph of order p. Then for every 0 < j < &, we have d(G, j) <

d(G,j+1).
Proposition 2.15. Let G be a graph of order p. Then for every 0 < j < &, we have di, (G, j) <
Proof. The proof follows from Proposition 2.2 and Lemma 2.14. O

3 Injective domination polynomial of some specific graphs

In this section, we compute the injective domination polynomial of the path P, cycle Cy, firefly
graph and the corona product K, o K,,.

3.1 Injective domination polynomial of paths and cycles

Lemma 3.1 ([4]). For any p > 4,

D(P,,z) = 2[D(Py—1,z) + D(P,_s,2) + D(P,_3,2)],

with the initial values D(Py,z) = x, D(Py,z) = x* + 2x and D(P3,x) = 2 + 32% + x.

Theorem 3.2. For any p > 2, the injective domination polynomial of the path P, is given by

[D(Pg )] 2, if pis even;

D (P,,z) = fpi
in(Pp, ) { D(PPTH,x)D(PpT_l,x), if pis odd,

with the initial values D(Py,z) = x, D(Py,z) = x* + 2x and D(P3,x) = 2 + 32% + x.

Proof. The proof is straightforward from Proposition 1.1 and Lemmas 2.5, 3.1. O

Lemma 3.3 ([3]). For any p > 4,

D(Cp,z) = z[D(Cy_1,x) + D(Cp_2,z) + D(Cp_3, )],

with the initial values D(C1,x) = x, D(Cy,x) = 2% + 2x and D(C3,z) = 2° + 32% + 3a.

Theorem 3.4. For any p > 3, the injective domination polynomial of the cycle C,, is given by

D(Cp, z), if p is odd;
Din(Cpow) =3 [D(Py,2)],  ifp=4;
[D(C% , a:)]z, if pisevenandp > 6,

with the initial values D(C1,z) = z, D(Cy,x) = 2> + 22 and D(C3,x) = 2 + 32 + 3.

Proof. The proof is straightforward from Proposition 1.1 and Lemmas 2.5, 3.3. O
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3.2 Injective domination polynomial of the firefly graph

A firefly graph Fi ¢ p—2s—2¢—1 (s > 0,¢t > 0O and p — 2s — 2t — 1 > 0) is a graph of order p that
consists of s triangles, ¢ pendent paths of length 2 and p — 2s — 2t — 1 pendent edges, sharing a
common vertex.

Let §, be the set of all firefly graphs Fi ¢, o,_2.—1. Note that §, contains the stars S,
(= Fpp,p—1), stretched stars (= Fp 1 ,—2:—1), friendship graphs (= Fp Lo, o) and butterfly graphs
(2 Fs50,p—25—1), [14]. In the following, we will discuss the injective dommatlon polynomial of
the firefly graph in cases t = 0, ¢ # 0.

U2

vy

Up—2s—2t—1 . ®

w2

Figure 1. Firefly graph F ; ,_ 2521

Lemma 3.5. For the firefly graph F 4 p,_>s_2¢—1,

I, ift=0ands > 0;
2, otherwise.

lyin(Fs,t,p72572t71) - {

Proof. In general, any set contains the center and another adjacent vertex will Inj-dominate all
the other vertices in Fi ¢ ,,_2s—21—1, then v, (Fs ¢ p—2s—2t—1) < 2. Now, if ¢ = 0 and s > 0,
then F o ,—2s—2,—1 contains a vertex v satisfies N (v) = N, (v) and e(v) < 2, so by Proposi-
tion 1.4, i, (Fs 0 p—2s—2t—1) = 1. Otherwise, F; ,_2s_2:—1 does not contain a vertex satisfies
Proposition 1.4. Hence, v, (Fs.t p—2s—2t—1) = 2. O

Theorem 3.6. For the firefly graph Fs o p—2s—1, wheret =0, s > 0andp > 25 + 1,

2s, ifji=1;
din(Fs.0p—25—1,J) = ey p—1 iy
50.p-2s 3 UT) w#iz2
i—1

P 2s+1
Hence, Din(Fy0,p—2s—1,%) = 252 + Z [ Z ( 1>} .
j—

1=

Proof. In this case by Lemma 3.5, fym( s.0p—2s—1) = 1 (since Fy ¢, 25— contains a vertex
satisfies Proposition 1.4). Actually, F o ,—2s—1 contains 2s vertices satisfy Proposition 1.4 which
they are all the vertices of the triangles except the center vertex. On the other hand, any Inj-
dominating set of size j > 2 must contain at least one vertex from the triangles, thus we have

St (g’j) possibilities. O
Proposition 3.7. For the friendship graph Fprl 0.0°

p—1

Din(FPT*l,o,m z) = (1 "'gf)T - L
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Proof. Ttis easy to see that N, (v) = N(v) and e(v) < 2,Vv € V(Fprl 0.0)- Hence by Theorem
2.3, the result is obtained. ]

Now, in case ¢t # 0, we divide the Inj-dominating sets of Fjs; ,_2s_2;—1 With respect to the
center vertex to Inj-dominating sets contain and do not contain the center vertex.

Lemma 3.8. The number of Inj-dominating sets which contain the center vertex and of size j,
where 2 < j < pina firefly graph F, ; p_2s_2¢—1 is

p—t—1, ifj=2;
p—t—1

dinFs 75777.: —1—4 .
(Fstp—25—2t—1,]) Z <p._2z), ifi>3

i=1 J

Proof. From the proof of Lemma 3.5, any set contains the center and another adjacent vertex in
F 1 p—2s—2¢—1 is an Inj-dominating set of size two, thus we have p — ¢ — 1 Inj-dominating set of
size two. Otherwise, any Inj-dominating set of size j > 3 containing the center vertex must con-
tain at least on edge joining the center vertex with any other vertex, so we have » 7_, il (”;1;")
possibilities. O

Lemma 3.9. The number of Inj-dominating sets which do not contain the center vertex and of
size j, where t +1 < j <p—linafirefly graph Fg ; 221 is

p_t_]7 l.fj:t+])
p—t—2

din(Fs,t,p72572t717j) - Z <p — 17— (t + 1)
= (

ft+2<j<p-1.
-+ 1) ) ft+2<j<p

i=1

Proof. Itis clear that, any Inj-dominating set of F ; ,_»5_2¢—1 does not contain the center vertex
must contain all the end vertices of the ¢ pendant P; paths in Fj;,_25—2,—1 and at least one

vertex from the other vertices. Therefore, there are p — ¢ — 1 Inj-dominating sets of size ¢ + 1
and Y0 : ( t(fj)l)) possibilities of Inj-dominating sets of sizet +2 < j <p— 1. i

Theorem 3.10. For the firefly graph F ; 05211, where t # 0,

Din(Fstprs—i—1,x) =(p—t — 1) (a? + 1) + jzp; rél (p j_i ; Z)] z)
ST O

Jj=t+2 i=1

Proof. The proof is straightforward by the definition of the injective domination polynomial of
graphs and Lemmas 3.8, 3.9. O

3.3 Injective domination polynomial of K,, o K,

We start by the following proposition:
Proposition 3.11. Let G = K,, o K,,,. Then v;,,(G) = 2.

Proof. 1t is easy to see that any two adjacent vertices in G Inj-dominate all the other vertices, so
vin(G) < 2. But G has no a vertex of full Inj-degree (a vertex v satisfies N.,,(v) = N(v) and
e(v) < 2, Proposition 1.4). Hence, v;,(G) = 2. i

According to Proposition 3.11, d;, (K, 0 K,,j) = 0 for j < 2 or j > n(m + 1). Thus, we
will compute d;,, (K, 0 Ky, j) for 2 < j < n(m+ 1). To make more simplicity, in the following
two lemmas we compute d;,, (K,, o K,,, j) for the independent Inj-dominating sets and the non
independent Inj-dominating sets, respectively.
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Lemma 3.12. For any independent Inj-dominating set of size j (n < j < mn),

m b;
dm(Kn OTmaj) = Z (bl,bsz. -,bm> H (T) 7

bit+by+-+bm=n i=1
where j = by +2by + -+ mb,, and 0 < by, by, ..., by < n.

Proof. Itis not difficult to see that any independent Inj-dominating set of K, o K,,, must contain
at least one vertex from each copy of K,,. Thus the number of all independent Inj-dominating
sets of K, o K,,, is given by the multinomial

e\ 1" n oo b;
|:; (Z>:| N b]+b2+§bm=n <b17b2,-~-7bm> H (7'> ,

where 0 < by, by, ..., by, < n. So, to determine d;,, (K,, o K, j) for each n < j < mn, we need
to know how many vertex should be chosen from each copy of K,,, by determine the numbers
bi,bs,... by suchthat 27" b, =nand j =) .", ib;. Hence,

m b;
din(KnoKm,j) = > (bl,bQ,T.L..,bm>Hl<7?) ’

bi+byte b =n

where j = by + 2by + - - - + mby,. O

Lemma 3.13. For any non independent Inj-dominating set of size j,

din(Kp 0 K, j) = ni <ij__21> T Zn: (?) (;n—n)

i=2
where2 < j <n(m+1).

Proof. Suppose S is a non independent Inj-dominating set of K,, o K,,, of size j 2 < j <
n(m + 1)). We divide the Inj-dominating sets of K,, o K,, here into two parts, Inj-dominating
sets contain exactly one vertex of K, which they have n) ", (”;751) possibilities and Inj-
dominating sets contain more than one vertex of &, which they have 37", (7)(";) possibilities.
Hence,

. " (mn —i " /n mn
i S0 507
i=1 i=2

Theorem 3.14. For any n,m > 1,

putsne o= 3 b2 (7 )+ 2 ()G

S0 ol I o A ) | (N
S iby=n -7 bi=n Pl

where 0 < by, by, ...,b,, < n.

Proof. The proof is straightforward by the definition of the injective domination polynomial of
graphs and Lemmas 3.12, 3.13. O

Example 3.15.

p p
(1) Din(Sp7x) :Din(Kl © Kp—lax) = Z |:

1 1 _
—(p—1)$2+(p2 >x3+<p3 )$4+"'+$p—93(1+w)” L—a
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.. 2 n—1 " /n n . n
P T I oY 2

i=2

K 5 2m " 2m —i .
B JZ; K; - 2> +2; ( j=2 )]a:g
2m 2 m m b; -
+ Z |: Z <b17b2""’bm>H(i> :|$Zillbi
=2 b2 11
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