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Abstract.The aim of the present paper is to introduce a new subclass Ls(a, 8, A, t) using
Sakaguchi type functions and A -Spirallike functions and to investigate Characterization and
Subordination results for functions in this class. We discuss several consequences of our results.

1 Introduction

Let A denote the class of functions of the form
) =2+ anz" (1.1)
n=2

which are analytic and univalent in the open unit disc & = {z: z € Cand |z| < 1}.
Let K be the familiar class of functions that are convex in ¢/ and let S*(«) denote the class of
A-spirallike functions of order a.. A function f(z) € A is said to be in the class S* () [4] if

%{elAz;(ij)} > acosh, (zel, |\ <7/2,0<a<])

Note that S*(0) = S* is the class of \-spirallike functions introduced by Spacek [10].
Further, a function f(z) € A is said to be in the class C*(«) if

f'(2)

Note that C*(0) = C* is the class of functions for which zf’(z) is A-spirallike in ¢/ introduced
by Roberstson [7] and the class C*(«) was introduced and studied by Chichra [1]. A function
f(2) € CMa) if and only if 2 f/(2) € S*(a).

Now we introduce a new subclass Lg(a, 3, )\, t) defined using Sakaguchi type functions and
A-Spirallike functions as follows.

%{e“‘ <1+zf <Z)>}>a003>\, (zeld, N <n/2,0<a<])

Definition 1.1. A function f(z) € A is said to be in the class Lg(a, 8, A, t) if it satisfies

o (1 =0zf () + 81— 1)22f" (2)
! {e (1= B)[f(2) — f(t2)] + B2[f(2) — f(t2)] } > acos), (1.2)

forsome0<a<1,0<g8<1,t#1, [t|<1,|]\ <7/2,and z € Y.

By giving specific values to A, 3, we obtain the following subclasses studied by various
researchers in earlier works

« For 3 = 0 and 8 = 1, we obtain the subclass P*(«a,t) and M?*(a,t) introduced and
studied by Goyal and Goswami [3].

« For A=0,8=0 and A = 0, 3 = 1, we obtain the subclass S(«,t) and T (a,t) intro-
duced and studied by Owa et. al. [5].
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+ For § = 0 and ¢t = 0 we obtain the subclass S&(\) studied in [6].
+ For A = 0 we obtain the subclass Lg(a, 3,t) studied in [9].

In our present investigation we need the following definitions and also a related result due to
Wilf [11].

Definition 1.2. (Convolution) Given two functions f and g in the class .4, where f is given by

(1.1) and g is given by g(z) = z + Z bpz" the Hadamard product (or convolution) f x g is

n=2

defined by the power series  (f * g)(z) = z + Z anbn 2" = (g% f)(z) (2 €U).
n=2

Definition 1.3. (Subordination Principle) For two functions f and ¢ analytic in I/, we say that
the function f is subordinate to g in ¢/ and write f < ¢, if there exists a Schwarz function w,
which is analytic in ¢/ with w(0) = 0 and |w(2)| < I, suchthat f(z) = g(w(2)), z€U.

Definition 1.4. (Subordinating factor sequence) A sequence {b,, }°° ; of complex numbers is said
to be a subordinating factor sequence if, whenever f of the form ( 1.1) is analytic, univalent and
convex in U, we have the subordination given by

Zanbnz” < f(z) (zel,a1=1).
n=1

Lemma 1.5. [11] The sequence {b, }:° , is a subordinating factor sequence if and only if
%{1+2§:@¢”}:>Q (zel).
n=1

2 Main results

In this section first we prove the Characterization results for the functions in the class Lg(«, 8, A, t)

Theorem 2.1. A function f(z) of the form (1.1) is in the class Ls(c, B, \,t) if

(1 —D)zf (2) + B~ )22 f"(2)
(1 =B)f(2) = f(t2)] + B=[f (2) = f(t2)]

where 0 <~y <1,0< 8 <1, |t| <1, t+#1,, provided that

—1

<1—~ 2.1

=

1
Al < cos_l(1 —

2.2)

for some o, 0 < a < 1land z € U.

Proof. Suppose that

(1= 0)2f (2) + B =22 (2)
(1 =B)[f(2) = f{t2)] + Bz[f(2) — f(t=

lw(2)| < 1 forall z € Y. Now

plon_ (1=821()+B1-1)21"(2)
(1= B)[f(2) = ()] + B=[f(2) — f(&2)]'
> cosh — (1 —7)|ePw(z)]
> cosh — (1 —v) > acosA

)}/ -1< (1 - 7)”(2)7

"

} = cosA + (1 — v)R{e?w(2)}

provided that || < cos™!(1=2).
This completes the proof. O
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Theorem 2.2. If

(1—t)zf (2) + B(1 —1)22f"(2)
(1-B)[f(2) — f(t2)] + B2[f(2) — f(tz)]

forsome0<a<1,0<8<1,t#1,t| <1,|\ <7/2,and z € U. Then f(z) belongs to the
class Ls(a, B, A, t)

— 1| < (1 — a)cosA (2.3)

Proof. Sety =1 — (1 — a)cos), in the above Theorem. i

Theorem 2.3. If the function f(z) € A, satisfies the inequality

o0

> 1+ (n = D)B][In — unlsech + (1 — a)fun[Jlan] < (1 - a), (2.4)
n=2

where u,, = ZZ;OItk, (t# 1Lt <1,0<a<1,0<8<1,|A\ <7/2),then f(z) €
Ls(a, B, A t).

Proof. By Theorem (2.2) it suffices to show that

(1 —8)2f'() + B(1 = )22 (2)

=B = f@ + B = f@]

< (1 — a)cosA

Since

(-0 () +80-021"C)
(T= A=) — J@)] + B/ () — S @]

o0

S+ (n = 1)B)(n — wn)anz"
z+ i[l + (n = 1)Blunanz"
n=2
Z[l + (n = 1)B]|n — un||an||z]" !
< n=Z __
1— Z[l + (n— 1)5]|Un||an\|z|”*1

- Z[l + (n = 1)B]|unl|an|

n=2
The last expression is bounded above by (1 — a)cos), if

oo

Z[] + (n = 1)B]In — uyllan|
n=2 = < (1 — a)cosA
- Z[l + (n = 1)B][un|lax|
n=2
which is equivalent to
Z[l + (n— 1)B][In — unlsech + (1 — @)|uy|]|an| < (1 — )
n=2

O

Remark: Suitable choices of A, 5,t yield the characterization results derived in [3], [5], [6]
and [9].
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3 Subordination results

In this section we prove the Subordination results for the functions in the class £;(c, 8, A, t) .
Theorem 3.1. Let f € A satisfies the inequality (2.4) and suppose that g € K. Then

(1 “Fﬂ)“l *t|sec/\—|— (1 *Oz)|1 +t|]
ST A — tear+ (=T + (1 —ay ¥ 9 < 96) 3.1)

zel, | <1Lt#1,0<p<1,0<a< 1, |\ <n/2and

(1+8)[|1—tlsechA+ (1 —a)|1+t]] + (1 — )
(T+B)[[1 —tlsech + (1 —a)|T +¢]]

(14 B)[|1 — tlsech + (1 — )|l + ¢]]

2[(1+ B)[[1 — t[sech + (1 — a)[1 + ] + (1 — )]
sult ( 3.1) cannot be replaced by any larger one.

R{f(2)} > - (zel). (3.2)

in the subordination re-

The constant factor

Proof. Let f € A satisfy the inequality ( 2.4) and suppose that
g(z) =z + Z cp 2" € K. Then we have
n=2
(14 B)[|1 — t]sech + (1 — a)|1 + ]
2[(1+ B)[|]1 — t|sech + (1 — )|l +¢|] + (1 — )]

— (14 B)[|1 — tlsechA+ (1 — a)|1 +¢]]
~ 2[(1+B)[|]1 —t|seeA + (1 —a)|[1 +t]] + (1 — a)] +Zancn

(f *9)(2) (3.3)

By definition ( 1.4) the subordination result (3.1) holds true if the sequence

(14 B)[|1 = tlsech + (1 — a)|1 + ] >
{2[0 T A — tsech + (1 — )T + 4] + (1 —a)]“"}n_l G

is a subordinating factor sequence with a; = 1.
In view of lemma ( 1.5) it is enough to prove the inequality:

{1+Z +B)[1 = tlsech+ (1 — a)|1 + 1] )]anzn}>07 Cew. 63

—|—5 (11 —t[secA + (1 — )] +¢]] + (1 — @

Now,

=

(14 B)[|1 — t|sech + (1 — )1 + 1] =
{1 0T AT — tlsech+ (1 — )T+ 4] + (1 —a)] ;"”Z }

(14 B)[|1 = t|sech + (1 —a)[1 +¢]]
%{1 MEEIE —tlsech Tl +e+(1-a)]

+(1 + B)[|1 —t|sechA + (1 — )|1 +t]] + (1 — «)
Yoo, (14 8)[|1 —t|sech + (1 — a)|l + t]]a,z"}.

when |z| =7, (0 <r < 1),

1 (14 B)[|1 = tlsech + (1 — a)|1 + ] .
SEERETIE —t|secl)\+ (I—a)[l+t]+ (1 - )]

(1 +B)[[T—tlsech+ (1 —a)|l +t]]+ (1 — )
Yool 4+ (n = DB[In — unlsech + (1 — &) [ua|]|an|r"

(L+ A1 —tlsech+ (1 —a)I 4]
[(1+3)1 —t|seci\—_i—é1 — )1+t + (1-a)
T+ B[ —tsech+ (I —a)1+H]+(1—a)

>0

>1 -
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Then (3.5) holds in ¢. This proves the inequality (3.1). The inequality (3.2) follows from (3.1),

by taking convex function g(z) = l—iz =z+ Z z". To prove the sharpness of the constant
(14 B)[I1 = tsech + (1 — a)|1 +]]

2[(14 B)[|1 — t|sech + (1 — )1 +t]] + (1 — a)]

we consider the function fy(z) € Lg(«, 8, A, t) given by

n=2

. (1 — a)secA .
fol#) == = T BT = tsecr + T =T 1] ’ (3:6)
From (3.1),
(14 B)[|1 — t|sech + (1 — a)|1 + t] .
2[(1+ﬂ)[\1—t|sec>\—|—(1—a)\1+t”+(1_a)]f0(z)‘< T—2 (zel) (3.7)

For the function fy, it is easy to verify that
. (14 B)[]1 — t]sech + (1 — a)|1 4+ ¢]] R
“““{%{2[(1 T B — tlseeh+ (1 — )T+ ] + (1 - a)]fO(Z)}} =z (=)

(14 B)[]1 — t|sech + (1 — a)[1 + ]

2[(1+ B)[1 — tsech + (1 — )[T +¢[] + (1 — )]
sible, which completes the proof. O

This shows that the constant

is the best pos-

Remark: Suitable choices of A, 3,t yield the subordination results derived in [2], [3], [6]
and [9].
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