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Abstract In the present paper, the notion of MT, ., \-preinvex function is introduced and
some new integral inequalities for the left hand side of Gauss-Jacobi type quadrature formula
involving MT , ,,, .,-preinvex functions are given. Moreover, some generalizations of Hermite-
Hadamard type inequalities for MT, ,,, )-preinvex functions that are twice differentiable via
Riemann-Liouville fractional integrals are established. At the end, some applications to special
means are given. These general inequalities give us some new estimates for Hermite-Hadamard
type fractional integral inequalities.

1 Introduction

The following notation is used throughout this paper. We use I to denote an interval on the real
line R = (—o0,+00) and I° to denote the interior of I. For any subset K C R™, K° is used
to denote the interior of K. R™ is used to denote a generic n-dimensional vector space. The
nonnegative real numbers are denoted by R, = [0, +00). The set of integrable functions on the
interval [a, b] is denoted by L, [a, b].

The following inequality, named Hermite-Hadamard inequality, is one of the most famous in-
equalities in the literature for convex functions.

Theorem 1.1. Ler f : I C R — R be a convex function on an interval I of real numbers and
a,b € I with a < b. Then the following inequality holds:

In (see [12], [15]) and the references cited therein, Tun¢ and Yidirim defined the following
so-called MT-convex function:

Definition 1.2. A function f : I C R — R is said to belong to the class of MT([), if it is
nonnegative and for all z,y € I and ¢ € (0, 1) satisfies the following inequality:

Vit ; V1—t
2V1—¢ 2Vt

In recent years, various generalizations, extensions and variants of such inequalities have
been obtained. For other recent results concerning Hermite-Hadamard type inequalities through
various classes of convex functions, (see [11], [13], [14]) and the references cited therein, also
(see [7]) and the references cited therein.

(z) +

fltz+(1-t)y) < f()- (1.2)

Fractional calculus (see [11]) and the references cited therein, was introduced at the end of
the nineteenth century by Liouville and Riemann, the subject of which has become a rapidly
growing area and has found applications in diverse fields ranging from physical sciences and
engineering to biological sciences and economics.
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Definition 1.3. Let f € L1[a, b|. The Riemann-Liouville integrals J¢, f and J2 f of order & > 0
with a¢ > 0 are defined by

S @) = o [ =07 0 o> a

and
Jﬁf(x)-rja) [ t-aytwa v>a

+o0o

where I'(a) = / e "u®"'du. Here JO, f(z) = J?_f(x) = f(z).

0
In the case of oo = 1, the fractional integral reduces to the classical integral.

Due to the wide application of fractional integrals, some authors extended to study fractional
Hermite-Hadamard type inequalities for functions of different classes (see [4]-[11]) and the
references cited therein.

Definition 1.4. (see [2]) A nonnegative function f : I C R — R, is said to be P-function or
P-convex, if
fltz+ (1 =t)y) < f(z) + fly), Yz,yel, tel0,1].

Definition 1.5. (see [3]) A set K C R"™ is said to be invex with respect to the mapping 7 :
K x K —R" ifx+tn(y,x) € K forevery z,y € K and ¢t € [0, 1].

Notice that every convex set is invex with respect to the mapping 7(y,z) = y — =, but the
converse is not necessarily true. For more details please (see [3], [5]) and the references therein.

Definition 1.6. (see [6]) The function f defined on the invex set K C R" is said to be preinvex
with respect 7, if for every z,y € K and ¢ € [0, 1], we have that

fz+in(y,z) < (1 —8)f(x) +tf(y).

The concept of preinvexity is more general than convexity since every convex function is
preinvex with respect to the mapping 7n(y, z) = y — =, but the converse is not true.

The Gauss-Jacobi type quadrature formula has the following

b +oo
[ @=apo-ays@ds =3 Bt + Bl 13

k=0

for certain B, i,y and rest R, | f| (see [8]).

Recently, Liu (see [9]) obtained several integral inequalities for the left hand side of (1.3) under
the Definition 1.4 of P-function.

Also in (see [10]), Ozdemir et al. established several integral inequalities concerning the left-
hand side of (1.3) via some kinds of convexity.

Motivated by these results, in Section 2, the notion of MT, , .)-preinvex function is introduced
and some new integral inequalities for the left hand side of (1.3) involving MT, ., .\-preinvex
functions are given. In Section 3, some generalizations of Hermite-Hadamard type inequalities
for MT, ,, .,)-preinvex functions that are twice differentiable via fractional integrals are given.
In Section 4, some applications to special means are given. These general inequalities give us
some new estimates for Hermite-Hadamard type fractional integral inequalities.

2 New integral inequalities for MT  ,,, .)-preinvex functions

Definition 2.1. (see [1]) A set K C R" is said to be m-invex with respect to the mapping
n: K x K x (0,1] — R for some fixed m € (0, 1], if ma + tn(y,z,m) € K holds for
eachz,y € K andany ¢ € [0, 1].
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Remark 2.2. In Definition 2.1, under certain conditions, the mapping 7(y, z, m) could reduce to
n(y, ).

We next give new definition, to be referred as M T( -preinvex function.

g,m,p)

Definition 2.3. Let X' C R™ be an open m-invex set with respectton : K x K x (0,1] — R™,
g : [0,1] — (0,1) be a differentiable function and ¢ : I — R is a continuous increasing
function. For f : K — R and m € (0, 1], if

m\/g(it) my/1 —g(t)
< ﬁf@(l’)) + Wf(%’(y))v 2.1

is valid for all z,y € K and ¢ € [0, 1], then we say that f belong to the class of M T
with respect to 7.

f(me(y) +g(t)n(e(z), o(y),m))

g,m,gp)(K)

Remark 2.4. In Definition 2.3, it is worthwhile to note that the class M T, ,,, ., (K) is a general-
ization of the class MT(I) given in Definition 1.2 on K = I with respect to n(yo(z), p(y), m) =
o(z) —mep(y), () =z, Vo,y € K, g(t) =t, vt € (0,1) and m = 1.

Example 2.5. Let f(z) = —|z|, g(¢t) =¢, ¢(z) =z and

y—mzx, ifz>0y>0;
y—mz, ifz<0,y<0;
n(z,y,m) = : .

mx —y, ifz>0,y<0;

mr—y, ifz<0,y>0.

Then f(x) is a MT, ,, ,)-preinvex function with respect to 7 : R x R x (0,1] — R and any
fixed m € (0, 1]. However, it is obvious that f(z) = —|z| is not a convex function on R.

In this section, in order to prove our main results regarding some new integral inequalities
-preinvex functions, we need the following new lemma:

involving MT(g )
Lemma 2.6. Let ¢ : I — R be a continuous increasing function and g : [0,1] — (0,1)
is a differentiable function. Assume that f : K = [mp(a), me(a) + n(p(d),¢(a),m)] — R

is a continuous function on the interval of real numbers K° with ¢(a), p(b) €
me(a) < me(a) + n(p(d), p(a), m). Then for any fixed m € (0,1] and p,q > 0, we have

me(a)+n(p(b),p(a),m)
/ (x —mp(a))? (me(a) +n(e(), pla),m) — x)? f(z)dx

me(a)

1
= n(p(b), o(a), m)PrH! /O gP(t)(1 = g(t))7f(me(a) + g(t)n(e(b), o(a), m))dlg(t)].

Proof. It is easy to observe that

mep(a)+n((b).p(a),m)
/ (z —mep(a))? (mep(a) +n(e(b), p(a), m) — x)* f(x)dz

me(a)

1
=n(p(b), p(a), m)/o (mep(a) + g(t)n(p(b), p(a), m) — mep(a))?

x(mp(a) +n(p(b), p(a), m) — mp(a) — g(t)n(e(b), p(a), m))?
x f(me(a) + g(t)n(e(b), p(a),m))d[g(t)]

= n(p(b), p(a), m)rra! /0 g" () (1 = g(t))*f (mep(a) + g(t)n((b), p(a), m))d[g(t)].

The following definition will be used in the sequel.
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Definition 2.7. The Euler Beta function is defined for x, y > 0 as

Ba) = [ -t = L)

Theorem 2.8. Let ¢ : I — R be a continuous increasing function and g : [0,1] — (0,1)
is a differentiable function. Assume that f : K = [my(a), me(a) + n(e(b), p(a),m)] — R
is a continuous function on the interval of real numbers K° with p(a),p(b) € K, a < b with

my(a) < mp(a) + n(e(d), p(a),m). Let k > 1. If|f|ﬁ is a MT{, , . -preinvex function on
an open m-invex set K with respect ton : K x K x (0,1] — R for any fixed m € (0, 1], then
for any fixed p,q > 0,

(a)+n((b).p(a),m)
/ “ (z —mep(a))? (mep(a) +n(p(b), p(a), m) — x)* f(x)dz

k—1

<(5) " o) el@), mP e BE (g(0): k. p.q)
X{If(@(a))lkkl (VoD =a1) = y/a(0)(1 = g10)) )+ (anesn (1) — avesin/5(0)) |
@)1 (a1 = 91) - /o)1 = g10 )
+ (arsin /101~ wesin /1 —500))| }

where B(g(t); k,p,q) = /0 g"P()(1 — g(t))*d[g(t)].

Proof. Since |f\% isa M1, ,, ,-preinvex function on K, combining with Lemma 2.6 and
Holder inequality for all ¢ € [0, 1] and for any fixed m € (0, 1], we get

(a)+n(e(b),¢(a),m)
/ “ (x —mp(a))?(me(a) +n(e(), pla), m) — x) f(z)dx

1 k
x [/0 | f(me(a) +g(t)77(<p(b)7<p(a)vm))!k‘]d[g(t)}]

< [n(e(b), p(a), m)[PrTH B (g(t): k, p, q)

m\ﬁ L omy/T—g(0) "
[/( eI+ Y ot )d[gu)]]

- (E)T ). o(a). m) 44 B (g(2): K. p.0)
X{If(@(a))lkkl [ (¢g<1><1 (1) - /o)1 - g<o>>)+(arcsm o) - arcsin/5(0)) |
@)1 [ (a1 = 91) - /a1 =510

+ (arcsin m — arcsin m> } }kkl
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Corollary 2.9. Under the conditions of Theorem 2.8 for g(t) = t, we get
mep(a)+n(p(b),e(a),m)
/ (¢~ m(@))? (mip(a) + n(p(8), p(a),m) — 2)1 f(z)dr

mep(a)

< () et plam) o [0+ 1ka+ )] (@) + ) T

Theorem 2.10. Let ¢ : I — R be a continuous increasing function and g : [0,1] — (0,1)
is a differentiable function. Assume that f : K = [mp(a), mp(a) + n(e(b), p(a),m)] — R
is a continuous function on the interval of real numbers K° with p(a),p(b) € K, a < b with
me(a) < me(a) + n(e(b),e(a),m). Let | > 1. If | f|" is a MT,, ,)-preinvex function on an
open m-invex set K with respect ton : K x K x (0,1] — R for any fixed m € (0, 1], then for
any fixed p,q > 0,

mep(a)+n(p(b).p(a),m)
/ (z —mep(a))? (mep(a) +n(p(b), p(a), m) — x)* f(x)dz

me(a)

= (%)l (), ¢(a), m)["* 1 BT (9(t); p,q)
xbﬂﬂ@ﬂB(mmp;4+;>+mw@m%(ﬁmp+;@;)],

where B(g(t);p,q) = /0 gP(t)(1 = g(t))%d[g(2)].

Proof. Since |f|'isa M T4,m,p)-preinvex function on K, combining with Lemma 2.6 and Holder
inequality for all ¢ € [0, 1] and for any fixed m € (0, 1], we get

me(a)+n(p(b),p(a),m)
/ (& = mp(@)"(mp(a) + (1), 9(a),m) - 2)7f ()

mep(a)

= U(@(b)» W(a)> m)p+q+1

xbﬂﬂ@ﬂB(mmp§@+;>+uwwm%(mmp+;@;)].
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Corollary 2.11. Under the conditions of Theorem 2.10 for g(t) = t, we get
mep(a)+n(e(b)p(a),m)
/ (& = mp ()" (i (0) + (i 0): pla), ) — )" (2)d

me(a)
1 1—1

< (%) "), p(a), m)|Pratt [ﬁ(p Clad 1)] I

1
1

X[N¢MW5@+;A+2>+U@@Wﬁ@+gﬂ+;)

3 Hermite-Hadamard type fractional integral inequalities for
MT(g m,,)-preinvex functions

In this section, in order to prove our main results regarding some generalizations of Hermite-
Hadamard type inequalities for M T, ,, .,)-preinvex functions via fractional integrals, we need
the following new fractional integral identity:

Lemma 3.1. Let ¢ : I — R be a continuous increasing function and g : [0,1] — (0,1)
is a differentiable function. Suppose K C R be an open m-invex subset with respect to 7 :
K x K x (0,1] — R for any fixed m € (0,1] and let p(a), p(b) € K, a < b with mp(a) <
mep(a) + n(e(d), p(a),m). Assume that f : K — R be a twice differentiable function on K°
and f" is integrable on [mp(a), me(a) + n(e(b), p(a), m)]. Then for o > 0, we have
n(e(2), g(a),m)**!

(a4 Dnlp(b), p(a),m)

X {(1 — g™ (M) (me(a) + g(Dn(e(x), ¢(a),m))

mep(b)+g(1)n(p(x),p(b),m)

+ (t— mw(b))a_lf(t)dt]
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a+2

= U(Lﬂ(x),go(a),m) : _ o+l "(mola x a),m
~ (a+ (e, <>m>/o(1 g ) £ (mp(a) + g()n(e(z), o(a),m))d]g(t)]

ma+2 1
4 TR [0 = g ) (mpl0) + 9o (o), ), m)dlg(0). B

Proof. A simple proof of the equality can be done by performing an integration by parts in the
integrals from the right side and changing the variable. The details are left to the interested
reader. =

Let denote
If,gﬂ?,@(m; a,m, a, b)

n(e(2), p(a),m)**?

= Gt (o), pla)m) /0 (1= g™ (1) £" (mep(a) + g(t)n(e(x), p(a),m))d[g(t)]

( ( ) (b)vm)a+2 ! a+1 1
+( 100, o(a), )/O (1 =g (1) f" (me(b) + g(t)n(e(x), ©(b), m))dlg(t)]. (3.2)

Using Lemma 3.1 and the relation (3.2), the following results can be obtained for the correspond-
ing version for power of the absolute value of the second derivative.

Theorem 3.2. Let ¢ : I — R be a continuous increasing function and g : [0,1] — (0,1) is a
differentiable function. Suppose A C R be an open m-invex subset with respectton : A x A X
(0,1] — R for any fixed m € (0, 1] and let p(a),p(b) € A, a < b with mp(a) < me(a) +
n(p(b), p(a),m). Assume that f : A — R be a twice differentiable function on A°. If | f"|? is
a MTy ) -preinvex function on [mg(a), me(a) + n(e(b), p(a),m)], ¢ > 1, pl4+q¢ =1,
then for o > 0, we have

|If,!],7la80(x; a,m,a, b)'

my B7 (g(t); p, )
<(3) (@ + Dn(p®), pla), m)]

X{In(w(m),w(a) >|a+2[|f" D] (o = o) - /o)1 - 5000
- (anesin (1) —aresin /5(0) ) ] + 7o)l Wg(l)(l ~a(1) = \/a(0)(1 - 510))
(a1 a0 s m) | é
(), o), >|°‘+2[|f" D] (Vo =a() - a1 - 5(0)
- (anesin (1) —aresin /5(0) ) ] + 7o)l Wg(l)(l ~al1) = \/3(0)(1 ~ 4(0) )

+ (arcsin\/l —g(1) —arcsiny/1 — g(O)) ” ' }, (3.3)

1
where B(g(t);p,a) = /0 (1 =g (t))Pdlg(1)].

Proof. Suppose that ¢ > 1. Using Lemma 3.1, MT|
and taking the modulus, we have

g,m.)-Preinvexity of | f”|4, Holder inequality

|If,g,71,80(x; a,m,a, b)|
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|77(90(x)’90( ) m |a+2 a+1 "

< (AU [y g ) (mpla) + 90 e) o))l 0)
|17(<,0(a?),<p( ) m |a+2 a+1 "

e PO [ g ) Omp0) + (0n(ote). (0 )l )

1

In(e(z), p(a), m)|>+? 1 e 1
< (a+1)n(e(b), p(a),m)] (/0 (1 - g>*(t)) d[g(t)]>

1
q

X (/0 |7 (me(a) + g(t)n(e(x), p(a), m))lqd[g(t)]>

In(e(x), o(b), m)[>+? 1 -
T+ Din(e(®), o(a), m)] (/0 (I—=g"" (1)) d[g(t)}>

1

x (/0 [ (mee(b) + g(t)n(p(x), (D), m))lqd[g(t)]>

1

@@l ([ N
= Tt Do), pla) )] </ (1-g"(0) dw”)

[ i ( ™ot f"(go<m>>|q+””‘g“ﬁf"(so(a))q)d[g(t)]]

21— (1)
In(p(x), p(b), m)|*+? L
Tl DinGed). pla).m) (/0 (1= (1) d[g(t)}>

m\/i 1 mm " q ’
[/ (2\/1_7f( @)+ = (w(b))l>d[9(t)]]

:(@>% B (g(t):p,a)
27 (a+1)n(e(d),p(a),m)]

X{In(s@(af)w(a),m)l(’“[If”(«p(a))lq[(\/g (1-g(1 \/g )(1—g(0 )
+ (aresin fa(1) — aresin/30)) | + 17" (ol (¢g<1><1 ~al1) = \/3(0)(1 ~ 4(0) )

+ (arcsin\/l —g(1) — arcsin /1 —g(O)) H '
+n(p(@), ¢(b),m)[**2 [If” I"[ <\/g \/g(O)(l g(o)))
+ (aresin [a(1) = aresin [9(0) ) | + 17"l Wg(l)(l ~ 1) = /a0)(1 = 900) )

+ (arcsin m — arcsin M) ” E }
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Corollary 3.3. Under the conditions of Theorem 3.2 for g(t) = t and | f"'| < K, we get

—1(p(x), p(a), m)**1f'(me(a)) — n(p(x), p(b), m)* ' (mp(b))

(a+ )n(p(d), p(a),m)
+n(so(:v),s0(a),m)“f(ms0( a) +n(p(x), p(a),m)) + n(e(), p(b), m)* f(mp(b) + n(p(x), p(b),m))
n(p(b), p(a),m)

F(Oz + 1) a @
“n(p(b), pla),m) [J (mep(a) (o) pla),m)— (MP(@) + TG 0) (@) o 0)m) — (m“”(b»} ’

K (meyh (T DT () ’
T (1+a)tr N\ 2 T(p+1+-L)
y [m«o(zm p(@), m)* + [n(p(x), so(b)m)ﬂ .

n(p(b), p(a), m)|

Theorem 3.4. Let ¢ : I — R be a continuous increasing function and g : [0,1] — (0,1)
is a differentiable function. Suppose A C R be an open m-invex subset with respect to n :
A x Ax (0,1 — R for any fixed m € (0,1] and let p(a),p(b) € A, a < b with mp(a) <
me(a) +n(p(d), p(a), m). Assume that f : A — R be a twice differentiable function on A°. If
|f"|%is @ M Ty, ,)-preinvex function on [me(a), mp(a) + n(e(b), ¢(a),m)], ¢ > 1, then for
a > 0, we have

|If,!],7la80(x; a,m,a, b)'

my\s  In(p(z), p(a), m)*+ g°2(1) — g*+2(0)\ '~
<(3) @D e (g“)‘g(o)‘ . )

[W [Wg (1= (1)) = y/3(0)(1 = 0))
+(mwm¢gn_mwm¢gm)_3(ﬂ o 3h)]
" [ (/a1 = 9(1) - a0}t - 5(0))

i1 - w150 -5 (s 1)

myt  In(e(@), (b), m)[o+? a2(1) — g*+2(0)\ 77
+(3) <a?7+ﬁ>|n<§<b>,@<a>7m>| (9(”‘9“’)‘9 ; )

<|1f" (e [(\/g (1-g(1 \/g )(1—9(0 )
(mmﬁ,_mm¢y> oo
(e [ (Va1 =9(1)) - a0)(1 500
<arcsm\/1—7 arcsm\/l—i ) ( 2—5)“ (3.4)

where B(g(t):p. q) = / P(1)(1 — g(t))tdlg 1))

Q=
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Proof. Suppose that ¢ > 1. Using Lemma 3.1, M T, ,,, .,)-preinvexity of | f”|?, the well-known
power mean inequality and taking the modulus, we have

[ It.9.n.0 (23, m; a,b)|

a+ 1

< UL Al I [y g 01 mp(a) + 9(Onliolo). (), )l 0]
T m a+2 1

+ SOOI [y g )1 a6 + (e (0, 8.0l )

(o))l (L
: (a+ 1)[n(e(b), p(a),m)| (/o (I-g (t))d[g(t)]>

1
x (/O (1= g™ (@)If" (me(a) + g(t)n(e(x), <P(a),m))lqd[9(t)]>

1
q

1—1

In(e(x), o(b), m)|*+2 L :
+(Oé + D)n(e(b), ¢(a), m)| (/o (1—g (t))d[g(t)]>
X </0 (l — ga+1(t))|f//(m§0(b) + g(t)n(<p(x), ‘p(b)ym))qd[g(t)]>
In(p(x), p(a),m)|*+? 1 . 1-1
(a+ DIn(e(b), p(a),m)] (/0 (I-yg (t))d[g(t)]>

1 — q
. [ [ =g (Wwww + M|f”(¢(a))|q)d[g<t>1]

1

IA

—
\
—~
~—
[\
%
—~
~
~—

_(myi In(e(x), (a),m)[*2 L (1) — g7 (0)\
= ()" @t Dot plarmy (g“’ a(0) )
g

[ (0007 =)

<ar¢7 W) B (sapat 3, ;)]
| (VA= - o —50)

+ (aesin /1 g(1) - ancsin ) - 5 (ot “_;)Hq

m\E In(p(x), p(b), )|+ L (1) = g 2(0))
() @r Do) e (9“) 9(0) T2 )

(e
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['f (eo)le| (a1 = o(1) - /al0)(1 ~ 900D )

+ (aresin [o(1) = aresin m) 5 (stpas 1) 1

1" lwg (= 00) /o010~ 50))
# (om0 -1 =50) - (0205 ) |

Corollary 3.5. Under the conditions of Theorem 3.4 for g(t) = t and | f"'| < K, we get

—n(e(x),p(a), m)** f'(me(a)) — n(e(x), o(b), m)** ' (me(b))
(a+ D)n(p(b), p(a),m)

3
—
S
—
8
~
S
—
S
~
3
~—
~
—
3
—
~—
+
=
—~
—
~—
S
—
S
~
3
~—
~—

«

—m[J<mw<a>+n<¢<x>,sa<a>,m>>—f (mp(a)) + JGngo(v) (e o0).m)) - (m%"(b))}'

at 1Nt (O VAt DT (a+3))?
< (55) T () (e )

|l (@), o(a), m)|* 2 + [n(p(x), p(b), m) |+
(¢ (b), p(a),m)| ‘

Remark 3.6. For a particular choices of a differentiable function g : [0, 1] — (0, 1), for exam-

ple: e~ (1) sin (@) , COS (@) , etc., by our theorems mentioned in this paper we can
get some special kinds of Hermite-Hadamard type fractional inequalities.

4 Applications to special means

In the following we give certain generalizations of some notions for a positive valued function
of a positive variable.

Definition 4.1. (see [16]) A function M : Ri — R, is called a Mean function if it has the
following properties:

(i) Homogeneity: M (az,ay) = aM (z,y), for all a > 0,
(ii) Symmetry: M (z,y) = M(y, ),
(iii) Reflexivity: M (z,x) = =,
(iv) Monotonicity: If z < z’ and y < ¢/, then M (z,y) < M (z',y’),
(v) Internality: min{z,y} < M(z,y) < max{z,y}.
We consider some means for arbitrary positive real numbers o, 8 (« # 3).

(i) The arithmetic mean:

a+p

A=A ) =23
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(ii) The geometric mean:

G:=G(o, ) =ap
(iii) The harmonic mean:
2
H:=H(a,pB) =
R

(iv) The power mean:

(v) The identric mean:

(82
! _z(a,m_{ ;(aa), v
(vi) The logarithmic mean:
o __ B |
L*L(O‘7/B)*ln|ﬁ|_ln|a|’ |O‘|7é|ﬁ|7 0‘/67&0

(vii) The generalized log-mean:
Bp+1 _ ap+1 ] %

m 5 pER\{—l,O}, a# B.

L,:=Ly(,p) =

(viii) The weighted p-power mean:

1
« (03 (67 - B
17 27 e ) n _ p
M, = E o
uy, U2, - HUp i=1

where0 < a; <1,u; >0(i=1,2,...,n) with )" ; o = 1.

It is well known that L, is monotonic nondecreasing over p € R with L_; := L and Lg := I.
In particular, we have the following inequality H < G < L < I < A. Now, let a and
b be positive real numbers such that a < b. Consider the function M := M(¢(a), p(b)) :
[p(a), p(a) +n(e(b),¢(a))] x [¢(a), p(a) + n(e(b), ¢(a))] — Ry, which is one of the above
mentioned means, ¢ : I — R be a continuous increasing function and g : [0,1] — (0,1)
is a differentiable function. Therefore one can obtain various inequalities using the results of
Section 3 for these means as follows: Replace n(o(x), p(y), m) with n(w(z), p(y)) and setting
n(p(z),0(y)) = M(e(x), 0(y)), VYz,y € A for value m = 1 in (3.3) and (3.4), one can obtain
the following interesting inequalities involving means:

M(p(a), p(x))**!
(a+1)M(p(a), (b))

X[ (1= 1 (1)) (pl@) +g()M(p(a), () ~ (1 = g™ (0))F (2(a) + 9(0) M (2 (a), ()

L Mp®), p(x))!
(a+1)M(p(a), (b))
x [(1 =" ) F(p(0) +g(1) M (p(b), ())) = (1= g* T (0)) £ (10(b) + 9(0) M (p(b), w(w)))}
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w(a)+g(1)M(p(a),e(x)) . @(b)+g(1) M (p(b),p(x)) .
x / (t — o(a)* L f(t)dt + / (t— (b)) £ (1)t
® ,

0(b)+9(0) M (p(b),p(z))

1T B3 (g(t)hip.o)
<< ) (@ + DM(p(a), o(0))

X{M«o(a>, ()"‘”[If” |q[(¢g (1 - 9(1)) = /9(0) (1 — 9(0 )
- (ansin (1)~ arsin /50)) ] + 1ot Wg(l)(l ~al1) = \/a(0)1 = 400))
i (aresin /1 g(1) — arsin 1 —10)) ]] é
HM(0), ¢ <>a+2[|f" D] (Vo = o) - /ato)1 - g0
+ (aresin [a(1) = aresin[9(0) ) | 17" Cotele (VoD = a1) = \/a(0)1 = at0))

+ (arcsin\/lg(l)arcsinw/lg(O))”q}, 4.1)

M(p(a), p(x))**
(a+1)M(p(a), (b))

+
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e [ (Vo1 = (1) - y/s(0)1 = 0D
—|—(arcsin 1 —g(1) — arcsin /1 —g(O)) —B(g(t);a_l_;_;)Hq

1\ M(p(b), p(x))*? g2 (1) — g*2(0)\
*(2) (a+ M(p(a), o(0)) )

a2
[Lf" [ (Va1 =9(0) = /s(0)1 =500
+(mmm_am@)_B(g<t>;a+;,;)]
(- )
s 10 s 150 5 (o 32) || 2

Letting M (¢(a), (b)) = A,G,H,P,,1,L,L,, M, in (4.1) and (4.2), we get the inequalities
involving means for a particular choices of a twice differentiable MT| -preinvex function f.
The details are left to the interested reader.

(g<1> —9(0) -

9,1,¢)
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