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Abstract Samet et al [3] introduced the concept of o — 1)—contractive type mapping and
utilized the same concept to prove several interesting fixed point theorems in setting of metric
spaces. We are extended the results of Seong-Hoon Cho [15] in fuzzy metric space. In this
paper we introduced some new fixed point theorems for oo — ¢)—contractive type mappings are
an initiated and some example in fuzzy metric space.

1 Introduction

The interest in fuzzy sets has been constantly growing from the starting paper of Zadeh [10] in
1965. Consequently, a large amount of theoretical and applied results is achieved in the direc-
tion of logic, mathematical analysis and general topology with many applications in economy
and engineering. The notion of fuzzy metric space was introduced by Kramosil and Michalek
[8] in 1975. Now, an important theoretical development is the way of defining the concept of
contractive mapping in fuzzy metric space. In 1988 Grabiec [11] introduced the Banach contrac-
tion in a fuzzy metric space and extended the fixed point theorems of Banach and Edelstein to
fuzzy metric space. Later on, in 1994 George and Veeramani [1] modified the concept of fuzzy
metric spaces due to Kramosil and Michalek [8]. In 2002, Gregori and Sapena [17] introduced
the notion of fuzzy contraction mapping and proved some fixed point theorems in various classes
of complete fuzzy metric space.

Samet et. al [3] introduced the concept of av — 1)— contractive type mapping and utilized the
same concept to prove several interesting fixed point theorems in setting of metric spaces. In
[9], the authors extended the result of [3] to the case of multifunctions and they generalized the
result of [3] as follow.

Theorem 1.1. [15] Let (X, d) be a complete metric space and let o : X x X — [0,00) be a
function. Let v : [0,00) — [0, 00) be a nondecreasing function such that 3, | " (t) < oo for
eacht > 0. Suppose that a mapping T : X — X satisfies the following conditions:

(i) a(z,y)d(Tz,Ty) < P(m(z,y)) forall z,y € X,
where m(z,y) = max{d(z,y),d(z, Tz),d(y, Ty), 3[d(z, Ty) + d(y, Tz)]};
(ii) foreach z,y € X, a(z,y) > 1 = a(Tz,Ty) > 1;
(iii) there exists xg € X such that o(xo, Txo) > 1;
(iv) if {zn} is a sequence with o(xp, Tp11) > 1 foralln € N U {0} and nh—>r20 T, =z € X,
then a(xy,,z) > 1 foralln € N U{0}.
Then T has a fixed point in X.

Theorem 1.2. [15] Let (X,d) be a complete metric space, and let o : X x X — [0,00) be a
Sunction. Let ) : [0,00) — [0, 00) be a nondecreasing function such that 1 (t) < t for each t > 0.
Suppose that a mapping T : X — X such that a(z,y)d(Tz, Ty) < ¢¥(m(z,y))

for all x,y € X. Assume that there exists vo € X such that o(T'xo, T x¢) > 1 for all i,j €
N U {0} with i # j. Suppose that either T is continuous or o(T"zo,x) > 1 forall i € N U {0}
whenever lim T'xg = x. Then T has a fixed point of X.

n—oo
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Based on the same idea, we give some generalizations of the previous concepts of fuzzy
contractive mapping in the setting of fuzzy metric spaces. We are extended the results of Seong-
Hoon Cho [15] in fuzzy metric space with use the results of Arora and Kumar [12]. The pre-
sented theorems extend, generalize and improve many results in literature specially the Banach
contraction principle.

The main purpose of this paper is to prove a new type fixed point theorems for o —1)—contractive
type mappings and initiate some examples in complete fuzzy metric spaces.

2 Preliminaries

Definition 2.1(Schweizer and Sklar [14]) A binary operation * : [0,1] x [0,1] — [0,1] is a
continuous t-norm if * satisfies the following conditions [B.1] * is commutative and associative
[B.2] * is continuous
[B3laxl=a YVacl01]
[B.4] a xb < cxdwhenevera < ¢,b < danda,b,c,d € [0,1].

Definition 2.2 (George and Veeramani [1]) The 3-tuple (X, M, ) is called a fuzzy metric
space if X is an arbitrary non-empty set, x is a continuous t-norm and M is a fuzzy metric in
X2 x [0,00] — [0, 1], satisfying the following conditions: for all #,y, 2 € X, and ¢, s > 0.

[FM.1] M (z,y,0) = 0

[FM.2] M (z,y,t) =1V ¢t >O0ifand onlyif z = y.

[FM.3] M(z,y,t) = M(y,x,t)

[FM.4] M (z,y,t) x M(y,2,s) < M(x,2,t+ s)
°):

[FM.5] M (z,y, [0, 0] — [0, 1], is left continuous
[FM.6] lim M (z,y,¢) = 1.
—00

Definition 2.3 (George and Veeramani [1]) Let (X, M, ) be a fuzzy metric space and let a
sequence {z, } in X is said to be converge to z € X if lim M(z,,x,t) = 1, for each ¢ > 0.
n—oo

Definition 2.4 (George and Veeramani [1]) A sequence {z,, } in X is called Cauchy sequence
if lim M(x,,2n4p,t) =1,foreach¢ >0,andp=1,2,3,---
n—oo

Definition 2.5 (George and Veeramani [1]) A fuzzy metric space (X, M, ) is said to be com-
plete if every Cauchy sequence in X is convergent in X.

A fuzzy metric space in which every Cauchy sequence is convergent is called complete. It is
called compact if every sequence contains a convergent subsequence.

Definition 2.6 (George and Veeramani [1]) A self mapping 7' : X — X is called fuzzy con-
tractive mapping if M (Tz, Ty, t) > M(z,y,t) foreachz # y € X and ¢t > 0.

Let W the family of functions ¢ : [0,00) — [0, 1] such that > 7, ¢"(t) = 1 for each
t > 0, where ™ is the n'" iteration of ).
Lemma 2.1. For every function v : [0,00) — [0, ] 1] the following hold: if 1 is decreasing, then
foreacht >0, li_)m Y(t) =1 implies ¥ (t) >

Definition 2.7 (Samet, Vetro and Vetro [3]) Let(X, d) be a metric space and 7' : X — X be
a given mapping. We say that T'is an a — 1) —contractive mapping if there exists two functions
a:X x X — [0,+00) and ¢ € ¥ such that

oz, y)d(Tz, Ty) < ¢(d(x,y))

forall z,y € X.

Definition 2.8 (Arora and Kumar [12])Let (X, M, *) be a fuzzy metric space and T : X — X
be a given mapping. We say that 7" is an o — 1p—contractive mapping if there exists two functions
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a: X x X x[0,00) = [0,1] and ¢ € ¥ such that

afz,y, t)M(Tx, Ty, t) > (M (z,y,t))

forall z,y € X.

Remark 2.2.If T : X — X satisfies the Banach contraction principle, then 7" is an o —
—contractive mapping, where o(x,y,t) = 1 for all z,y € X and ¢(¢t) = kt for all ¢t >
0 and some k € [0, 1].

Definition 2.9 (Samet, Vetro and Vetro [3]) Let 7 : X — X and o : X x X — [0, +00), we
say that 7" is c«—admissible if

r,y € X, a(z,y) >1 = a(Tz,Ty) > 1.

Definition 2.10 (Arora and Kumar [12])Let 7 : X — X and o : X x X x [0,00) — [0, 1],
we say that T'is a«—admissible if

z,y € X, a(z,y,t) <1 = a(Tz,Ty,t) < 1.

3 Main Results

Theorem 3.1. Let (X, M, ) be a complete fuzzy metric space o € A, and let ¢ € V. Suppose
that a mapping T : X — X satisfies

alz,y,t)M(Tx, Ty,t) > (m(z,y,t)) (3.1)

forall x,y € X. Assume that there exists xo € X such that

T wg, T wg,t) < 1 (3.2)
foralli,j € NUJ{0} with i # j.
Suppose that either T is continuous 3.3)
or
lim sup a(T"xg, x,t) < 1 (3.4)

Sor any cluster point x of {T™x¢}. Then T has a fixed point in X.

Proof. Let 7y € X such that (T zg, T7x¢,t) < 1 forall 4,5 € N U {0} with i # j. Define a
sequence {x,} C X by 2,1 = Tz, foralln € N U {0}.

If x,, = x,,41 for some n € N U{0}. By assumption, o(z;,z;,t) < 1 foralli,j € N with i # j.
From (3.1) with x = z,,_; and y = x,, we obtain

M(lL’n, xn+1>t) = M(Txn—lancnat) > Oé(wn—lvxnat)M(Txn—hTmnat) > T;Z)(m(xn—laxn;t))
(3.5)

where m(zy,—1, Tn, t) = max{M (xn, Tn-1,t), M(xpn, Txpn,t), M(zp_1,Txp_1,t), %[M(xn, Txp—1,t)*

M(zp—1,Txy, t)]}

we have

m(xn—laxnvt) = maX{M(‘rnvxn—l, )7 M(xﬂaanrla ) %M(xn—lvanrlat)}

> max{M(xn, xnfht)a M(xnvxn-&-la )’ %[ (xn 1, Tn, %) * M(xnaxn-&-la %)]}

= max{M (xn, Tn_1,t), M(Tn, Tni1,t)}.

Hence from (3.5) we have M (z,,, Tp11,t) > (max{M (z,_1,Tn,t), M(Tn,Tni1,t)}), because

¢ isdecreasing. If max{ M (z,_1,zpn,t), M(zp, Tpni1,t)} = M(Tp, Tni1,t), then M(zy,, Tpi1,t) >
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V(M (Zp, Tpt1,t)) > M(zp, Tnt1,t), which is a contradiction. Thus, max{M (x,—1, zn,t), M (@, Tpi1,t)}
= M(xp_1,Tp,t), and so

M(xn,xn+1,t) > Qﬁ(M(xnfl,%mt)) (36)

for all n € N. Hence we have
M (2p, Zpi1,t) = (M (2n—1, 20, ) % Y2 (M (Tn—2, Tp_1,t)) * -+ % " (M (0, 21,t)), for all
n € N.
Thus we have
im M (zy,, Tpy1,t) = 1.

n—oo

We now show that {x,,} is a Cauchy sequence. Now

M(zpi1,Tni0,t) = M(Txp, Toni1,t) > a(tn, Tust, )M (T2, Toni1,t) > Y(m(zn, Tait,t))
3.7

where m(xn, Tn+1, t) = max{M(:cn, Tn+1, t)a M(Ina T'Tna t)a M(anrla Tanrh t)7

%[M(mna Tx’n+17 t) * M(xn+17 Tl'n, t)]}

we have

m(xna Tn+1, t) - max{M(xn, Tn+1, t)a M(J}n, Tn+1, t)7 M(mn+17 Tn+2, t)7 %M(.’I}n, Tn+2, t)}
> max{M<xn7 Tntl, t)a M(szrla Tn+t2, t) %[M(xrn Tnt1, t) * M(wnJrla Tn+2, t)]}
- maX{M(xn7 Tn+1, t)a M(.’I}n+17 Tn42, t)}

Hence from (3.7) we have

M(Zpi1,Tni2,t) = (max{M(x,, Tpi1,t), M(Tni1,Tns2,t)}) , because v is decreasing.

If maX{M(xna anrl’t)a M(xn+17 Tn+2, t)} = M(anrlv Tn+2, t) then M(anrlv Tn+2, t) >

V(M (Tpi1, Tnia,t)) > M(Tpi1, Tnsa, t), which is a contradiction. Thus, max{M (z,, Tn41,1),
M(zpi1,Tns2,t)} = M (20, Tpy1,t), and so

M(xn+17 Tn+2, t) 2 ’Q[J(M(l'n, Tn+1, t)) Z sz(x'nfla Tn, t) (38)
for all n € N. Hence similarly

M($n+27xn+37t) Z w(M(xn+17xn+27t)) 2 w(sz(xnfbxnut)) 2 1/)3(M($n717$n7t))
3.9
and

M(xn+3a'rn+47t) Z ¢(M($n+27$n+3at)) Z 1/)(1#3(M(xn,1,xn,t)) Z ,(/)4(M(x’ﬂ71)xn7t))

M(l‘n-ﬁ-p—la Tn4p, t) > ¢(M(33n+p—27 Tn+p—1, t))w(wpil(M(xn—lv T, t)) > wp(M(xn—lv Ln, t))
(3.10)

for all n € N. Hence we have

M<xn7 szrP) Z 1/1(M(1307 X1, t)) * 1/’2(M($0, Ty, t)) koeee ok ¢n+p(M(l'0, Ty, t))

for all n € N. Thus we have

lim M(z,,2y4p) =1, foralln € Nand p > 0.

n—oo

Thus, {z, } is a Cauchy sequence in X. Since X is complete, there exists ., € X such that

z, = lim z,. If T is continuous, then lim z,, = Tz,. So x, is a fixed point.
n—oo n— oo

Assume that lim sup a(7T"xg, x,t) < 1 for any cluster point zof{7"xz}.Thenlim sup a(z, z.,t) <

1. Hence there exists a sub-sequence {z,,, } of {z,,} such that lim «(z,, ,z.,t) < 1. Thus we
n—oo

have

M(z., Tz, t) = klingo M (zn,,,, Tr. t) > khﬁngo s Ty ) M (T, Ty t) > leII;o Y(m(n,, T, 1))
(3.11)

where

m(xn(k) » L t) = max{M(:En(k

M (2, Ty, )]}

1 Ty )y M (T, s Ty 5 1)y M (2, T, ), %[M(xn(k),Tx*,t) *
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Suppose that M (2., Tz, t) = a, where 0 < a <1 since lim =,

n—oo )

= 1z, such that M (z., xn(wt) >
5 foralln € N. Then we have

M(xn(k)7x”(k)+17t) Z M(I*,I’n(k), %) * M(I*, In(k)ﬁ ) %)
2 %[M(xn(k)7Tx*7 %) * M(x*axn(kHly %)]
2 %[% * M(z"(k)’x*’ %) * M(JC*,Tx*, %)]
>[5+ g5 =a

Thus, we obtain m(z,,, , 2« t) = M (2., Tz,,t) for all n € N, and solim ¢ (m(zy, , T, t)) =
V(M (2w, T4, 1)).

Hence from (3.11)we have

M (24, Ty, t) > Tim Y(m(2p,), 4, ) = Y(M (2, T2s, 1)) > M (24, T4, t), Which is a con-

tradiction. Thus M (x,, Tz.,t) = 1, and so =, is a fixed point of 7. O

(k)

Theorem 3.2. Let (X, M, x) be a complete fuzzy metric space,oc € A and let v : [0,00) — [0, 1]
be an upper semi-continuous with ¥ (t) > t for all t > 0. Suppose that a mapping T : X — X
satisfies

alz,y, )M (Tz, Ty, t) > p(max{M (z,y,t), M (z, Tz, t), M(y, Ty,t)})

forall x,y € X. Assume that (3.2) is satisfied. If either T is continuous or (3.4) holds, then T
has a fixed point in X.

Proof. By (3.2), there exists xp € X such that a(T zg, T?zo,t) < 1 forall i,j € N U {0}
withi # j. Define a sequence {z,} C X by z,+1 = Tz, foralln € N U {0}.
If x,, = x,41 for some n € N, then T has a fixed point. Assume that x,, # z,4; for all
n € N U{0}. By assumption «(z;,z;,t) < 1forall ¢, j € N with ¢ # j. Thus, we have
My, 2pt1,t) = M(T2p—1, T2y, t)
> a(Tp—1, Tn, )M (T, Ty, 1)
> p(max{M(xn—1,ZTn,t), M(Tpn-1,Tn,t), M(zn,Tns1,t)})
= w(max{M(xn*h Tn, t)v M(xm Tn+1, t>})
foralln € N.
Suppose that M (z,, Tp11,t) = (M (2p_1,%n,t)). Then we have M (2, Tpi1,t) > V(M (zp, Tpt1,t)),
which is contradiction. Thus we obtain M (z,, Tp+1,t) > Y(max{M (xn—1,xn,t), M (2, Tni1,t)}) =
M(zp_1,2,,t) foralln € N.
By induction, we obtain
M(xp, xpi1,t) > "(M(z9,21,t)) for all n € N. Thus we have

lim M (x,, Tpy1,t) =1 (3.12)
n—oo
We now show that {z,} is a Cauchy sequence. Thus for any positive integer P and (3.12) we
have

M(l‘n, Tn+P, t) > M(J)n, Tn+1, %) * M(xn+1a Tn+2, %) O M(-Tn-i-Pfla Tn+P, %)
> ’l/}n(M(x()vxla %)) ook q/}TL-H:)(‘]\4-(1,07xl; %))
by (3.12)
lim M(zp, 2pep,t) > 15 x1=1
n—oo
i.e. {z,} is a Cauchy sequence, hence convergent. It follows from the completeness of X that

there exists z, = lim z, € X.
n— o0

If T is continuous, then lim z,, = Tz, and so z, = Tx,.
n—oo

Assume that (3.4) is satisfied. Then, lim sup a(z,, z.,t) < 1. Hence, there exists a subsequence
{2n, } of {x,} such thatklim (&, T4, t) < 1. We have
—00

klim max{M (2, , Tx,t), M(Tn,, Tn+15), M2k, Txu t)} = M (2, Ty, t)
—00



334 Mohit Kumar and Ritu Arora

By using upper semi continuity of ¢, we obtain

M (2, Tay, t) = lim M (2, 11, T4, )

k—o0

> lim (@, T t) M (T2, , T, t)

T k—oo

> lim sup ¢ (max{M (zp,;, Ts, 1), M(Tn s Tngy+1, 1)y M (24, T2s, 1) })
> V(M (24, Txs, t)).

If M(z., Tz, t) > 0, then M(zy, Ty, t) > O(M(2y, T2 t)) > M(2., T2, t), which is a
contradiction. Hence M (z.,Tz.,t) = 1 and hence z.. is a fixed point of 7. O

Example 3.1 Let X = [0, 1] with the standard fuzzy metric, define a * b = ab for all a,b € [0, 1]

and M(z,y,t) = m, for all z,y € X and for all t > 0. Let
1 .
by =4 Fa i rel0d]
0, otherwise
then ¢ € .

Note that 1 is continuous at ¢ = 1, and > >°  ¢"(1) = 3.
Define a mapping 7' : X — X by
Ty — g ifz e [0,1]

0, otherwise
obviously, T is continuous.

We define o : X x X x [0,00) — [0, 1] by

lif z,y €[0,1]

a(z,y,t) :{ 0if = ¢[0,1]ory ¢ [0,1].

Clearly (3.1) of Theorem 3.1 is satisfied. Condition (3.2) of Theorem 3.1 hold with z9 = 1. By
applying Theorem 3.1, T" has a fixed point. Consider the general contractive condition:

(G) M(Tx, Ty, t) > w(max{M(z,y,t), M(z,Tx,t), M(y,Ty,t), %[M(z, Ty, t)«M(y, Tz, t)]})
forall z,y € X.
It is well known that if 7" is a self mapping of a complete fuzzy metric space and 7" satisfied that
general contractive condition (G), then Thas a fixed point.

Example 3.2 In Example (3.1), let

T — w%ﬂifxe[o,l]
~ ] 0, otherwise.

Then it is easy to see that condition (3.1) of Theorem (3.1) holds. Obviously condition (3.2) of
Theorem (3.1) is satisfied with 2o = 1. Foralln € N U {0}, T"zy = T"1 = 5 € [0,1].
Hence (3.4) of Theorem 3.1 is satisfied. By applying Theorem 3.1, T has a fixed point.

Remark 3.3. Let (X, M, %) be a fuzzy metric space and let o € A. Consider the following con-
dition:

(i) Foreach x,y,z € X, a(zr,y,t) < 1and a(y, z,t) < 1 implies a(z, 2,t) < 1;
(ii) Foreach z,y € X, a(x,y,t) < 1 implies a(Tz,Ty,t) < 1;
(iii) There exists zo € X such that a(zg, Txo,t) < 1;
(iv) If {x, }is a sequence with a2y, x,41,t) < 1 foralln € N U {0} and nlingo x, = x, then
a(xy,z,t) < 1foralln € N U{0};
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(v) There exists 2o € X such that o(T"zg, T?zg,t) < 1 forall i, 5 € N U{0} with i < j;
(vi) lim sup a(T"xg,x,t) < 1 for all cluster point z of {T"x}.
Then conditions (i), (ii) and (iii) implies (v), and condition (iv) implies (vi).

Remark 3.4. If we replace condition (3.2) of Theorem 3.1 with above conditions (i), (ii) and (iii)
and replace condition (3.4) of Theorem 3.1 with above condition (iv), then T has a fixed point.

Corollary 3.5. Ler (X, M, %) be a complete fuzzy metric space, o € A, and let ) € V. Suppose
that a mapping T : X — X satisfies

a(z,y, )M(Tz, Ty, t) > Y(M(z,y,1))

forall x,y € X. Suppose that conditions (i)-(iii) of remark (3.3) are satisfied. Assume that either
T is continuous or if {x,,} is a sequence in X such that a(x,, xnt1,t) < 1foralln € N and
]1m x, = z then a(x,, z,t) < 1 foralln € N.

Then T has a fixed point in X. Further if for all x,y € X, there exists z € X such that
a(z,z,t) < 1and «a(y,zt) <1, then T has a unique fixed point.

Proof. By remark (3.4) T has a fixed point. Let y,. € X be another fixed point of 7. Then by
assumption, there exists z € X such that a(z,, z,t) < 1 and a(yx, 2z,t) < 1. From (ii) of remark
(3.3) we obtain a(z,, T"z,t) < 1 and a(y., T"z,t) < 1 for all n € N. Hence we have

M (2., T2, t) > a@e, TV 2, t)M(Ta,, TT" 1 2,t) > (M (2., T" '2,t)) foralln € N.
This implies that M (x,, T"2,t) > ™ (M (x., 2,t)) foralln € N. Thus we have lim 7"z = z,.

n—oo

Similarly, we can show that lim 7"z = y,. Thus we have z, = y,.
n— o0
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