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Abstract The aim of this paper is to introduce and investigate several new identities related
to the unified families of Apostol type polynomials. The results presented here are based upon
the theory of the umbral calculus and the umbral algebra. We consider Apostol type polynomials
related to associated sequences of polynomials and finally give some new and interesting iden-
tities of those polynomials arising from transfer formula for the associated sequences. Further,
we derive several identities involving Apostol type polynomials arising from umbral calculus
to have alternative ways. Some new and known identities are also derived for the families of
Apostol type polynomials using umbral calculus as special cases.

1 Introduction

Umbral calculus provide powerful tool to deal with the properties of special polynomials and
functions. It has been used in numerous problems of mathematics and its related field like com-
binotorics (for example, see [1, 3, 6, 7, 9]). Its techniques have been used in different areas of
physics for example, it was used in group theory and quantum mechanics by Biedenharn et al.
[5, 6]. Here we first recall the notations and definitions related to the umbral algebra and calculus
[32, 33].

Let F be the set of all formal power series in the variable ¢ over C with

Ak

F= (f(t) = ﬁogtﬂak € C) -

Let us assume that P be the algebra of polynomials in the variable x over C and P* is the
vector space of all linear functionals on IP. As a notation, the action of the linear functional L on
a polynomial p(z) is denoted by (L|p(z)). The formal power series

F(t) = ,;“;O%tk € F,

defines a linear functional on PP by setting

(f®)|2") = an, (n = 0). (1.1)
From (1.1), we note that
(t*]2") = nloyk, (n,k > 0), (1.2)
where §,, 1, is the Kronecker symbol (see [10, 14, 15, 32, 33]).

Let fr(t) = Zz‘;o%tk. Then, by (1.1), we get (fL(¢)|z™) = (L|z™) . The map L — fr(¢)

is a vector space isomorphism from P* onto F. Hence forth, F thought of as both a formal
power series and a linear functional. We shall call F the umbral algebra. The umbral calculus
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is the study of umbral algebra (see [10, 14, 15, 31, 32, 33]).

The order o( f(¢)) of the non-zero power series f(t) is the smallest integer k£ for which the
coefficient of t* does not vanish (see [10, 14, 15, 32, 33]). If o(f(¢)) = 1, then f(¢) is called
a delta series, and if o(f(¢t)) = 0, then f(t) is called an invertible series. Let o(f(t)) =
1 and o(g(t)) = 0. Then there exists a unique sequence S,(z) of polynomials such that
(g) f()*|Sn(x)) = n!dk, (n,k > 0). The sequence S, () is called Sheffer sequence for
(g(t), f(t)), which is denoted by S,,(z) ~ (g(¢), f(t)). If Sp.(z) ~ (1, f(t)), then S,,(z) is called
the associated sequence for f(t) (see [10, 14, 31, 32, 33]).

From (1.1), we note that
(" p(2)) = p(y)-
Let f(t) € F and p(z) € P. Then we have

.fL'k k X
(1) = 5o L e ) = e LR 0 (13)
and by (1.2), we get:
p™(0) = (t*|p(z)) (1" (x)) = p™(0). (1.4)
Thus from (1.3), we have
K X
Pp(e) = p () = L2, (15)

Also we note that
(F®)(g(@)lp(x)) = ((g(®)]f (#)p(x))-
Let Sp(z) ~ (g(t), f(t)). Then we see that
g(fl(t))e O zzoos’;f(' )tk, vV yeC, (1.6)

where f(t) is the compositional inverse of f(t) (see [32, 33]). Let p,(x) ~ (1, f(t)), qn(z) ~
(1, g(t)). Then, the transfer formula for the associated sequence is given by

qn(z) = x(ﬁég)n 7 p,(x). (1.7)
Further, let S, (z) ~ (g(t), f(¢)) and 7, (z) ~ (h(t),1(t)) then
S(@) = T oCr it (2). (18)

where the connection constant C,, j, are given by

L a(f(1),

O]

Equations (1.8) and (1.9) are called the alternative ways of Sheffer sequences.

1(F(6))*[2"). (1.9)

The polynomials B (z), EX) (2) and G\ (x) are defined by the following generating func-

tions [11, 34]:
(et ) ZB . |t < 2, (1.10)

(eti—l) ZE .t <, (1.11)

(etzil) —ZGn , It < . (1.12)
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It is easy to see that B,,(z), E,,(z) and G,,(z) are given, respectively, by
BWY(z) = B,(z); EV(z) = E,(z); GV (2) = Gu(z), n € Ng:= NU{0}. (1.13)

Some interesting analogues of the classical Bernoulli and Euler polynomials were first inves-
tigated by Apostol [2] and further studied by Srivastava [36]. Luo and Srivastava [27] introduced
the Apostol Bernoulli polynomials of order o € Ny, denoted by %g{l)(x; A), A € C, which are
defined by the generating function

(Ae_l) Z% . [t| < 27, when A = 1; [t| < [log)|, when A # 1, (1.14)

with
B (2:1) = B (x). (1.15)

n

The Apostol Euler polynomials of order o € Ny, denoted by ¢l (z;\), A € Care introduced
by Luo [21] and are defined by the generating function

(Aet+1) Z"f —» [t < [log(=A)], (1.16)

with
@ (z:1) = B (2). (1.17)

Further, Luo [24] introduced the Apostol Genocchi polynomials of order o € Ny, denoted by
g,(;” (z; M), A € C, which are defined by the generating function

()\etzii-l)a Zg — |t < [log(=A)], (1.18)

with
G (z;1) = Gl (x). (1.19)

Certain properties of the Apostol-Bernoulli, Apostol-Euler and Apostol-Genocchi polynomi-
als such as asymptotic estimates, fourier expansions, multiplication formulas etc. are studied by
several researchers, see for example [4, 17, 22, 23, 25, 30]. Recently, Luo and Srivastava [28]
introduced the Apostol-type polynomials Fie (z; M, v) (0 € Ny A i, v € C) of order o, which
are defined by means of the generating function

2“ v Ie% ot [e’s) (a) N ﬁ )
(W) c —;)fn (@ X, v) 5, [t < [log(=A)] (1.20)

where
F N pyv) = F (00 p,v), (1.21)

denotes the Apostol type numbers of order «, defined by the generating function

L AN
(Aet+1) ZF (A, v ,7 [t < [log(=A)]- (1.22)
These polynomials are viewed as a unification and generalization of the polynomials B (@3 A),
@g{l)(_x; A) and Gﬁﬁ) (z; A). In fact, from equations (1.14), (1.16), (1.18) and (1.20), we have
(=1 F (23 =2:0,1) = B (w3 1), (1.23)

FlO(2:0:1,0) = €@ (2 )), (1.24)
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Recently, some results for the Apostol type polynomials and their generalized forms are es-
tablished, see for example [8, 18, 19, 20, 26, 35].

The Hermite polynomials [11] are defined by the generating function

oo

st t? t"
T =N " H,(x) — (1.26)
n=0
where
H, = H,(0)

denotes the Hermite numbers.

The Touchard polynomials [29] are defined by the generating function
z(et— tn
") =3 " T, () - (1.27)
n>0
By comparing (1.27) with the generating function of the Bell numbers given by
o t"
e ' =" Bell, — (1.28)
n>0
we get the following relationship between the Touchard polynomial and the Bell numbers
T, (1) = Bell,. (1.29)

Furthermore, we note that the first Stirling number is given by
(Z)p=z(xz—1)(z—n+1)= Z Si(n,l) 2!, (see[14,32,33]) (1.30)
1=0

and the second Stirling number is defined by the generating function

(e —=1)" =n! ng(l,n)ﬁ—i, (see [10,32,33]). (1.31)

l=n

Motivated by the above mentioned work on Apostol type polynomials and due to the im-
portance of the umbral calculus in this paper, we consider Apostol type polynomials related to
associated sequences of polynomials by the use of umbral calculus. Finally, we give some new
and interesting identities of those polynomials arising from transfer formula for the associated
sequences. Further, we establish a connection between our polynomial and several known fami-
lies of polynomials arising from umbral calculus to have alternative ways.

2 Umbral calculus and Apostol type polynomials

From (1.6), we note that

Fs ) ~ (22 21)0). @1
Thus, we get v
Fil@s X v) = (ffi 1) (22)

Let us assume that

pul@) ~ (120" +1)). - aula) ~ (1.

From z" ~ (1, z), (1.7) and (2.3), we note that

Ae® + 1
28 zV

)az), (a #£0). (2.3)

_ R N N ) [y
o) = olitrs) = A G
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and
2K 2V

(@) =2(357
In view of the fact (1.7), (2.3), (2.4) and (2.5), we can derive

) "= xffla_yi)(x;/\;u,y). (2.5)

(52
€z n nopv no on
Wﬁ(ﬁ)l(m)‘;“’ v) = x(m) v te B (as Ao, v)

(a=1)n
x (@ =1)nY\ ; ~(an)
= — 5 5 2'
T 2 (7 s 26)

where o, n € N . Therefore, by (2.6), we obtain the following theorem.

Theorem 2.1. For o, n € N, we have :

(a=1)n

1 > <(a I l)n) NER @+ ). (27)

(n) (...
Foo@dpv) = ————
1 (2M ZV)(a—l)n pr

n—

Further in view of relation (1.23), we deduce the following result from (2.7)

Corollary 2.2. For a,n € N, we have :

(a=1)n

> (7B i, 28

=0

1

(n) (..
Bn—l(x’)‘) = a—1)n
(Z)( )

Also in view of relation (1.24), we deduce the following result from (2.7)

Corollary 2.3. For a,n € N, we have :

(a—1)n

1 Z ((a—l 1)“) )\lgr(inl)(x +1;0), (2.9)

£ () = — 1
n— ’ a—1)n
@

Furthermore, in view of relation (1.25), we deduce the following result from (2.7)

Corollary 2.4. For a,n € N, we have :

n

((a_l 1)”) )\lg(a_nl)(x +1;\). (2.10)

n

(a—1)

1
G (@) =
(22)( b 1=0

Further, let us consider the following associated sequences:

T

mrﬁ’?l(m;u,u)~(1,z(Aez+1))7 pa(@) ~ (1, ( 2" )az) (@ #0). (2.11)

ez + 1

For x,, ~ (1, 2), by (1.7) and (2.11), we get

pu(2) _x(z)a)" ol — x()\62+ 1)cmxn_1

uogv M v
Z(ieZJrl :
X il an
=" A =L, 2.12
(2,u Zu)o‘n ( l > (‘T + ) ( )
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Forn > 1, by (1.7) and (2.11), we get

F (a3 A v)

pole) =22 o 7

HozV « W
Z(iezH) 2Y)
_ ;()\ z+ 1)(a+1)n (n) ( Y )
B x(zu )@t Tn € (s A, y).
By (2.12) and (2.13), we get

=0

Therefore, by (2.14), we obtain the following theorem.

Theorem 2.5. Forn > 1 and a € Z; = N{J{0}, we have :

an

S (e (s

=0 1=0

Further in view of relation (1.23), we deduce the following result from (2.15)

Corollary 2.6. Forn > 1 and a € Z, = N{J{0}, we have :

an (a+1)n

3 (al”> (@+1) = (zl)n 3 ((O‘Jrl 1)”>B£L”)1(x+l;x).

=0 1=0

Also in view of relation (1.24), we deduce the following result from (2.15)

Corollary 2.7. Forn > 1 and a € Z, = N{J{0}, we have :

an

> (O}n> (1) = (21)n mi‘)n ((O‘ +z 1>"> M (@ + 1),

=0 =0

Furthermore, in view of relation (1.25), we deduce the following result from (2.15)

Corollary 2.8. Forn > 1 and a € Z, = N{J{0}, we have :

an

> <O}n) @+ =5 lz)n (ai)n <(o‘ i 1)”) g\ (z+1:2).

=0 =0

Let us consider the following associated sequences:

@~ (e = 1), 2P @) ~ (122 TD"), (a2 0),
By (1.7) and (2.19), we get
an R
xfn_l)(x;)\)—x(z(ziz;l) ) T 1(m)n7

STCAN n—1 _ 1 z atl)n £(n) (..
Z<l>)\(x+l) —W()\e + 1T EY, (230 ).

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)
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Replacing x by = + 1, we have

@ DES @10 = @) () (o) @,

or

Rt = () (F) S s

n—

Z Z DSk +n n)(kfn)!(z)m“g)(x, N i) (2.21)

Therefore by ) we obtain the following theorem

Theorem 2.9. Forn > 1 and o € Z., we have :

n—1 1 l
an (1) ron
Fede+120) =3 Si(n— 1,)S(k +n, n)((kfn))ﬂ<_k>(x,A;ﬂ;y), (2.22)
=0 k=0 n

Further in view of relation (1.23), we deduce the following result from (2.22)

Corollary 2.10. Forn > 1 and o € Z,, we have :

n—1 1 l
an ( ) an
B+ 1) =33 Si(n— 1,0)Sa(k +n, n)(<k§ ))Bg_,g(x,A). (2.23)
1=0 k=0 n

Also in view of relation (1.24), we deduce the following result from (2.22)

Corollary 2.11. Forn > 1 and o € Z,, we have :

|
_

MN

S ()
(“5)

(x4 1;)) = Si(n — 1,1)Sy(k + n,n)—E g™ (). (2.24)

I
=
i
=

Furthermore, in view of relation (1.25), we deduce the following result from (2.22)

Corollary 2.12. Forn > 1 and o € Z,, we have :

n—1 1 (l)

G @+ 150) = 3 D Sin = 1,0)Sa(k +n,n) =G (2, ), (2.25)
=0 k=0 ( n )
Let et 4 1
an) € «
x‘/—:n 1(.13 /\ v ) (172( W v ) ),(O&#O)
() ~ (1,7 = 1), (2.26)
Then we have N
()
(@)n = x(ﬁ) N CIPTY)
:ac( & )n()\ez+])a Fle >(x A s v), (2.27)
er — 1 21 zv n—l ’
= xBr(:i)l(x)
and .
() = ZSl(n,l)xl = xZSl (n,1+ Dal,  (n>1). (2.28)
1=0 1=0

Therefore by (2.27) and (2.28), we get the following theorem
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Theorem 2.13. Forn > 1and 0 <[ <n — 1, we have :

1
Si(n,l+1) = (n z )ijjl_l. (2.29)

Also from (2.27), we note that

(o) - D = 0+ e @ ) @ X i), (2 1), (2.30)

z n

L.H.S. of (2.30)

= (¢ _1) ZSln—ll (- 1)

n l
:ZSl(n—l 1) Z Hn Sy(k+n,n)(z—1)* : (2.31)
o (

=0 n
and R.H..S of (2.30).

an

= (212 Y (al”) NFO (4150 s v) . (2.32)

=0

Therefore, by (2.30), (2.31) and (2.32), we obtain the following theorem.

Theorem 2.14. Forn > 1 and « € Z., we have :

an n—1 1 l

202y (i”)xlfff (z+1 A s v) = ZZ Hi )Sl(n 1,08 (k+n,n)(z—1)"-
=0 = 0
(2.33)

Further in view of relation (1.23), we deduce the following result from (2.33)

Corollary 2.15. Forn > 1 and « € Z,, we have :

an n—1 1

ZQ”Z(azn><A>lB£f"1 (z+1;A) =ZZ mn)Sl n=1,0)Sy(k+n,n)(z—1)'"* (2.34)
=0 k

=0 0

Also in view of relation (1.24), we deduce the following result from (2.33)

Corollary 2.16. Forn > 1 and o € Z,, we have :

za"fI(azn)”fff (z+1:2) =i ,fjl)sm_l DSy (k+nm)@—1)7F (235)

=0 l= 0

Furthermore, in view of relation (1.25), we deduce the following result from (2.33)

Corollary 2.17. Forn > 1 and o € Z,, we have :

n—1 1

(2;;)-%% <al"> (NG (@ + 1)) ZZ Hn Si(n — 1,0)Sy(k + n,n)(z — 1)\ %
=0 1= O
(2.36)
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Let

M LV «
Pu(z) ~ (1, (Aez i 1) z) (@) ~ (1,6 — 1), (a 2 0). (2.37)
By (2.12), we have

an

polo) = g 2 () O

=0

e SR

k=0 =0
From (1.7) and (2.37), we have

() Ix(W)nx_lpn(x)
() (B2 ) TS () (7 et
- <2M12>”x§(§%j ;§<an> (n— 1) (L) (p)kn ) ) B ).

(2.39)
Therefore, by (2.28) and (2.39), we obtain the following theorem.

Theorem 2.18. Forn > 1, a € Z, and0 <[ <n — 1 we have :

an n—1 1

an) (n—1 l MY\, e1—1 ~(an n

st = (502) " XX (V) (1) () ()t s,
k=0 l=p m=p

(2.40)

Further in view of relation (1.23), we deduce the following result from (2.40)

Corollary 2.19. Forn > 1,a € Z, and0 <[ < n — 1 we have :

stere= ()" EEE (V)7 ) () emnstt, can

k=0 l=p m=p

Also in view of relation (1.24), we deduce the following result from (2.40)

Corollary 2.20. Forn > 1,a € Z; and 0 <[ < n — 1 we have :

Sy(n,p+1) = ( ) inzl 3 (O‘”>( )(7;) <7;‘) Erttelem (s B L (2.42)

k=0 l=p m=p

Furthermore, in view of relation (1.25), we deduce the following result from (2.40)

Corollary 2.21. Forn > 1,a € Z; and 0 <[ < n — 1 we have :

st 0= (S (1)) () (e,
(2.43)

In the next section, we use alternating ways to get new identities for the Apostol type poly-
nomials.
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3 Connections with families of polynomials

In this section, we present several identities involving the Apostol type polynomials and some
other families of polynomials. In order to established these identities we use umbral calculus to
have alternative ways. For instance, we obtain the connection of Apostol type polynomials with

Hermite and Touchard polynomials.

3.1 Connections to the Hermite polynomials
Let us consider the following Sheffer sequences:

FO@xm) ~ (2D 2), B~ 7,5

Then, by (1.8), we assume that
Fl) (@ Ay s v chka

From (1.9) and (3.1.2), we have

1 eT 2\F
Cnk = k‘!<(>\e2+1)“(2) ")
21 v
_ 1 22 20 ¥ @ k,.n
= e e’ (Aez+1) B
n—k
() | (@)
=2 <k) > 3oy (0 = B F (0 s i),
=0

Therefore, by (3.1.2) and (3.1.3), we obtain the following theorem

Theorem 3.1. For n > 0, we have :

n ]:a)k l)" 3%

k=0 0<I<n—k,l:even 2

Further in view of relation (1.23), we deduce the following result from (3.1.4)
Corollary 3.2. For n > 0, we have :

a B, (V)
Bgf‘)(x;)\) = n! n—k-l y Hy(x).
Z;) Z kl(n —k —1)12k+1( L)1

which for A\ = 1 gives the result of [16; Theo. 2.2].

Also in view of relation (1.24), we deduce the following result from (3.1.4)

Corollary 3.3. For n > 0, we have :

. . 1)
57(L>(x;)\): n!z Z k!(n—k—l)!Zk”(%)!Hk(x)'

k=0 0<I<n—k,l:even

which for A = 1 gives the result of [16; Theo. 2.1].

(3.1.1)

(3.12)

(3.1.3)

(3.1.4)

(3.1.5)

(3.1.6)
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Furthermore, in view of relation (1.25), we deduce the following result from (3.1.4)

Corollary 3.4. For n > 0, we have :

n (o)
G @A) =nd N e _FZ_’CZ)Z!(;)H(WH;C@). (3.1.7)

k=0 0<I<n—k,l:even 2

Further, note that

Thus we have

T Hy(x) ~ (1, 2) and (20"~ (1, ). (3.1.8)
From (3.1.8), we have
e Hy(z) = (20)" <= Hu(z)=e ¥ (22)" (3.1.9)
Also let us assume that
Ho(z) =Y CoseF,™ (@ A i), (3.1.10)
k=0

= LAY ope B

AN
Coe = v (" +1)° ()" H, ()
= 2% (Z) 2k Y (;)Aj<ejZan+ur(m)>. (3.1.11)

Jj=0

Therefore, by (3.1.10) and (3.1.11), we obtain the following theorem

Theorem 3.5. For n > 0, we have :

n

1 n r r\ . e
H,(z) = S ;; (k> 2k 2% (J) N Ho ey () FL (23 X5 i3 ). (3.1.12)
= =

Further in view of relation (1.23), we deduce the following result from (3.1.12)

Corollary 3.6. For n > 0, we have :

Hy(z) = 21 g (Z) 2k jro (;))\j Hyy o (5B (25 0). (3.1.13)

Also in view of relation (1.24), we deduce the following result from (3.1.12)
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Corollary 3.7. For n > 0, we have :

n T

H,(z) = 21 3 <Z> 2k

k=0 3=0

(;) N H,_p(5)EY (2 N). (3.1.14)
which for A = 1 gives the result of [16; Theo. 2.5].
Furthermore, in view of relation (1.25), we deduce the following result from (3.1.12)

Corollary 3.8. For n > 0, we have :

H(z) = 2% 3 <Z> 3 (;) N Hoyor (7)1 (@3 0). (3.1.15)

k=0 7=0
Again let us assume that
=N CowF L (ws X ). (3.1.16)

From (1.9), (3.1.9) and (3.1.16), we get

( e 41 )a

Qutv v

A (224
e 4

= i2”<<>\ez + 1)a67@4 (2)ka™)

24 zv |
)2

- n > .
Cni=2" <k B > )\e + 1 a| Z l'221 z"r )
1=0

BN = k—r( T ™ (D' n—k+r)! ke
:FZ > 2 <k_r> <j>l(!(n)_(k+rj2l))!>‘J(2]) A (3.1.17)

Therefore, by (3.1.16) and (3.1.17), we obtain the following theorem

Theorem 3.9. For n > 0, we have :

n—k—r

5 ker T N (=DM =k +7)! ket p(@)
’ <’f )(J“(nkwm)z“zﬂ) Fi (@ X i)

—-T
i=0  1=0

<3

1 n
)=5 2

k=0

<.

(3.1.18)

Further in view of relation (1.23), we deduce the following result from (3.1.18)

Corollary 3.10. For n > 0, we have :

n—k—r

RS b N (P CDH = k) o )
e 2;;2 Z:: (") () i o @r w)
(3.1.19)

Also in view of relation (1.24), we deduce the following result from (3.1.18)



SOME IDENTITIES OF THE APOSTOL TYPE POLYNOMIALS ... 47

Corollary 3.11. For n > 0, we have :

—77‘

k—r n ™ (=1 (n =k ng kbl o(a)
! 2T2£ Z ’ ( ) <J) l(!(n>—(k+7ajzl))!/\ (24) 25,i )(a:,/\).
(3.1.20)

Furthermore, in view of relation (1.25), we deduce the following result from (3.1.18)

Corollary 3.12. For n > 0, we have :

n—k—r

mo-3 3 % 20(,",) ()it ek,
(3.1.21)

3.2 Connections to the Touchard polynomials

Using Similar technique used in previous theorems, we can express our 2-variable Apostol type
polynomials in terms of other families. For instance we can obtain Apostol type polynomials in
terms of Touchard polynomials 7}, () Using the facts that T}, (z) ~ (1,log(t + 1)) and

(z3 s ps v ch kT (2 (3.2.1)

with (2.1) and (1.9) we obtain the following result

Theorem 3.13. For n > 0, we have :
n n n o
Fwnun) = Y50 (1) A $i00) i) (322)
Further in view of relation (1.23), we deduce the following result from (3.2.2)

Corollary 3.14. For n > 0, we have :

Bl (3 \) = (?)B,ﬂ Y 51(1, k) Ti(x). (3.2.3)
k=0 =k

which for A = a = 1 gives the result of [12; p.42(Theo. 3.1)].

Also in view of relation (1.24), we deduce the following result from (3.2.2)

Corollary 3.15. For n > 0, we have :

= ii( > W S k) Ty(@). (3.2.4)

k=0 I=k

which for A = o« = 1 gives the result of [12; p.43(Theo. 3.3)].

Furthermore, in view of relation (1.25), we deduce the following result from (3.2.2)
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Corollary 3.16. For n > 0, we have :

n

Gle)( i( ) Y51, k) Ti(z). (3.2.5)

k=0 I=k

Next, let us assume that
=3 ConFM (w3 X p,v). (3.2.6)
From (1.9) and (3.2.6), we have

1,/ e 141 \@ .
Cose =l (5m 37 ) (€= ¥l

K \2i (e — 1)
1 e T Iyo N (n el
—W(i(e_l)y) ;(l)sz(l,kﬂx )
Sr(n —m, k)<7tm |ZBj fx )
m=0 7=0

> (") ( ) sa0n =m0 () (e i)

m=0 j=0 p=0
n—k m « n a 1
_ _\\a—p _ vo
> > <m> ( ) (p) (=A\)*"P Sy(n —m, k) BY ZBellﬁmi( T
m=0 j=0 p=0 =0
(3.2.7)

Therefore, by (3.2.6) and (3.2.7), we obtain the following theorem

Theorem 3.17. For n > 0, we have :

= IS (1) () (2) L) s ), )

k=0 m=0 j=0 p=0
(3.2.8)

Further in view of relation (1.23), we deduce the following result from (3.2.8)

Corollary 3.18. For n > 0, we have :

=35 855 () () () e e s e

k=0 m=0 =0 p=0
(3.2.9)

which for A = o = 1 gives the result of [12; p.43(Theo. 3.2)].
Also in view of relation (1.24), we deduce the following result from (3.2.8)

Corollary 3.19. For n > 0, we have :

n n—k m «

=222 < ) ( > (p) (A)apsj?f” ~B) B e 0). (3.2.10)

k=0 m=0 =0 p=0

Furthermore, in view of relation (1.25), we deduce the following result from (3.2.8)
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Corollary 3.20. For n > 0, we have :

- SEEE () e s

k=0 m=0 j=0 p=0
(3.2.11)

In the next section, certain results related to some mixed form of Apostol type polynomials
are explored.

4 Concluding Remarks

As a remark, in this section we consider recently introduced mixed form of Apostol type poly-
nomials defined as Hermite Apostol type polynomials (HATP) and investigate the properties of
these polynomials which are derived from umbral calculus. We can establish connection between
our polynomials and several known families of polynomials. For example we explore the rela-
tion involving Hermite Apostol type polynomials with Apostol type polynomials and Bernoulli
polynomials.

The HATP , F. (z; \; pu; v) are defined by the generating function [13]

n

2 p2wt— t? . t
(/\et—b—l) ZH]: T )\,,u,u)n!. (4.1)

where H]-"ﬁfx) (A p,v) = H]-Z(la)(O; A; u, v) denotes the Hermite Apostol type numbers defined
by.

QMY a
(1) ZHf Cem) (42)

From (4.1) and (1.6), we note that

(@) (e \e g ) o (en (A€ TN T
an (LU, >\’Nla V) <€4 ( o ) 72> (43)
Also, by (1.2), (4.1)and (4.3), we have
2 2H Y @
() (pe )~ — T n
H‘Fn (x’)"ﬂay) € 4 <)\€Z+1> (2x)
_c ]",(La)(x; A, V)
2n
[%] 1 —1 2m (@)
- 57 (5) M Fih @A)
m=0 '
[%] ™ 2m)! o)
H]:r(L )(x /\ o, vV ( ) m! 2n—2m ]:n_zm(l‘;/\;u,ll). (4.4)
=0
Further in view of relation (1.23), we deduce the following result from (4.4)
Corollary 4.1. For n > 0, we have :
B(a) “2\) = X n (71)m (zm)‘B(a) A 4.5
HPn (l’, ) - m m) 2n—2m n72m(gj’ ) ( . )
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Also in view of relation (1.24), we deduce the following result from (4.4)

Corollary 4.2. For n > 0, we have :

HE (23 \) = S (" >(—1)m(2m)’5<a>

2m/) m!2n—2m “n-2m

&3

(z; N). (4.6)

m=0

Furthermore, in view of relation (1.25), we deduce the following result from (4.4)

Corollary 4.3. For n > 0, we have :

2] m |
G (22 0) = < n )W@nglMZm(x;A), (4.7)

2m /) m!2n—2m

o3

m=0

Let us consider the following two Sheffer sequences:

Fe (@ Aip,v) ~ (€*<A§ujl)a%)

and

B (z) ~ (()\ez - l)r,z). (4.3)

Let us assume that

nF (w3 X p,v) =Y CopB) (2). (4.9)
k=0
Then, by (1.8) and (1.9), we get

o= (L o (22

_ (”) S (é)sz(zw,r)};ffji)m#. (4.10)

m
=0 r

Therefore, by (4.9) and (4.10), we obtain the following theorem.

Theorem 4.4, Forn > 1 and a € Z,, we have :

a P @ Xipv) =Y (:L) ) (Q )52(1 + ) aFa B (). (4.11)
k=0 =0 T

Further, we can derive other identities involving HATP and other families of polynomials.
In our next investigation we established certain properties of other polynomials using umbral
techniques.
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