Palestine Journal of Mathematics

Vol. 5(2) (2016) , 96-103 © Palestine Polytechnic University-PPU 2016

Skew constacyclic codes over ), + v[F,

Mohammed Mahmoud AL-Ashker and Akram Qasem Mahmoud Abu-Jazar

Communicated by C. Flaut

MSC 2010 Classifications:94B05, 94B15.

Keywords and phrases: Skew polynomial rings, Skew constacyclic codes, Skew cyclic codes

Abstract. In this paper, we study a special class of linear codes called skew constacyclic
codes over finite non-chain rings of the form F,, + vF,,, where p is an odd prime and v* = v.
We use ideal ,,-constacyclic codes to define skew constacyclic codes, investigate the structural
properties of skew polynomial ring R |z, 6,]/(z™ — ) and determine them.

1 Introduction

Skew polynomial ring was introduced by Ore [14]. The set of skew cyclic codes is a generaliza-
tion of cyclic codes but constructed using a non-commutative ring [z, 6, ], where F, is a finite
field and 6, is a field automorphism of [F,.

Recently, these family of codes are first described by D. Boucher, W. Geiselmann and F. Ul-

mer in [1], and [2]. In [8], G. Zhang, B. Chen studied the structure and properties of constacyclic
codes over finite non-chain rings of the form F,, + vF,,, where p is a prime number with v* = v.
In [13], Jian Gao studied skew cyclic codes over IF,, 4 vIF,, and determined their properties.
In this paper, we study skew constacyclic codes over finite non-chain rings of the form F,, + v[F,,,
where p is a prime number with v> = v. We first define an automorphism over R = F,, + v[F,,.
Also, we determine the units in R and show that skew constacyclic codes over R of arbitrary
length are principally generated. Similar to [13], our results show that skew constacyclic code
is equivalent to a constacyclic code over R. Finally we study Euclidean dual codes of skew
constacyclic codes over R and we then give some examples to illustrated our main results.

2 Preliminaries

Let R = F, + vF, = {a+vb | a,b € F,}, where p is a prime number with v> = v and FF,, is a
field with p elements. The ring R has two maximal ideals which are I} =< v >={va |a € F,,}
and b =< 1 —v >= {(l —v)b|beF,}, observe that R/ < v >and R/ < 1 —v > are
isomorphic to IF,. One can check that < v > and < 1 — v > are maximal ideals in R, hence R is
not a chain ring. The next definition, gives the structure of the automorphism group Aut(R) of
F, + vIF,. By Chinese Remainder Theorem R =< 1 —v > @ < v > and for any element a + vb
inR, 3¢, d € F, such that

a+bv=cv+d(l—v)

for all a,b € IF,,. Define a ring automorphism as follows

0y : Fp +vF, — Fp 4 oF,

where
Oy (ve+ (1 —v)d) = (1 —v)e + vd.
since
l=v+(1-0v)
then

O(v+(1—v))=1(1—-v)+v so 6,(1) =1.
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Also
0, ((ver + (1 —v)dy) (vep + (1 — v)dz))
= 0, (v crer + (1 —v)%dady)
= (1 —-v)cicr +v*didy
=((1=v)er +vd)((1 —v)ea + vda)
= 0u((ver + (1 = v)d))0y ((ver + (1 = v)dy)),
and

0, ((ver + (1 —v)dr) + (ver + (1 — v)da))
(v(er + ) + (1 = v)(di + d2))

1 —v)(e1 + ) +v(dy + dp)

(1 —v)er +vdy) + (1 —v)er + vdp)
(ver + (1 = v)dy) + 0y (ver + (1 — v)dy),

0,
(
(
0,

then 6, is ring homomorphism.

0y (ver + (1 —v)dy) = 0, (ver + (1 —v)da)
=((1 —v)e; +vdi) = ((1 —v)er + vdy)
=1 —wvep +vd; = ¢ —vep +vdy
—c=candd; = d,

then 6, is one-to-one. To see 6, is onto
let

Oy (vey + (1 —v)dy) =ver + (1 —v)da
= (1 —v)e; +vdy =ver + (1 —v)da
= (1—-v)(c1 —da) +v(di —c2) =0
= c-d=0=c¢=d
—di—o=0=—=di =
Hence (ver + (1 —w)dy) = 0,(ver + (1 — v)dy)

then 6, is onto, hence 6, is ring automorphism and 912)(6) = e, for all e in R, this implies that 6,
is ring automorphism with order 2.

For a given automorphism 6, of R, the set R[z, 0,] = ap+ajz+ayzx’+...4+a, 12| where a; €
R,n € N\{0}} of formal polynomials forms a ring under usual addition of polynomial and
where multiplication is defined using the rule (az®)(bz?) = af? (b)z**7 [11]. The ring R[z, 6,]
is called skew polynomial ring over R. It is non-commutative unless 6,, is the identity automor-
phism on R|z].

Lemma 2.1. [8] Let A = ¢ + vp be an element in R, where ¢ and p are elements in F,. Then
A= (+ovpisaunitof Rif and only if ¢ # 0 and ¢ + p # 0.

Proof. = Suppose that A = ¢ + vy is a unit of R. Then there exists elements a,b € I, and
A =a+vb € Rsuchthat \'A = 1, that is, (¢ + vu)(a + vb) = Ca + v(Cb + pa + ub) = 1. So
we have that Ca = 1 and (¢ + p)b + pa = 0, which implies that ¢ # 0 and ¢ + p # 0.

——1LetA\=(+uvpeR, where( #0and ¢ +pu # 0. Setting \ = ¢~ +v[—1(¢+ )~ ¢
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Then
NA= (o)l +o(=1(¢+m) ¢
=1+olpc = p(CH+p) ™ = p(C+ )7 pgT
=1+v[u< I*M(C‘f‘ﬂ) M1+ pu¢™h)
=1+v[u¢ CH ) (¢ e
[ )~

— u(
=1+v[pC" = pC+p) " (C+u)¢)]
—1

3 Skew Constacyclic Codes over [, + v,

In this section we begin definition of A—constacyclic codes and (6, —\)—constacyclic codes(skew
constacyclic codes), then we will write all results of A—constacyclic codes and (8, —\) —constacyclic
codes.

Definition 3.1. [8] Let A be a unit in R. A linear code C of length n over R is called \-
constacyclic if for every (co, ci, ..., cn—1) € C, we have (Ac,—1, g, ..., cn—2) € C

It is well known that a A-constacyclic code of length n over R can be identified with an ideal
in the quotient ring R[z]/ < ™ — A > via the R-module isomorphism as follows:

R" — Rz]/ <2 — A >
(€0, €1y eeey 1) — o, 12, ey Cp ™! (mod < z™ — X >).

If A = 1, A-constacyclic codes are just cyclic codes and while A\ = —1, A- constacyclic codes are
known as negacyclic codes.

Definition 3.2. Given an automorphism 6, of R = F, +vF,,, and a unit A\ = ( +vpin R, a code
C is said to be skew constacyclic, or specifically, (6, —\)—constacyclic if C is closed under the
(0, —\)—constacyclic shift vector pg, » : R" — R™ defined by

p9m>\(607 C1, "'7077,—1) = ( 91;((( + ’U,LL)Cn_l), 01}(00); "'791/(017,—2))'

Analogous to the classical constacyclic codes, we characterize 6, —(¢ + vu)—constacyclic
codes in terms of left ideals in R[z,0,]/ < ™ — (¢ +vu) >

Theorem 3.1. A code C of length n over R is 6,—({ + vu)—constacyclic if and only if the skew
polynomial representation of C is a left ideal in R[z,0,]/ < 2™ — (¢ +vu) >

Proof. Since C is linear code, C is an additive group. Let a(x) = ag +ajz + ... + a, 12"~ € C.
Then za(x) = 0,((¢ + vp)an_1) + 0,(ag)w + ... + 0,(an_2)z" "' € C. And by iteration and
linearity one can get h(z)a(z) € C, for all h(z) € R,,. This shows that C is aleftidealin R,,. O

3.1 Skew constacyclic codes generated by monic right divisors of x™ — ({ 4+ vpu)

The 6,— (¢ 4+ vu)—constacyclic codes which are principal left ideals in Rz, 0,]/ < z™ — X >
generated by monic right divisors of ™ — A, where A = ¢ + vu. Let C be a linear code of length
n over R = I, + v, , define

Co={acF, | (I -v)a+vbeC,forsomebecF}, 3.1

and
Cio={beF, | (1 -v)a+vbeC, forsomeacFy}, (3.2)

Obviously, C, and C;_, are linear codes over [F,,. By the definition of C, and C,_,, we have
that C can be uniquely expressed as C = (1 — v)Ci—, ® vC, [19].

In the following we give some properties about skew constacyclic codes over F), 4+ vIF,,.
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Definition 3.3. The center Z[R(z,0,)] of R(z,6,) is the set of all elements that commute with
all other elements of R(z,6,). We call call an element z € Z[R(x,6,)] central if 2 commutes
with all elements of R(z, 6,).

Case 1: n is even

Proposition 3.1. Let A = ¢ 4+ vy be a unit in R. Then 2™ — X is central in Z(R|[z, 6,]) if and
only if n is even.

Proof. Suppose niseven,i.e.,2|n. Let f(z) € Rz, 0,] and f(z) = ap+arz+...+a,z™. Since
n is even, 07 (a) = a for any element a € R. Hence, (z" — \) f(x) = (2™ — Nag + a1 + ... +
amxT™ = x"ag+r" a1z + ...+ 2 amr™ — Af(z) = 07 (ap)x™ + 07 (ar) "z + ...+ 07 (ap, )z ™ —
M(z) = (ap+ a1z + ...+ amz™)z™ — Af(z) = f(x)z™ — Af(x) = f(z)(=™ — ). Hence (z™ —
A) € Z(R|x,0,]). Conversely, let 2™ — X be in Z(R[z,6,]). Then 2™ — A commutes with
every element in Rz, f,]. Particularly, (z™ — N)apz™ = apnpz™(z™ — A) for some a,, € R.
Since (2" — N)amz™ = 07 (am)z™ ™™ — Aapmaz™ and a,z™ (2" — A) = a4z — Aana™,
0" (am) = am. Thus n is even. i

Theorem 3.2. Let n be even and C be a 6, —A—constacyclic code with length n, and f(z) be a
monic polynomial in C with minimal degree, then C =< f(x) >, where f(z) is a right divisor
of ™ — A\

Proof. Let f(x) be a polynomial of minimal degree in C. There are two unique polynomials ¢
and r such that
"= A=qf+r

where deg(r) < deg(f). Since r = (2" — 1) — qf and C is linear, » € C. But f(x) is with the
minimal degree. Thus r = 0 and hence f(z) is the right divisor of " — A. i

Case 2: nis odd

Let n be odd. Then | < 6 > | { n. This implies that z™ — X is non-commutative. Therefore
the set R,, = R[z,0,]/(z™ — \) is not a ring anymore. Define the addition on R,, as usual and
multiplication from left as 7(z)(g(z) + (z" — X)) = r(z)g(z) + (z"™ — ) for any r(x) € Rz, 6,].
We can prove that R, is a left R[x, ,]-module where multiplication is defined as above.

Theorem 3.3. Let n be odd. Then C is a skew constacyclic code of length n over R if and only
if C is a left R[z, 0, ]-submodule of R,,.

Proof. Suppose c(z) = ¢g + c1z + ... + ¢n—12""! be any codeword in C. Since C is a skew
constacyclic code, zic(x) € C. Since C is linear, it follows that r(z)c(z) € C for any r(z) €
R[z,0,]. Therefore C is an R[z, 0,]-submodule of R,,. o

Theorem 3.4. Let n be odd and C be a skew constacyclic code with length n, and f(x) be
a polynomial in ¢ with minimal degree, then C =< f(x) >, where f(z) is a right divisor of
" = A\

Proof. Similar to Theorem (3.2). O

Theorem 3.5. Let n be odd and C be a skew A—constacyclic code of length n. Then C is
equivalent to a A—constacyclic code of length n over R,,.

Proof. Since n is odd, it follows that ged(2,n) = 1. Therefore there exist integers a, b such that
2a+bn=1 Thus2a =1—bn=141In, wherel > 0. Letc =cg+c¢; + ... + 12" ! be
a codeword in C. Note that 2%%c(x) = 6?%(Aco)z' ™™ + 622 (cp)2* ™ + ... + 62%(c,_y )2 =
MHne, 1+ cox 4 ... + cp_p2™ ! € C. Thus C is a A—constacyclic code of length n. ]

Theorem 3.6. Let C = (1 — v)C;—, & vC, be a linear code of length n over R. Then C
is a 6,—A—constacyclic code of length n over R if and only if C, and C,_, are 6,—(¢ +
w)—constacyclic and 6,,—(—constacyclic codes of length n over F,,, respectively.
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Proof. = Let (mg,my, ..., m,—1) be an arbitrary element in C;_,,, and let (ro, 1, ...,7,—1) be
an arbitrary element in C,. We assume that ¢; = vm; + (1 —v)ry, 4 = 0,1,...,n — 1; hence we
get that (¢, c1,...,cn—1) € C. Since C is a §,—A—constacyclic code of length n over R, then
ev((ACn_l), (CQ), cery (Cn_g)) € C. Note that

0y (Acn—1) = 0, ((C +op)[vmp—1 + (1 —v)r,_1])
= 91)(“[(C + H)mn—l] + (1 - ”)[Crn—l])

then

(0u(Acn—1),04(c0), s 0y (cn_2)) = 0, (v[(C + p)mpn_1, Mo, ..., mp_2)]
+ (1 = v)[(¢rn-1,70,-yTn-2)]) €C,

hence 0, ((¢+ p)my—1,m0, -oc, My _2)) € C1—yy and 0, (((rn—1,705 -, Tn—2)) € Cy, which implies
that C, and Cy_,, are 6,—(¢ 4+ p)—constacyclic and ,—(—constacyclic codes of length n over
IF,,, respectively.

<= Suppose that C, and C;_, are 6,—(¢ + p)—constacyclic and 0, —(—constacyclic codes of
length n over F,, respectively. Let (co,c1,...,cn—1) € C, where ¢; = vm; + (1 —v)r;, i =
0,1,...,n — 1. It follows that (mg, m1,...,m,_1) € C1_, and (19,71, ...,7n_1) € C,. Note that

Oy ((Acn_1),(c0)s -, (cn_2)) = 0u(v[(¢ + p)Mmp_1, Mo, ..., My _2)]
+ (I =0)(C+ p)rn—1,70, -, 7n—2)]) € (1 = v)Ci—, ®vC, =C,

hence C is a 6,—A-constacyclic code of length n over R. O
The next theorem is classical A—constacyclic codes to determine the generators for codes.

Theorem 3.7. [8] Let C = vCi_, ® (1 — v)C, be a (¢ + vu)—constacyclic code of length n over
R. Then C =< vgi—y, (1 —v)g, >, where g;_,, and g, are the generator polynomials of C;_,,
and C,, respectively.

Proposition 3.2. [8] Let C = vCi_, ® (1 — v)C, be a (¢ + vu)—constacyclic code of length

n over R and g;_,(z), g,(x) are the generator polynomials of C,_,, and C, respectively. Then
| C |: pz_deg(glfv(x)_deg(gv(f’?))_

Let C be a non-zero left ideal in IF,, + v[F, [z]/ < 2™ — X\ > and let fi(z) and f>(x) denote the
set of all non-zero skew polynomials of minimal degree in [F),.

Theorem 3.8. Let C = vC—, & (1 —v)C, be a (¢ + vu)—constacyclic code of length n over R.
If C =< vfi(z), (1 —v)fa(x) >, where fi(x) and f2(z) € F, are monic skew polynomials with

filz) | (z" = (¢+p)) and fo(z) | (2" — (), then Ci—, = [fi(z)] and C, = [f2(z)], thatis, fi(z)
and f,(x) are the generator polynomials of constacyclic codes C;_,, and C,, respectively.

Example 3.1. Let R = F3 + vF3[z]|, n = 10, and

10

- D=@-De+)a*+2* —z+DE* 2>+ +1).

Then the constacyclic code of length 10 over R = F3 + vF3[z] with generating polynomial
filz)=(2*—2>+x+1)and fo(x) = (z* + 23 + 2 - 1),is

C=<v(@* -2 +z+1),(1-v)a*+2>—z+1)>.

If R = IF3 + vF3[z,0,] and n = 10. Then the skew constacyclic code of lenght 10 over R =
F3+vF3[z, 0,] with generating polynomial fi(z) = (z*—2*+2+1) and f(x) = (z*+23+2—1),
is

C=<(1-v)@* - +z+va*+2>—z+1)>.
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4 Euclidean Dual Codes of Skew Constacyclic Codes over ), 4+ v,

We study Euclidean dual codes of 6, —(¢ + vu)—constacyclic codes over R. Their characteriza-
tion is given in the next lemma.

Lemma 4.1. Let C be a 6,—(¢ + vu)-constacyclic code of length n over R. Then the dual code
C* for Cis a §,—(¢ + vp) ~!-constacyclic code of length n over R.

Proof. Foreachunit A\ = (+wvpin R = F, +vF,, then \~!in R. Let u = (ug, u1, ..., un_1) € C
and v = (vg, vy, ..., 1) € CL.
Since (67~ (Aur), 077 (M), ..., 077 (Aun—1), 07 (u0)) = pj A (u) € C, we have

0=< pg;)l\(u),v >
=< (Gﬁfl(Aul),Gf}*l(/\uz),...,HS*I(Aun_l),OS*I(uo)), (1}0,’01,...,1}"_1) >
=A< (HLL_l(ul),eg_l(UZ), ...,6"‘1(un,1),92’_'()\_'u0)), (Uo,vl, ...,Unfl) >

n—1
= A(ogil()‘ilu(J)vn—l + Z Qﬁfl(ui)vi_l).
i=1

As n is a multiple of the order of 6, and A~ is fixed by @,,, it follows that
0=146,(0)

n—1
=0, (MO (N ug) vy + Z 0" (ui)viy)
i=1
n—1
= )\(UOQLL(A_I)’U,Z,O + Z uﬂﬁvi,l)
i=1
=A< pg, a-1(v),u>
Therefore, pg, y-1(v) € C*. O

Let g1y (2)h1—o(2) = 2"—C, go(2)hy(z) = 27— (C+p). Let hy_y(z) = gdeghi—o(@)p, (1)
and h,(z) = xdeg(h’”@))hv(%) be the reciprocal polynomials of h;_,, and h,, respectively. We
write hi_, () = 5—gyhi—o (@) and b (z) = 3Gk (2).

Theorem 4.1. LetC = (1 — v)Ci_, ® vC, be a 0,—(( + vu)-constacyclic code of length n over
R. Then C*+ = (1 —v)Ci- , dvC;E.

Proof. From Theorem (3.6) C;_,, and C, in (3.1) and (3.2) are 6, —constacyclic codes over [,
then Ci- , and C;- are also 6,—constacyclic codes F,,. Let gi_,(z) and g,(x) are generator
polynomials for C;_, and C,, respectively. Then Ci- , = [h;_,(z)] and C;- = [h}(x)]. Thus
we have that | Cit | |= p?e991-(@) and | ¢t |= pde9(9+(®) For any a € Cf- ,, b € C;- and
c=(1—v)r+wvq € C,wherer € Ci_,, q € Cy, we have 0, (c.((1 —v)a+vb)) = 0,(((1 —v)r+
vq).((1 = v)a + vb)) = 0,((1 —v)(r.a) + (v)(¢.b)) = 0, and hence (1 — v)Ci- , & vC;- C CL.

Similarly we get C+ C (1 —v)Ci- , & vC;t. O

According to the above results and their proofs, we can carry out the results regarding skew
constacyclic codes corresponding to their dual codes.

Theorem 4.2. Then the Euclidean dual code of a left ideal in (IF,, + vF,)[z,6,]/ < 2™ — (¢ +
vp) > is also a left ideal in (F), + vF,)[z, 0,]/ < 2™ — ({ + vu) > determined as follows, if C =
(1 —v)Ci_y ®vC,, then C+ =< (1 —v)hi_ (x),vhi(x) >, and | C* |= preslor—v(@)+deg(gu(z))

Proof. Since C* is a 0, — (( 4+ vu) ~! —constacyclic code over R, and C+ = (1 —v)Ci-, & vC;L,
where Ci- , and C;- are two 6, —constacyclic codes over F,,. Since hj_, and h are generator
polynomials for C- | and C;- , respectively, we have that {(v — 1)h}__ (x),vh}(z)} is the gen-
erating set in C* so Ct =< (1 —v)hi_ (x),vhi(x) >. In addition, | C+ |=| Ci-, || CF |=
pAeatoro (@) pdealgn(@) — pdeglgio(x))+deglou(z) o
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Example 4.1. From previous example 3.1 Let R = F3 4 v[F3, n = 10, and
- =@ -+ )a*+2° -+ Da* -+ +1).

Let
ho=z+1, hi=z+1, h=a*+2—a+1, hh=a*-2+2+ 1

Then we have
hy=x+1=ho, hi=a—1=h, hi=a* -2 +a+1=hy, hi=a*+2° —z+1=h,

Since
C=<(1-v)a* -2 +az+1)v@*+23 -z +1) >,

Hence
Ct=<(l-v)@*+2®—z+1),v@* -2+ +1)>.

5 Conclusion

In this thesis we have defined skew polynomial rings, also studied skew constacyclic codes over
finite non-chain rings of the form F,, + vF,,, where p is a prime number with v> = v and study
Euclidean dual codes of skew constacyclic codes over ), 4 vIF,,.

For future research one can extended this study to rings such as F, + uF,; + vF, 4+ wvlF, or
F, + vF, + v’F, where ¢ is a power of prime number p.
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