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Abstract It is well known that the generating function for any sequence {a,, }, denoted by the
function g(z) and defined by g(z) = Z anx™. This function is used to solve both homogenous
=0

n=
and non-homogenous recurrence relations. In this study, we find generating function of certain
balancing and Lucas-balancing numbers.

1 Introduction

Balancing numbers n and the balancers r are the solutions of the Diophantine equation 1 4 2 +
oot (n=1)=(n+ 1)+ (n+2)+... + (n+ 7). The square roots of 8n? + 1 also generate
a sequence of numbers called as Lucas-balancing numbers. The balancing numbers and the
Lucas-balancing numbers satisfy the same recurrence relation with different initial values, that
is, B,y1 = 6B, — B,_1; Bp=0, By =1and C,,;; = 6C,, — C,,_1; Cy = 1, C; = 3, where
n > 1 and B,, and C,, are the n* balancing and Lucas-balancing numbers respectively [1, 3].
The details of balancing and Lucas-balancing numbers are available in [1-19].

It is well known that for the sequence ag,ay,... of real numbers, the function g(z) =
ap + ajx + axx® + ... + a,a™ + ... is called the generating function for the sequence {a,,}.

Also, by letting a; = 0 for i > n; g(z) = Z anx" represents the generating function for the
i=0
finite sequence {a, }. In this study, authors main aim is to establish some generating functions
of certain balancing and Lucas-balancing numbers.
Generating functions are used to solve both homogenous and non-homogenous recurrence
relations. The following example show how generating function is used to solve recurrence
relation for balancing numbers and derive the famous Binet’s formula for these numbers.

Example 1.1. Use generating functions to solve the balancing recurrence relation B,y = 68,,—
Bn—h where B] = 1, 32 =6.

Solution. Let g(z) = By + Bix + Byz* + ...+ B,z" + .... be the generating function of
the balancing sequence. Using the recurrence relation B,,; = 6B,, — B,,_1, we can find 6zg(z)
and 22g(z) as follows:

62g(x) = 6By + 6B1x* + 6Bz + ... + 6B, _jz" + .. ..
2?g(x) = Boa* + Bya® + Bya* + ...+ Bp_pa™ + ..,
which follows that
g(x) — 6xg(x) + 2%g(x) = By + (By — 6By)x + (B, — 6By + By)a* + ... =z,
and therefore, we have
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Which implies that

o N A= AD)a”
() =) Bpa"=)» ~———=—.
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n=0

From this expression, it follows that

P
n )\1_)\2’

which is nothing but the Binet’s formula for balancing numbers.

2 Generating functions for certain balancing and Lucas-balancing numbers
In this section, we establish generating functions of certain balancing and Lucas-balancing num-

bers.

2.1 Generating functions for B;,, and B,

Let g; (z) be the generating function for Bjs,,. Then
g1(z) = By + B3z + Bex* + ... + Bapa™ + ...,
dxg)(x) = 4xBy +4B3a® +4Bgx® + ...+ 4B3, 32" + .. .,
%g (z) = Box? 4 Bz’ 4+ Bex* + ...+ Bap_ez™ + . . ..
Therefore, we have
(1—4x— zz)gl (z) = By + (B3 —4By)x + (B —4B3 — Bo)xz + ...,

which follows that

35z + 679022 + . ..
9@ ="

Similarly, if g, () be the generating function for B, then we have
@) =B} +Bjlz+B3z*+.. .+ Ba"+ ...,
3xga(z) =3xBy +3Bj2* +3B32° + ...+ 3B} _ 2" + ...,
62%gx(z) = 6B3x* + 6Bjx® + 6B3x* + ...+ 6B 2" + ...,
32%ga(x) = 3B3a® +3Bja* + ... + 3B 2"+ ..,
atga(x) = Bia* + Bia® + B3aS + ...+ B} 2"+ ...
Therefore, we have
(1 =3z — 627 4+ 32° + 2¥)ga () = 2 + 21327 + 4222123 + . . ..

Which follows that
x4 21322 + 4222123 + . ..

92(w) = (1 =3z — 622+ 323 +2%)°

2.2 Generating function for B,,,1; and C, 4>

Let g3(z) be the generating function for By, 11, then
g3(z) = By + Bz + Bsa> + ...+ By 2™ + ..,
3zg3(x) = 32B) + 3Bz +3Bsz® + ...+ 3By, 12" + ...,
2?g3(x) = Bya® + Bya® + Bsa* + ...+ By _3x" + ...



124 Prasanta Kumar Ray and Juli Sahu

Therefore, we have
(1 =3z — 2*)g3(x) = B+ (B3 —3B))x+ (Bs —3B3; — By)a* +... = 1 + 322+ 1083z2% +. . .,

which follows that

1+ 32z + 108322 + . ..

In a similar manner, we can find the generating function g4 (z) of Ch,,42 as

:Cz+(C4*3C2)l'+...

94(2) (1 =32+ a?)

2.3 Generating functions for B,,, |, and Cy, 4,

The generating function of B,,,,, is given by;
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Likewise, it can be shown that
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These two generating functions can be applied to derive identities. For example,

S I = . 6z —1 = 1 -3z
Z{)Bn+1xlzﬁ7203n,lxlz fa) and ZOCHJU": D

where D = 2% — 6z + 1. Since 2 (132) = L — %=1 'we have

ZZCnxn = ZB71,+lxn - ZBn—lxn = Z(BnJrl - Bn—l)xny
n=0 n=0

n=0 n=0
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which implies that B,, | — B,,_1 = 2C,,. To prove the identity B,,C,, — By, 1Cn—1 = Crin—1,
we proceed as follows:

Z(Bmcn_ m— lCn l —C ZBmx — Un— IZBm 11’
m=0
x 6z — 1
= Cnﬁ - Cn—] ?
Cot + (Co — 6Cp_1)z
B D
Cnfl - Cn72x
= #

[sS)
= E Cm+n71xn7
m=0

which follows that B,,,C,, — By, 1Cpn_1 = Cpyin_1-

3 Exponential generating functions

oo
.
In this section, we develop the generating functions for + and C” CAsel = E —, it follows
n.
n=0

that

oo oo
)\1":3” )\2";10”
Mt = E and eM® = E .
n! n!
n=0 n=0

Therefore, we have
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Thus, the exponential function generates the numbers —7 More generally, we can
n!

)\1 -\
show that €2-"=¢*2 * I*e b ZB’W

0 n
Likewise, the generating function e +e*2® = E 20y — can derive the formula 3 cosh(V8z) =
n!

Z C, . Let us consider the functions A(t) and B(t) defined by A(¢ Z an and B(t) =

n

Z bnﬁ, so that their products A(t)B(t) and A(t)B(—t) are given by

n=0
A(t).B(t) = lz < B ) akbnk] — (3.1
n=0 Lk=0 e
and
A(t).B(—t) :Z Z(—l)”_k apbn—k | —-
n=0 Lk=0 k n
oMt _ o6t
In particular for A(t) = — and B(t) = €', we have
1= X
et(e—6>\1t o 6—6)\215) e n e ( 6t)"
f B _—
Al — A2 Z n! n!

n=0 n=0
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Which follows that

1—6X)t

( _ (1—6x)t o [ n n
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Using the characteristic equation \> = 6\ — 1, we obtain

e~ ATt _ o=t o [ n n B 6k m
Al — X2 =2 |2 k «(=6) n!’

n=0 Lk=0

which implies that

L (A" ()" S K|t
A — Mo Z( ;yt) _Z( ;!t)]:ZL <k>Bk(_6)]fﬂ.

n=0 n=0 n=0 =0
That is,
oo m o] n n n
n _ L
> Ban(-1) ] —Zl ( P )Bk(_6) ] 7
n=0 n=0 Lk=0

Equating the coefficients of t" /n!, we have

n n

k
k=0

Replacing B(t) by e~¢ and proceeding similarly, we get

L S22 [P ()] n k| _pynt”
)\1—)\22(n!t) Z( n!t) 72( n!t) ]:le<k>3k(6)1(l);‘

n=0 n=0 n=0

which follows a new combinatorial identity

z": < Z ) (—2)*Ban = Zn: < Z ) By (—6)".

k=0 k=0

4 Some hybrid identities containing both balancing and Lucas-balancing
numbers

In this section, once again we consider the functions A(t) and B(t) to develop some hybrid

e)\]t _ 6)\2t

Al — N\
and B(t) = eM! + ™!, where \; = 3 + /8 and A, = 3 — /8. Then we have the following
results.

identities that contain both balancing and Lucas- balancing numbers. Let A(t) =

Lemma 4.1. If B,, and C,, respectively denote the n'" balancing and Lucas-balancing numbers,

then Z ( " > BiC,_r = znile
o\ k
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Proof. Using (3.1), we have

0 n n tn oo tn e tn
DO LA EE) SER oot
n=0 Lk=0 n=0
62)\1t _ 62)\2t
2\ =)
> t
-yl
n!
n=0
and hence the result follows. O

Lemma 4.2. If B,, and C,, respectively denote the n'" balancing and Lucas-balancing numbers,
- n - n

then BB, =2""*(C,, — 3") and CyCry, =27 1(C,, + 3™).
3 (1 )mrsmrremmi g (] )a -

Proof. Again using (3.1), we have

S (1)

n=0
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and the first result follows. The second result follows analogously. O

Lemma 4.3. For n'" balancing number B,, and n*" Lucas-balancing number C,,, the following
identities are valid:

Z < Z ) Bmkcmn—mk == znilena

k=0

) [

>
Il

0

3

( Z ) kacmnfmk = 2nil(cvrnn + CSQ)

k=0

Proof. In view of (3.1), we have

n=0 Lk=0
(62)\1 't _62)\2 t)

2(A1 — \2)
- 22”_1ani,
n!
n=0

which follows the first result. The other results can be proved similarly. O

The following result can be obtained by using the differential operator d/dt. Since A(t) =

oo

Z(—6)"a r o we have

n=0
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Mt _ Aot
Setting A(t) = e/\ i and B(t) = eM?, then by using (3.1), we get
1= A2
) N A RN (—6t)™
2 lz ( b ) (6" Breo | 13 = 2 0 |2 Buer
n=0 Lk=0 n=0 n=0
et dr e (—61‘5)”
= B
o e
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which yields the identity

3 ( " ) (76)kBk+r = (71)n32n+r-

k=0 k
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