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Abstract In this paper, we investigate the relationship between the plane curves and slant
helices in R3. Moreover, we show how could be obtained to a slant helix from a plane curve.
Finally, we give some slant helix examples generated by plane curves in Euclidean 3-space.

1 Introduction

In [3], A slant helix in Euclidean space R? was defined by the property that the principal normal
makes a constant angle with a fixed direction. Moreover, Izumiya and Takeuchi showed that ~ is
a slant helix in R? if and only if the geodesic curvature of the principal normal of a space curve
~ is a constant function.

In [5], Kula and Yayli have studied spherical images of tangent indicatrix and binormal indi-
catrix of a slant helix and they showed that the spherical images are spherical helix.

In [4], Kula, Ekmekci, Yayli and Ilarslan have studied the relationship between the plane
curves and slant helices in R3. They obtained that the differential equations which are character-
izations of a slant helix.

In this paper we consider the relationship between the plane curves and slant helices in R>.
Moreover, we get slant helix from plane curve. Also, we give some slant helix examples in
Euclidean 3-space.

2 Preliminaries

We now recall some basic concept on classical geometry of space curves and the definition of
slant helix in R3. A curve 7 : I € R — R3, with unit speed, is a space curve. T'(s) = 7/(s) is
a unit tangent vector of 4 at s. We define the curvature of 4 by x = ||7”]]. If (s) # 0, then the
unit principal normal vector N (s) of the curve 7 at s is given by 7”(s) = x(s)N(s). The unit
vector B(s) = T'(s) A N(s) is called the unit binormal vector of 7 at s. For the derivatives of the
Frenet frame the Serret-Frenet formula hold:

T'(s) = K(s)N(s),
N'(s) = —k(s)T(s)+7(s)B(s), 2.1
B'(s) = —7(s)N(s),

where 7(s) is the torsion of the curve 7 at s.

Definition 2.1. A curve 5 with x(s) # 0 is called a slant helix if the principal normal vector line
of 4 make a constant angle with a fixed direction [3].

Theorem 2.2. 7 is a slant helix if and only if the geodesic curvature of the spherical image of
the principal normal indicatrix (N) of 7

%@_<WMiﬂﬁ<D>“) 22)

is a constant function and v = ||¥'||. Also, axis of the slant helix is

in 0 in 0
G=+—"00 T4 cosON + —

; (2.3)
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[31.
Theorem 2.3. Let 7 : I — R> be a space curve and 3 : I — R3 be a space curve such that
B =%

ALk
7 is a slant helix if and only if 3 is a slant helix.

Proof. If we use that
I'llsy = #s,
IVl = 75

and by simple calculation, we show that § is a slant helix and thus the proof of theorem 2.3 is
completed. O

Now we can give the following theorem.
Theorem 2.4. Curves 7 and 3 have the same axis.

Proof. Let 7 be a slant helix with Frenet frame {7, N5, B}, curvature x5 and torsion 75. Jis a
slant helix with Frenet frame {73, Ng, Bg}, curvature sz and torsion 73. By simple calculation,
we get

in in 6
g = i%Tﬁ + cosONg + % 3
(“5+Tg)2 (“5‘1'7'5)2
= d,?.
Thus the proof of theorem 2.4 is completed. O

Definition 2.5. The epitrochoid is traced by a point P attached at a distance & to the center of a
circle of radius 7 rolling along another circle of radius r; and its equation is

nt rz)t)y —(r1 +72) cost + hcos((rl =

~v(t) = ((r1 + r2) sint — hsin(( - -

n) Q24

[6].

Definition 2.6. The epicycloid is traced by a point P attached at a distance r; to the center of a
circle of radius r; rolling along another circle of radius r; and its equation is

r+ 1 L+

() = ((r1 + r2) sint — 7, sin((

)t), —(r1 + 72) cost + 72 cos((
™ 2

) (25

[6].

Definition 2.7. In definition 2.5 if we choose r; = r;, then we get special case of epitrochoid
curve. So we call this curve as limacon curve.

v(t) = ((2r1 4+ 2hcost) cost, (2r) + 2hcost) sint) (2.6)

[6].

Definition 2.8. If we choose r; = 7, in equation (2.5), then the epicycloid curve is called a
cardioid curve with equation

v(t) = (2r; cost — ry cos(2t),2ry sint — 7y sin(2t)). (2.7)

Definition 2.9. If we choose | = 2r; in equation (2.5), then the epicycloid curve is called a
nephroid curve with equation

~(t) = (3rp cost — rp cos(3t), 3rp sint — 7, sin(3¢)). (2.8)
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3 Plane curves and slant helix

For a space curve, if the torsion always vanishes, then the curve is contained in a plane. In this
case we denote the curve + instead of 4 and the curvature «,, instead of . Let % be a space curve

with Frenet frame {T', N, B} and with curvatures #, 7 in R>. The curve ~ is given by

7= <§,C_i>a:,

where @ is a constant vector.

(3.1)

Theorem 3.1. Under the above notation, - is a plane curve. Moreover, Frenet frame of the curve

v are
- 1 -
t = =7 (T — (T, a)a)
= L ((Na i

and curvature of the curve -y is

kn/T— (T, @)% — (N, d)>
1—(T,a)? '

I’ip:

Proof. Differentiating the equation (3.1), we get
v = I —v(T,a)a
v = VT4 1?kN —V(T,d)d — v*x(N,d)d.

and
IV I? = v*(1 = (T, a@)%).

Where v = ||7’||. Thus tangent vector of the curve +y is found as

1

S S
1 - <Ta d>2

(T — (T, d)d).

We can calculate that
Y Ay =13k(B — (N,@)(T Aa@) + (T,d)(N Ad))

and

Iy AY | = Ry J1 — (T,@7 — (N, @)
By using (3.7) and (3.8), we obtain that principal binormal vector of the curve + is

1
1 —(N,a)? — (T, 6)2(

b= B — (N,@)(T A@) + (T, @) (N A a)).

Differentiating the equation (3.4), we get

" = (V' = VPR)T + 3V'vk + v k)N + k7B

(V"(T,d) + 3V vk(N, @) + v*k'(N,d) — ’k*(T,d) + v’ k7(B,d))d.

Also

det(v',7", ") = vo%&*r[1 —(T,d)* — (N,d)*> — (B,d)?]
= 0.

Then we know that
a={(T,a)T + (N,d)N + (B, d)B.

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)
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By using (3.9), we get

TAG = (N,@B-(B,a)N
NAd@ = —(T,@)B+ (B,a)T (3.10)
BAd@ = (T,@N —(N,a)T.

Also by using (3.9) and (3.11), we obtain that
b=ad.

If we calculate 7 = b A £, The principal normal vector is found as

- 1
7 = bANt=———-(—(N,d)B+ (B,d)N).
B+ (B.a)
Finally
_ YA
: I[P
H\/l — <T7 C_i>2 — <Na Ei>2
1 —(T,a)?
and d !/ 1 "
o det(h' " ")
S e ’
which means that « is a plane curve. O

Corollary 3.2. If space curve is a unit speed curves in theorem 3.1,
1[I < 1.

Corollary 3.3. Principal normal vector of the plane curve v, defined by (3.1), is perpendicular
to tangent vector of the space curve 7, i.e.

(7, T) = 0.

Lety: I C R — R? be a plane curve.

t /

11
5=y—(and [ L ga e (.11

o bl

is a space curve. Where 6 is a constant and @, ¢ are constant vectors with (7/(u),ad) = 0 and
laff = 1.

Theorem 3.4. Under the above notation, lf—wuﬂfi W = tanf and ||7/|| < 1, then 7 is a
unit speed slant helix.
Proof. Suppose that « is a plane curve with Frenet frame {t,7} and with curvature kp. In this
case, we will show that (N, @) = cos 6.

Differentiating the equation (3.11), we get

o " (") -
7 = |yt - tan6( )
el
/ G

1=y
Since
IV = P

tanf =
")

(3.13)
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we can write 00
t
1=y = *%/” (3.14)
[odd|
By using equation (3.14) in equation (3.12), we obtain
7' = IV IE+ I P kpit + cotf]y"|a.

Then
I
171 = ¢mw+mn<nﬁﬁ
_ ¢HWL+MW% [71?) (.2
/ //>2 ”,YNHZ
and
T =|yllE+ /1~ vl (3.15)
Also
171 = /AP + 1713 + o o]l
_
sinf’
So g
sin - . -
N = m(\lv’ll’t + 17 |P k7T + cot 6|y |@) (3.16)
and
sin @
W(*II FYIP 1= 11 1Pt + (11 = 12 =cot Oy |1V N7+ 1 P kpd)- (3.17)
Moreover
_ I
sin ¢
A o
cosf
and
kg = cotf. (3.18)
Consequently
. sin 6 P
(N,a) = Tl cotf||v"|| = cos ¥, (3.19)
Y
which means that 4 is a slant helix. O

Theorem 3.5. Let 7 be a slant helix. The spherical image of the tangent indicatrix (T) of 7 is a
spherical helix [5].

Corollary 3.6. We denote the curvatures of (T') of 7 generated by plane curve ~y by ky, 1.

PR L (3.20)
= cost0
and 0
n=——7 (3.21)

77 = cos?0

We can calculate that
T1
— =cot¥.
K1

cotd is a constant.



Slant Helices Generated by Plane Curves in Euclidean 3-space 169

Theorem 3.7. Let 7 be a slant helix. The spherical image of the binormal indicatrix (B) of 7 is
a spherical helix [5].

Corollary 3.8. We denote the curvatures of (B) of 7 generated by plane curve v by ky, 7.

sin @

VI=1vIP

(3.22)

Ky =

and
cos

VIV

(3.23)

T =

We can calculate that

)
— =cot¥f.
%)

cotd is a constant.

Lemma 3.9. Let v : I — R3 be an epitrochoid curve with

r+nm

Y1), —(r1 + 72) cos ¢ + h cos((H2

~v(t) = ((r1 + r2) sint — hsin(( - -

)1),0).  (3.24)

2
T
ri+ry’

For the curve ~, equation (3.13) is constant if and only if r| + 2r, = 1 and h =

Proof. From (3.11), if we calculate

_ IV = I

tanf =
"

2
L)
r1+72

since tan @ is a constant, we find that ; + 21, = 1 and h = . Moreover, we obtain that

2 T2<T| +’I‘2)
1

tand = — is a constant.

2 .
'jrz, then tan 6 is constant for the curve . Here

Conversely, let 7y +2r, = 1 and h = -
0<r<lLO0<h<m<i o

As a result of lemma 3.9 we can give the following theorem.

Theorem 3.10. Let v : I — R3 be an epitrochoid curve with

rtn )t), —(r1 +12) cost + hcos((L tr
] ™

)),0),

~(t) = ((r1 + 72) sint — hsin((

2
™
ri+ry”

wherer; +2r, = 1 and h =
helix.

Space curve 7 generated by the epitrochoid curve is a slant

Forri +2r, =1and h = Tl’frz, slant helix 4 generated by the epitrochoid curve is

2

~ . ) P i T ol ) T3 L+
t) = ((r1 +rp)sint — sin t),(r1 +m2)cost + cos t
() = ((r1+12) ———— (( = )t), (11 +12) ———— (( - )t)

)

Ly +ra)sin((5)1)

and it is on hyperboloid of one sheet with equation

2 2 2
SRR . — (3.25)

L L 4rs
(ri+m)? (ri4r2)? Tt
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Figure 1. The epitrochoid curve and the slant helix generated by epitrochoid for r; = %,

9
T2:3j.

Example 3.11. For r| = %, Ty = % and h = %, the equation of curve - is

25 . 81 . 25 25 81 25
y(t) = (ﬁ sint — 350 sm((g)t), ~34 cost + @cos((g)t),O)

and it is rendered in figure 9

If we calculate tan §, we find as tan 6 = —% i.e. ~y satisfies equation (3.13). Therefore, space
curve generated by the epitrochoid is a slant helix, which is rendered in figure 9 and its equation
is

o 25 . 81 . 25 25 81 25 135 . .8
(t) = (= sint — 350 sm((?)t), 31 cost + @cos((g)t), 136 51n((§)t)).

oo

Moreover, the geodesic curvature of the principal normal indicatrix (N) of 4 is cot = — 5

Corollary 3.12. Frenet Frame {T, N, B}, curvature r and torsion T of slant helix 5 generated
by the epitrochoid curve are

)

P20 (r1 1) sint — ra sin(( 22 )p)
™ )

= 2y/rarn + r2) cos(5-1)),
N(t) = (y/ra(ry —|—rz)csc(z%zt)(fsint—l—sin((rl ;;7’2)15)),

T(t) = ((r1 +m)cost —rpcos((

ra(r + 1) ese(—2t) (cos ¢ — cos((ZE2)0)), 1),
27’2 T2
. . TI T2 T+
B(t) = ((r +m2)sint + 7, sm((ir )t), —(r1 +72) cost —ry cos((ir )t),
2 2

24/ra(r1 +12) sin(%t)),

r(ri+r) . om
t = _— 7‘[5
K(t) 7“2 Sm(2r2 ),
ra(r1+r2) T
) = M2V 7e) L1y
7(t) - COS(2T2 )

4 Applications
Letn =1,
T2
(i) If n is an integer, then the curve is closed, and has n cusps.

(ii) If n is a rational number, say n = 2 expressed in simplest terms, then the curve has p cusps.
y q SXP p P
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(iii) If n is an irrational number, then the curve never closes.

(i) Forn =1 (r; = %, ry = %), Since n is an integer, epitrochoid is simple closed curve.
This epitrochoid is special case of limacon curve and also it is speed vector of cardioid curve.
Slant helix generated by the epitrochoid curve is on hyperboloid of one sheet and closed curve.
Spherical indicatricies of the slant helix lie on the unit sphere and they are also closed curves,
which is rendered in Figure 2, respectively.

(i) Forn =2 (r; = %, ry = }T)’ Since n is an integer, epitrochoid is simple closed curve and
also it is speed vector of nephroid curve. Slant helix generated by the epitrochoid curve is on
hyperboloid of one sheet and closed curve. Spherical indicatricies of the slant helix lie on the
unit sphere and they are also closed curves, which is rendered in Figure 3, respectively.

(i) Forn =3 (r; = %, ry = %), Since n is an integer, epitrochoid is simple closed curve.
Slant helix generated by the epitrochoid curve is on hyperboloid of one sheet and closed curve.
Spherical indicatricies of the slant helix lie on the unit sphere and they are also closed curves,
which is rendered in Figure 4, respectively.

(iv) Forn = 4 (r; = £,m2 = §), Since n is an integer, epitrochoid is simple closed curve.
Slant helix generated by the epitrochoid curve is on hyperboloid of one sheet and closed curve.
Spherical indicatricies of the slant helix lie on the unit sphere and they are also closed curves,
which is rendered in Figure 5, respectively.

(v) Forn =5 (r; = %, ry = %), Since n is an integer, epitrochoid is simple closed curve.
Slant helix generated by the epitrochoid curve is on hyperboloid of one sheet and closed curve.
Spherical indicatricies of the slant helix lie on the unit sphere and they are also closed curves,
which is rendered in Figure 6, respectively.

(vi)Forn = % (r1 = %, ry = %), Since n is an rational, epitrochoid is closed curve. Slant helix
generated by the epitrochoid curve is on hyperboloid of one sheet and closed curve. Spherical
indicatricies of the slant helix lie on the unit sphere and they are also closed curves, which is
rendered in Figure 7, respectively.

(vii) For n = % (ry = %,rz = %), Since n is an rational. epitrochoid is closed curve,
slant helix generated by the epitrochoid curve is on hyperboloid of one sheet and closed curve.
Spherical indicatricies of the slant helix lie on the unit sphere and they are also closed curves,
which is rendered in Figure 8, respectively.

(viii) For n = } (ry = §,7, = §), Since n is an rational. epitrochoid is closed curve,
slant helix generated by the epitrochoid curve is on hyperboloid of one sheet and closed curve.
Spherical indicatricies of the slant helix lie on the unit sphere and they are also closed curves,
which is rendered in Figure 9, respectively.

(ix) For n = 23‘_[75\;54 (r1=vV5—-2,1m = 3*2*/5), Since 7 is an irrational number, epitrochoid
never closes, slant helix generated by the epitrochoid curve is on hyperboloid of one sheet and
spherical indicatricies of the slant helix lie on the unit sphere, which is rendered in Figure 10,

respectively.

Figure 2. For n = 1, the epitrochoid, the slant helix generated by the epitrochoid curve and its
spherical indicatricies (7', N, B) on unit sphere.
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Figure 3. For n = 2, the epitrochoid, the slant helix generated by the epitrochoid curve and its
spherical indicatricies (7', N, B) on unit sphere.

Figure 4. For n = 3, the epitrochoid, the slant helix generated by the epitrochoid curve and its
spherical indicatricies (7', N, B) on unit sphere.

Figure 5. For n = 4, the epitrochoid, the slant helix generated by the epitrochoid curve and its
spherical indicatricies (7', N, B) on unit sphere.

Figure 6. For n = 5, the epitrochoid, the slant helix generated by the epitrochoid curve and its
spherical indicatricies (7', N, B) on unit sphere.
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Figure 7. For n = % the epitrochoid, the slant helix generated by the epitrochoid curve and its
spherical indicatricies (7', N, B) on unit sphere.

]

Figure 8. For n = %, the epitrochoid, the slant helix generated by the epitrochoid curve and its
spherical indicatricies (7', N, B) on unit sphere.

)

Figure 9. For n = %, the epitrochoid, the slant helix generated by the epitrochoid curve and its
spherical indicatricies (7', N, B) on unit sphere.

Figure 10. For n = 23{5\;54, the epitrochoid, the slant helix generated by the epitrochoid curve

and its spherical indicatricies (7, N, B) on unit sphere.
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