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Abstract. For certain Frechet space F' consisting of complex valued C'*° functions defined
on I = (0, c0) and characterized by their asymptotic behavior near the boundaries, we show that

(i) The Pseudo differential operator (—2~'D)(*=#) (a—B) € R, D = L is an automorphism
(in the topological sense) on F.

(i) (—2~'D)@=A) is almost an inverse of the Hankel type transform h,, 5 in the sense that
has o (z7' D)@ P) () = ho(¢)forall ¢ € F and (o — ) € R

(iii) (—z~'D)(®=#) has a Fourier-Bessel type series representation on a subspace F}, C F and
also on its dual Fy.

1 Introduction

The theory of pseudo differential operators has been developed by many researchers in India
and abroad. In recent years pseudo differential operators involving Hankel transform, Hankel
convolution, Bessel operators etc. has been studied by many mathematicians. It is the purpose
of this paper to give the Fourier-Bessel type series representation of the pseudo differential type
operator (—z ' D)(@=8),

We denote by F' the space of all C*°- complex valued functions ¢(x) defined on I = (0, c0) ,
such that

k

o(z) = Zaiaz% + O(z?%) (1.1)
i=0
near the origin and is rapidly decreasing as x — oo.
For (o — ) > —1/2, we define a (o — 8)*" order Hankel-type transform ks on F by
@) = ho,p6(@)) ) = [ 6(0) s an)im(o) (12)
where

dm(z) = m/(z)dz = [2*°T(3a + B)] ~ tady,

Tap(x) = 2°7PT(Ba + Bz P J,_s(2),
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and J,_g(z) is the Bessel-type function of order (aw — ). The inversion formula for (1.2) is
given by [1, 3, 4],

o(x) = /O " @) T plzy)dm(y). (1.3)

In the present paper we will show that for every real (« — j3):

(i) The pseudo differentialaAStype operator (—x*ID)(O‘*ﬁ ) is a topological automorphism on
F.

(i1) The Hankel-type transform h,, g is also an automorphism on F'.

(iii) On F,(—2~'D)(®=A) is almost an inverse of h,, s in the sense that
[ha,p 0 (=2~ D)@ P](9) = ho (¢),¢ € F.

(iv) On a certain subspace F, C F and on its dual F}, (—z~'D)(®~#) has Fourier-Bessel type
series representation.

All automorphisms are topological automorphisms in the sequel.

2 Notations and Terminology

For any real number (« — ) # —1/2, F, g is the space of all C'*°- complex valued functions
¢ () defined on I such that

P (0) = Supser |2™ AL 4, ¢(x)] < 00 2.1)

For each m,k =0,1,2... where A, 5,= D>+ 27! (4a)D.
We can easily note that F, g is a Frechet space. Its topology is generated by the countable family

of separating seminorms { pﬁli

}m,k=o,1,2'
By Lee [3, Theorem 2.1(i), page 429], we have F, 3 = F,;, = F (as a set) for each (o —
B),(a — b)(# —1/2) € R. Thus for each (o — 8)(# —1/2) , we have a topology T,,_3 on

F generated by the countable family of seminorms P%i Hence (F,T,_p) is a Frechet space.

When (a—B) = —1/2,F_; , # F, since the factor z~! (4a) D in A g, responsible for the even
nature of ¢(x) € Fy, g(x) near the origin, vanishes. For example e™® € F_; , bute™* ¢ F, g.
Following Zemanian [7, 8] we define Hankel-type transform h,, 5 with (o — 8) > —1/2 by

W(y) = [Faptb(2)] () = / " (@) (a9) P T (ay)da 2.2)

It can be easily proved that h, s is an automorphism on the space H,, s that consists of complex
valued C*° functions defined on I and satisfies the relation

ﬁa’ﬁ (¥) = Supger ’xm(x_]D)k' [acw_lw(w)]’ < 00 (2.3)

m,k

foreach m,k =0,1,2... where D = d/dx.
Now we will need following theorem which is an important result for the development of our
theory.

Theorem 2.1. Let (o — 3), (a — b) # —1/2; a,b are real numbers. Then
(i) The operation ¢ — x**¢ is an homeomorphism from F onto H, g
(ii) (x~'D)" : F — F is an automorphism of F.
(iii) (F,Tu—p) and (F,T,_g) are equivalent topological spaces.
(i) hap() = (=1)" [hapn (z7'D)"] (¢),¢ € F,(a = B) > —1/2,n=0,1,2....
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Notation: In view of Theorem 2.1((i),(ii)), we will always write 2>*¢ = ¢(x) € Hypforp € F
and drop the suffix, (o« — 3) from T,,_s. So henceforth the topological linear space (F,T') will
be denoted by F.

Proof of Theorem 2.1:(i)We use induction on n and noting that

Aapo=12(x'D)? +2(3a+ B)(z7'D) (2.4)
It can be proved that
Z,Bac 2n( 71D)2n+a1$2<n71)(I71D)2n71 —i——ﬁ—an(x*lD)” (2.5)

where a; are the constants depending on o — 3. Now ¢ € F if and only if ¢ € H,,, g (see remark
IT of Lee [3]) and taking a¢ = 1, it follows from (2.5) that

2k
P () <D an—ib 1y 4(9) (2.6)
i=k

Proving the continuity of the inverse operation ¢ — 22°~!¢. By using open mapping theorem
[6, page.172], F being Frechet space, we complete the proof.

(ii) Let¢,; be a sequence tending to zero in F'. Then ¢; — 0in H,, g for arbitrary (a—f) # —1/2.
Hence

2k

p%’i [(xilD) QSJ < ZQZk zpm+2(z k) H»n('b - 0 asg - OO(by(Z 6))
i=k

Now it remains to be shown that (z~' D)™ is bijective. It is enough to prove this for n = 1. So,
let 7' D¢y (z) = 27 D¢y (z) for ¢1, ¢o € F. Hence ¢y (x) — ¢p(x) = constcmt But <b1( )and
¢o(x) are of rapid descent as x — 0o = @1 = ¢o(x). Now letyp € F, then ¢p(z) = — f t)(t)
defined uniquely (since 1) is of rapid descent as z — co) in F, is such that x_1D¢( ) = w(x)
Thus we see that (z~! D)™ is a continuous bijection on F. The space F being a Frechet space, the
Open Mapping Theorem shows that(x~!D)" is a bicontinuous bijection on (F,T,_z) for each
(a—p)e R—{1/2}.

(ii)Let « — 8 = a — b+ d,d € R and ¢,, be a sequence tending to zero in (¥, 7,_;). Then

Pzﬁ(%) = Supzer 'xm [Aa,b,x +2d($7lD)}k (bn(x)' < 00

(2dz~' D) ¢, (z)

ab:c

< SUpzeIl‘m[

k

+ Z |(2da™"D)*" AL, L (@)

=0

+ terms of type ’A (2dz~'D)= A", . qbn(x)’

a,b,x a,b,x

and ( (2da™' D) 8%, (2da~' D)’ ... an(x)H

(where iy +ir+i3+---=j1+5+j3+ - =k) = 0asn — oo, foreachm,k =0,1,2,...
Since A%, , and (~'D)" are continuous on (F, T, ).
This follows from integration by parts and induction on n.

Remark 2.2. It can be shown that on F

k
Doz

O(inlD)n _ (xilD)nO Ak

a,B—n,x

This proof follows by induction on k.
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Definition 2.3. In view of Theorem 2.1(iv), we define the Hankel-type transform %, s formally
for any (« — 3) € Ras

hap(®) =hapno (@ 'D)"¢, ¢p€F 2.7)

where n is chosen such that « — 5 +n > —1/2.
This is well defined definition as (x~! D)™ is an automorphism.

Definition 2.4. Let Z*j’ be the dual space of F.Then for f € F' define the generalized Hankel-type
transform h, gf = f of f by

<ha,[3fvha,ﬁ¢>:<fv¢>7¢€Fv(a_B) €ER

Theorem 2.5. For (o« — ) € R, hq, g is an automorphism on F and hence on F'.

Proof:Let ¢(z) € F. Then
ha,p(¢) = P(y) = /Ooo(m_]D)z"éb(w)Ja,ﬁ,zn(my)dm(x) =y ey (0(2)) (v),  (2.8)

where a —b=a — 3+ 2n > —1/2 and (z) = 2°%(z) = 22¢ (2~ ' D)*"¢(x).
Let ¢ (z) = 0in F = ¢, (z) — 0in Hyy
= Ea,b(am) — 0in Ha,b
= hab(dm) — 0in F.
Now A, p,the Hankel-type transform being bijective , (2.7) shows that h, sis a bijection. Finally
by making use of the Open Mapping Theorem we can complete the proof.
Writing o = 3 = 0, in (2.7) and hg o = ho in definition(2.1) we get

ho(¢) = hy o (—z~'D)"¢(x), ¢€F.
The above equation motivates us to propose the following definition.
Definition 2.6. For (o« — 3) € R, define (—z~'D)>~# by
(—27'D)* 7 (¢) = h_ 3 0 ho(0), (2.9)
Then (—2~!D)*# is clearly an automorphism on F for each real (a — 3). From equation (2.9)

we get
o0

(- D)*Pola) = [ dm(s) o) [ dmota) Tifa) 2.10)
For distribution f € F', define (—x~!D)*=# by
(=a™'D)*"Pf.0) = (f. (-2~ 'D)* P¢) . € F
Now we modify theorem 2.1 (ii) to give our main result.

Theorem 2.7. The pseudo differential operator (—x~'D)*~# is an automorphism on F and
hence on F' for each (o — ) € R.

3 The Fourier-Bessel type Series expansion of (—z~!D)~—#

Equation (2.10) gives the integral representation of the operator (—x~'D)*#. To get the
Fourier-Bessel type series expansion, we modify our leading function space F suitably as fol-
lows (similar to the ones as in Zemanian [7, 9]).

For b > 0, define

Fy={¢pecFlp=0for x>b} (3.1)
The topology of F} is generated by a countable family of seminorms
PP () = Supocacs [0k 5, d(@)| <00 k=0,1,2... 32)

Clearly all the topologies obtained by choosing different (o« — 3)’s are equivalent.



THE PSEUDO DIFFERENTIAL-TYPE OPERATOR (—z~' D)@ ~#) 179

Remark 3.1. Without loss of generality, we may take (o — 8) > —1/2.

Definition 3.2. We define finite Hankel type transform A, g by

B(2) = [ha 6] (=) = / () Too 5 (22)dim(z) (3.3)

Then ®(z) is an even entire function by Griffith Theorem [2, 9]. Let z = y + tw and G, =
{®(z)|P(z)is an even entire function satisfying (3.4)} .
efb|w|z2kq)(z)

nE(®) = Sup.cc < 00 (3.4)

for k=0,1,2.... Then G} is a linear topological space with 7} as seminorms.
Both spaces Fj and G}, are Hausdorff locally convex topological linear spaces satisfying the
axiom of first countability. They are sequentially complete spaces.

Theorem 3.3. h,, s is an homeomorphism from Fy, onto Gy,

Proof:Let ¢ € F;,. Then
D(z) = ha,gom [(—xilD)zmQS(x)} meN

Hence .
2me(z) = / A2 (o D)) (22) O Tar o (w2)dz
0

From the asymptotic formula
(a—B)r =«
Joa—py(2) ~\/2/mz cos |z — s |z| = oo, largz| <

and from the fact that 2=(*=%).J, 5., (2) is an entire function, it follows that for all z, z,

e (02) "B T o (22)

< Cp(a—p) (aconstant)

Thus
(@) < Crpap b3 P [(@7' D) ()] < 00 (3.5)

(z='D)?™ being an automorphism (also on F}), (3.5) implies the continuity of hy 5. hap is
clearly injective. For any ®(z) € G, take
0@) = [ 00)T0pla2)im(y)

Then it follows from Griffith Theorem [2] that ¢ is zero almost everywhere for = > b. Also

PP () = Supocacs

B [ @Taa(ez)an(y)

= Supo<s<p /O <I>(y)(—1)’“y4a+2’“(xy)‘<”“ﬂ)Jag(fcy)dy‘ < 0,

Since AF 4 [(xy) =" Ja_p(zy)] = (= 1)*y** (xy) == Jo_p(xy), P(y) is of rapid descent

asy — oo,and [(zy) =% J,_z(zy)] is bounded for 0 < y < oco. Therefore, ¢ € F,. Hence
ha,g 1s surjective. Now the Open Mapping Theorem completes the proof.

Theorem 3.4. Let ¢ € Fy,. Then

L 2 & A\ P Tap(@An)
o(z) = Jm - ; Ae(2) <x) m‘b()\n) (3.6)
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where the \,,’s are the positive roots of J,—g(bz) = 0 arranged in the ascending order and for
0<e<b/4,

E(£) 0<z<2e
1 2e <z <b—12e
Ao(z) = =S
@)=V 1B (=) 2eca<t
0 >0
and 1
Jo e dx
B(u) = ———
Jo e*=Tdx

Proof: By following [5] proof can be completed. Theorem 3.4 gives the required Fourier-Bessel
type series expansion for the pseudo differential type operator (—z~!D)®~#, which we obtain
in the following.

Theorem 3.5 (The Fourier-Bessel type series). For ¢ € Fy, we have

1 ae g A\ P Tass(2An)
[(=27'D)*#] ¢(2) = lim ?Z:l)‘e(x) <) m%un) (3.7)

where
@y (y) = holo()](y)

Proof: Equation (2.9) along with Theorem 3.4 gives the required proof.
Note that,
X @o(An)| < Apga—pAn 2
Ja_ﬁ (.%‘/\n)
_g\1/2
20BN/ T2, 5 (0A)
Hence the truncation error

Ap(a—p) constant and is smooth and bounded on 0 < x < b,0 < A, < oo0.

- A\ P Jas(@An)
Ey = lim = Ac(x) () Lo BT o (An)
=04 b2 TEN:H x T 5(0An)

has exponential decay for large N. This completes the proof.

Theorem 3.5 gives the Fourier-Bessel type series representation of the operator (—z~'D)*~# on
the testing function space F,. We wish to investigate the nature of the Fourier-Bessel series for
the pseudo-differential type operator (—z~!D)*~# on the distribution space F}.

The spaces F; and G} are dual spaces of F}, and G, respectively. They are assigned the weak
topologies generated by the seminorms

Py(f)=1{f.9)|, o€ P fEFy

and
Py (ha,pf) = {hapf, hasd)l, hapsd € Gohapf € G,
respectively.Both the spaces are sequentially complete.

Definition 3.6. For f € F}, ¢ € F;,, we define the generalized finite hankel-type transform h, s f
by
<ha,ﬁf7 ha,5¢> = <f7 ¢> (3.8)

Theorem 3.7. For (o — 3) € R, hq g is an homeomorphism from F] onto G,
Theorem 3.8. For every € € (0,b/4) and each f € F}, the function
fely) = (F (@), 57 Ne@)m’ (y) Ta 5 (xy) ) (3.9)

where \.(z) is defined as in Theorem 3.4 is a smooth function of slow growth and defined a
regular generalized function in G},
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Proof: We note that (z=!D)*)\.(z) is bounded on 0 < x < b for each k.Using (2.6), it is simple
to see that y>’~ '\ (2)m’ (y) Ja.5(zy) € F,. Hence (3.9) is well defined . The result of the proof
is similar to that of Zemanian [ Lemma 12]H.

Theorem 3.9. The finite Hankel-type transform hq gf of a generalized function f € F} is the
distributional limit, as € — 0+ of the family f.(z) defined by (3.9).

Proof: Proof is simple and hence omitted.

Theorem 3.10. Let f € Fand f= ha,sf. Then in the sense of convergence in F, we have

N

fo) = gim 23 P as(eh)

N—o00 ﬁ \/ 3a+6( )

Proof: The proof follows easily from Theorem 3.4 and 3.9. .
Remark 3:For f € F], such that either f is regular or suppf C [0,5], the limit of f.(z) as
€ — 0+ exists as an ordinary function and is equivalent to the finite Hankel-type transform of f
[51.

A consequence of the above theorem is the following:

F(w) (3.10)

Theorem 3.11. Let f, g € F}. If (hapf)(An) = (ha,pg)(Mn), forn=1,2,3... then f = g and
hapf = ha,pg-

Definition 3.12. For f € F}, define (—x~'D)*=7f by
((=27'D)*Pf,0) = (f,(~e~'D)*P¢), ¢ € Fy(a—p)eR (3.11)
From equations (2.9),(3.8) and (3.11), it follows that

(~27'D)*P1,8) = (f,(=a~'D)*P9) = (hg'hasf.0) . ] € F}.6 € Fy

Hence
(=27 'D)* P f =hy'hopf on F] (3.12)

Applying Theorem 3.10 to equation (3.12) we get

Theorem 3.13 (The Fourier-Bessel type series). Let f € F/ and f= ha,gf. Then in the sense of
convergence in FI;, we have

N
(=2~ 'D)* P f(z) = lim %Z

N—oo b

(; ) F(r). (3.13)
1

ﬁ\
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