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Abstract. In this study, we gave an alternative kinematic model for two smooth submanifolds
M and N both on another and inside of another, along given any two curves which are tangent
to each other on M and N at every moment , which the motion accepted that these curves are
trajectories of the instantaneous rotation centers at the contact points of these submanifolds and
we gave some remarks for the kinematic model at every moments by using Bishop frame. In
addition, we established the relationships between Bishop curvatures of the moving and fixed
pole curves.

1 Introduction

R.Miiller generalized 1-parameter motions in an n-dimensional Euclidean space which is given
by the equation Y = AX + C and investigated axoid surfaces[7]. K. Nomizu defined the 1-
parameter motion model along the pole curves on the tangent plane of the sphere, by using
parallel vector fields and obtained some results of the motion in the cases that the motion is only
sliding or only rolling [9]. H.H.Hacisalihoglu investigated 1-parameter homothetic motion and
obtained some important results in an n-dimensional Euclidean space[5]. B.Karakas adapted K.
Nomizu’s motion model to the homothetic motion, again by defining parallel vector fields along
the curves[3]. Y. Tuncer, Y. Yayli and M. K. Sagel showed that a smooth manifold M can be
rolling, sliding and spining on (or in side of) another smooth manifold /N along not only special
curves but also any regular curves (which are the pole curves of the homothetic motion) on M
and N by using Frenet vectors, curvatures and torsions[13].

In this study, our aim is to show that a smooth manifold M can be rolling, sliding and spining
on (or in side of) another smooth manifold /V along not only special curves but also any regular
curves (which are the pole curves of the homothetic motion) on M and N, by using Bishop
frames, curvatures and the other special orthonormal frames along these curves and obtain the
equation of this motion. Consequently, we will have obtained the equation of the homothetic
motion of M on N along the pole curves.

The homothetic motion of the smooth submanifold M on (or in side of) another N in a
3-dimensional Euclidean space is generated by the transformation

F:M — N

X(s) — Y(s) =hAX(s)+C (1.1)

where A is a proper orthogonal 3 x 3 matrix, X and C are 3 x 1 vectors and h # 0 is a
homothetic scale. The elements of A, C' and h are continuously differentiable functions of the
time-dependent parameter s and the elements of X are the coordinates of a point on M according
to the Euclidean coordinate system {x, x,, x3}. We take B as h A with differentiating (1.1) and
we obtain

dy dX dB dc

—=B—+ —X+ — 1.2

ds ds * ds + ds (1.2)
where %X + % ,B % and % are called sliding velocity, relative velocity and absolute velocity

of the point X . We called X is a center of the instantaneous rotation if its sliding velocity is
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vanished. If X is a center of the instantaneous rotation then X is a pole point at the time s of the
motion F' given in (1.1) [5, 13, 14, 15]. Since det(%) # 0 then every homothetic motion in E3
is a regular motion[5]. Let X (s) be a regular curve on M which is defined on closed interval
I C IR so that all of its points are the pole points. In this case, we called

X(9) = (22120
and
v(s) =B o

are the moving and fixed pole curves, respectively, where the matrix B[%]*1 is as follows.

dB dh dA dh dA
—B[—]"'=((=A+h— |14 = —p '+ —A"!
[ds] <(ds + ds) ds 3t ds

© S

We called ¢ and S are sliding part and rolling part of the motion F, respectively. For S # 0, there
is a uniquely determined vector W () such that S(U) is equal to the cross product W (s) AU for
every vector U € TR?. The vector W (s) is called the angular velocity vector of the point X (s)
at instant s. If W (s) is normal to IV at Y (s) then we have a spinning at instant s. If W (s) is
tangent to N at Y (s) then we say that motion is a rolling with sliding , if ¢ = 0 and S # 0 then
F is a pure rolling motion, if ¢ # 0 and S = 0 then F' is a pure sliding motion[3, 5, 9, 15]. Since
the motion F' is a homothetic motion then it contains sliding part absolutely.

The ability to "ride" along a three-dimensional space curve and illustrate the properties of
the curve, such as curvature and torsion, would be a great asset for mathematicians. The classic
Serret-Frenet frame provides such ability,however the Serret-Frenet frame is not defined for all
points along every curve. A new frame is needed for the kind of mathematical analysis that is
typically done with the computer graphics.

Denote by {T'(s), N(s), B(s)} the moving Frenet-Serret frame along the curve «(s) in the
space >, For an arbitrary curve a(s) with first and second curvature, x(s) and 7(s) in the space
E3, the following Frenet-Serret formulae are given in [4] written under matrix form

T’ (s) 0 K (s) 0 T (s)
N'(s) | =] —k(s) 0 7 (s) N (s)
B’ (s) 0 —7(s) O B(s)
where
<T7N> = <T7B>:<N7B>=O,
(T,T) = (N,N)=(B,B) =

Here, curvature functions are defined by

_ det(o/(s),CVH(S),O/H(S)).

k(s) = |l (s)|, and 7 (s
(5) = o ()], and 7 (s) T

The Relatively Parallel Adapted Frame or Bishop Frame could provide the desired means to
ride along any given space curve.The Bishop Frame has many properties that make it ideal for
mathematical research. Another area about interested in the Bishop Frame is so-called Normal
Development, or the graph of the twisting motion of the Bishop Frame. This information with
the initial position and the orientation of the the Bishop Frame provide all of the information
which is necessary to define the curve.

The Bishop frame may have the applications in the area of Biology and Computer Graphics.
For example, it may be possible to compute the information about the shape of the sequences of
DNA using a curve defined by the Bishop frame. The Bishop frame may also provide a new way
to control virtual cameras in computer animations[2, 10, 11].
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The Bishop frame or parallel transport frame is an alternative approach to define a moving
frame that is well defined even when the curve is vanished the second derivative. We can trans-
port by parallel an orthonormal frame along a curve simply by parallel transporting each com-
ponent of the frame. The parallel transport frame is based on the observation that, while 7'(s)
for a given curve model is unique, we may choose any convenient arbitrary basis { V1 (s), N2(s)}
for the remainder of the frame, so long as it is in the normal plane perpendicular to T'(s) at each
point. If the derivatives of {N;(s), N2(s)} depend only on T'(s) and not each other, we can
make N (s) and N, (s) vary smoothly throughout the path regardless of the curvature.

In addition, suppose that the curve « is an arclength-parametrized C? curve and we have C'!
unit vector fields Ny and N, = T'A N along the curve « so that

<T7N1> = <T7N2> = <N17N2> :Oa

ie., T, N1, N, will be a smoothly varying right-handed orthonormal frame as we move along
the curve ( to this point, the Frenet frame would work just fine if the curve were C2 with x # 0).
But now we want to impose the extra condition that (N{, N,) = 0.We say that the unit first
normal vector field N is parallel along the curve o. This means that the change of N is only in
the direction of 7. A Bishop frame can be defined even when a Frenet frame can not (e.g., when
there are points with « = 0). Therefore, we have the alternative frame equations

T’ (s) 0 ki (s) ka(s) T (s)
N{(s) | = | —ki(s) 0 0 Ni(s) (1.3)
Nj (s) —ky(s) O 0 N (s)

where « (s) = y/k? + k3, &§(s) = arctan (%), 7(s) = —d(;(;) so that & (s) and k3 (s)
effectively correspond to a cartesian coordinate system for the polar coordinates (x (s),d (s)),
with § (s) = — [ 7 (s) ds. The orientation of the parallel transport frame includes an arbitrary
choice of the integration constant &y, which disappears from 7 (and hence from the Frenet frame)
due to the differentiation [2, 10].

Let us consider the smooth manifolds A and N which are tangent (inside or outside) to
each other, X (s) on M and Y (s) on N be the moving and fixed regular pole curves and the
tangent planes of M and N (along X (s) and Y (s)) coincide at the contact points. We shall take
a rectangular coordinate system in F3. Let ey, e; and ez be the unit vectors(1,0,0), (0, 1,0) and
(0,0, 1) respectively. We denote ¢ = £(s) and n = 7(s) as the normal vector fields of M and N
along the curves X (s) and Y (s), respectively. In addition, we denote the systems {T', Ny, N>}
and {T, N, N,} as the Bishop vector fields of the curves X (s) and Y (s), respectively. Since
the homothetic motion F' : M — N consists of rolling then W (s) is tangent to both X (s) on M
and Y (s) on N at every moments[11]. Since ¢ and 1 have same or opposite directions depending
on the orientation of M and IV, we have B¢ = ehn at the contact points, where ¢ is the sign such
that; if € = +1 then M moves inside of IV along the pole curves, if ¢ = —1 then M moves out
side of IV along the pole curves.

Suppose that {b; = b1(s),bx = ba(s)} and {a1 = a1(s), aa = az(s)} be orthonormal systems
along the regular pole curves X (s) and Y (s) respectively, and let by, b, and ay, a, transform to
each another as by = hB~'a; and b, = hB~'a,, respectively. Hence {b;, by, ¢} and {ay, az, n}
will be the moving and fixed orthonormal systems for (X) = X(s) and (Y) = Y (s), respec-
tively. Since (X) is the pole curve, we can write the equation % = B% by using (1.2). Let the
parameter s be arc-length parameter for the curve (X). Thus we can write % = hAT and then
we obtain

dy
h=| %
’ ds
furthermore the tangent vector of (V) will be T = 12X

On the other hand, since £ € Sp {N;, N,} then we can write

&(s) = costp(s)Ni(s) + sinep(s)Na(s) (1.4)
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We must construct the frames {b, b, ¢} and {a1,as,n} for determining the orthogonal matrix
A in (1.1). During this operations, we used the frames {7, (AT, ¢} and {T, nAT, n} which are
called Darboux frames along (X) and (Y") at contact points on M and N, respectively. We can
easily find the orthogonal matrices ), P and R which transform {T', N}, N} to {T,EAT, ¢},
{e1,ea,e3} to {T, Ny, N} and {T,EAT, £} to {by, by, &} by using (1.4), respectively. The matrix
A; = PTQTRT transforms b; to ey, by to e, and £ to e3. We obtain that the skew symmetric

. dAT .
matrix w; = — A, is

i k1 cos pcos !
P+ ek siny R eosp ¥
0 ~+eky sin cos p
—eky cos ;.
4+ sinp
. —eky sinpcos
—p' — €ky sin
wy = pr—ckising 0 —eky sine sin p (1.5)
+ek;y cos /
~+1)' cos p
ekj cos pcosp —eky sin pcosy
— 4 +ekysinycosp —q —¢€kysinysinp 0
i ~+1)’ sin p +1)’ cos p ]

where k; = k; (s) and k; = k; (s) are the Bishop curvatures of the pole curve (X ) and p = p (s)
is the rotation angle of {b;, b, } according to {T,£AT'}..

Corollary 1.1. The vector fields by and by are the parallel vector fields along curve (X) accord-
ing to the connection of M if and only if

o'+ € (kysiny — kycosyp) =0
is satisfied.

Proof. Let V be Levi Civita connection and Sy, be the shape operator of M. We can write by as
follows by using the matrices R and P.

by = cos pT' + sin psin ¢ N; — sin p cos Yy N
Using the Gauss equation
Vb = Vb 4+ (Sy(T),b1) €
and after routine calculations, we obtain
Vb = —{p + Ky sinty — ky cosp} {sin pT' — sin1) cos pN| + cos 1p cos pN, }

It is easily to see that Vb, = 0 if and only if p’ + k;siny — ky cosy) = 0. Hence, by is
a parallel vector field along curve (X) according to the connection of M if and only if p’ +
ky sint — ky cos b = 0 is satisfied. Similarly, we can easily proof that b, is a parallel vector field
along curve (X) according to the connection of M if and only if p’ + ky sint) — ky cosp = 0 is

satisfied, too.
On the other hand, since

n(s) = cos i (s) N1 (s) + sin ¢ (¢) Na(s) (16)

then we can easily find the orthogonal matrices Q, Eand R by using (1.6) which transform
{T7 Nl; NZ} to {T7 WAT, 7]}, {617 €2, 63} to {T7 Nl; NZ} and {Ta UAT, 7]} to {ala az, 77}’ re-

. ) —T—T—T .
spectively. The matrix A, = P~ Q' R transforms a; to ej, a; to e; and 7 to e3. We obtain that
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. . dAT .
the skew symmetric matrix w, = =524, is

- = k1 cospcosy

7+ Ty sin 1COSPeOSY

0 — — +k, sin) cos p
—kycos ) - .
+1) sinp

_ —k; sinpcos
5% MR

wy = e ISILN’b 0 —kpsineysinp (1.7)
+k, cos -
+1 cosp
k1 cospcosy —ky sinpcos )
—<{ +kysinycosp —{ —kpsintsing 0
i +9 sinp +9 cosp |

where ki = k (s) and ky = k; (s) are the Bishop curvatures of the pole curve (Y) and 5 = 7 ()
is the rotation angle of {a;,a,} according to {T', AT }.

Corollary 1.2. The vector fields a; and a, are the parallel vector fields along curve (Y') accord-
ing to the connection of N if and only if

p 4 kysint — kycostp = 0
is satisfied.

Proof. We can proof similarly to corollary 1.1.

Therefore, we obtain the matrix A using A; and A, as A = AZAIT so that A transforms b; to
a1, by to ap and £ to en, respectively. The skew-symmetric matrix S = %AT is an instantaneous
rotation matrix and S represents a linear ishomorphism as Ty N — Sp{n}. We can find
the matrix S by using (1.5) and (1.7) as S = A, (—wa + wy) AT, Consequently the matrix S
determines an unique vector w € Sp{ay,az,n} as follows.

w = uja; + uzay + uzn (1.8)
where
ug = — (kicost + kysiny) sinp + 9 cos p+ {e (ky cos ) + ky sint) sin p — 1’ cos p}
uy = —(kicosty +kysing)cosp — ¥ sinp + {e (ky cos + kj sin ) cos p + ¢’ sin p}
u3 = p +kysing —kycostp — p' — ekysint) + ek, cos 1)

Thus, we obtained the main condition for two moving smooth submanifolds on (or inside of)
another, along the regular pole curves. So, we prove the following theorem.

Theorem 1.3. F' is rolling with sliding motion defined as hAb; = aj, hAby = ay and hAE = en
along the regular pole curves if and only if

p 4+ kysine — kocostp — p — ek sine) + eky cosp =0

This condition shows that any smooth submanifolds can be rolling with sliding, pure sliding
or sliding with spining on (or inside of) another along the pole curves which are tangent to each
other at every moment. This is possible by choosing one of p and 7 as a constant even if we face
hard integrals. In addition, p and p show that how we must define the vector fields a;, a; and by,
b, along the pole curves according to what we desire a homothetic motion. We can also find the
geodesic and normal curvatures and geodesic torsions of M and N in the Bishop means, along
the curves (X) and (Y') as follows. The curvatures of M along (X) are

kg = k1 siny — kycos), ke = kycosy + kasing , 7, = (1.9)

and the curvatures of N along (V') are

/

Ry = kisiny — kycos®) , B, = kjcostp + kaysiney , 7y = (1.10)
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Hence we restore (1.8) as follows.

wy = —FySiNp+T,c08T + ekesinp — 7,c08 p (1.11)
Uy = —KyCOSP — TySINP + €kg COS p + 7,810 p
uz = ?—p'—i—Eg—e/@g

If M is rolling on (or inside of) NV along the curves (X) and (V) then p/ — p' +F, — ey = 0. If
b1, by, a; and a, are the parallel vector fields then the motion is rolling with sliding automatically.
In the same conditions, the following equalities are satisfied at the points that the motion is pure

sliding.
€Ry COS (/ (ekg — Rg)ds + c) + €74 sin (/ (ekg — Rg)ds + c)

T, = _Ensin (/(EKg—Kg)dS—f—C) + T4 Ccos </(€l€g—l€g)d8+c)

where c is a constant. In this case, u; = up = uz = 0. In the case, by, by, a1, ay are not the
parallel vector fields and 7 + 73 # 0 and &} + 7, # O then

EReRy + TgT.
P — p = arccos %
e

ke

or
€ReTg — “n7'.<1>

p — p = arcsin L
K%+T§

P —p +Fy—ery # 0and k7 + 75 = K, + T, are satisfied at the points that the motion is sliding
with spining. If the curves (X) and (Y") are both the principal curves and geodesics of M and N
then 7, = 7, = K, = 1, = 0 and also ¢ and 1+ are constants.

If M is any manifold in E° and N is a plane then angular velocity vector at the contact points
will be as follows

w = {—(kicosty + kysint)sinp + {e (ki costp + kysintp) sinp — ¢’ cos p} } ay
—{ (k1 cos® + ky siny)) cos p — {e (ki cos ) + ky siny) cos p + ¢’ sinp} } an
+ {0’ + ki sinp — kycos ) — p’ — ek sintp + ekycosyp}

In this case, F is a rolling with sliding if and only if
p—p=(kacost) — kysinep) s + e/(k‘l sint — kycost))ds + ¢

is satisfied, where c, v, ki and k, are constants. We can restate (??) as follows by using (1.9)
and (1.10).

w = {—F,sinp+ eresinp — 14c08 p}ta; + {—F,; cosp + exe cos p + 7, sinp} as
+{p =0 +Fy —engfn
Thus, F' is a rolling with sliding if and only if
ﬁ—pstg—e/,%gds—i—c
is satisfied, where ¢, and & are constants, too.

Corollary 1.4. If (X) and (Y') are geodesics of M and N, respectively, then F is a rolling with
sliding motion if and only if p' — p' =constant.
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Theorem 1.5. Let M and N be two submanifolds and (X) and (Y') be the smooth curves on M
and N, respectively, which are satisfied given condition in theorem 1.3 and be tangent to each

other at the contact points. Then we can find a unique homothetic motion F' of M on (or inside
of) N along the pole curves (X ) and (Y).

Theorem 1.6. Let Sy and Sy be the shape operators of M and N along the curves (X) and

(Y) respectively. If
dX dy
—1 ad ) _ ar
o () = (%)

then F is sliding motion without rolling.

Proof. We can write the following equations along the curves (X ) and (Y'), respectively.

axy _ de avy _dy
SM(ds>_ds and SN(ds>_ds

By differentiating (1.4) and by using (1.3), we obtain

d . .
d—i = —{ergcosp+ T sinp} by — {—eke sinp + 14 cos p} by

since by = hB~'ay, by = hB~'as and € = ehB~!n,
1y (4 . .
h='B )= —{ergcosp+ 1gsinp}ta; — {—€kresinp + 75 cos p}as

by differentiating (1.6) and by using (1.3), we obtain

d . .
d—n = —{Rycosp+Tysinp}a; — {— R,sinp+74cosp}az
S
Since h~ !B (%) = %, we can write
€kg COS P+ Tysinp = Ky, COSp + T4s8inp (1.12)
and
€ke Sinp + 7,08 p = Ky sinp + T4 cos p. (1.13)

we substitute (1.12) and (1.13) in (1.11) and from (1.8), we obtain that F' is sliding motion
without rolling. O

Corollary 1.7. If F is rolling with sliding motion then the shape operators of M and N satisfy

dX dY
71 hanial hadall
h SM(ds>7éSN<ds>

Corollary 1.8. Let (X) and (Y') be the smooth curves on M and N such the curves not passing
through the flat points of M and N. In this case M is sliding and rolling on (or inside of) N
along these curves. M is sliding without rolling (or inside of) N at the flat-contact points.

the following inequality.

All of the corollaries, theorems and the things we said in this study are consistent with[3]
and [13]. If h = 1 then this study gives us a one parameter kinematic model for the smooth
submanifolds in Euclidean 3-space. In this case, the notions rolling with sliding and sliding with
spining transform to pure rolling and pure spining, respectively.

Example 1.9. (For ¢ = —1): Let X(s) = (sin(s),0,cos(s)), s € [0,1] be a unit speed curve
on ¢(u,v) = (sinvsinu,sinvcosu,cosv) and Y (s) = (sin(s), —s, cos(s) — 2) is any curve on
22+ (2 + 2)2 = 1. The Bishop trihedron of the curve (X) is

T = (cos(s),0,—sin(s)), N; = (—sin(s),0,—cos(s)), N, =(0,1,0)
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and since § = 0 then the curvatures of the curve (X)) are

kl = la kz = Oa
the unit normal vector field of sphere is

&(s) = (sin(s),0,cos(s))

with the angle ¢ = 7. The Bishop trihedron of the curve (V) is

2]

N, — 5 sin (35) cos(s)
N <{ —cos (%) sin(s)

N, — ({ \iﬁcos (1) cos(s) } 1

1 ) sin (§s) cos(s)
. 1 . y 7=CO0S | s8], 1 1 .
+sin (3s) sin(s) 2 2 —5 cos (35) sin(s)
and the curvatures of the curve (V) are
- 1 1 - 1 .1
Ky 3 cos(is), ky 3 s1n(§s)

with § = %s. The unit normal vector field of cyclinder is

n(s) = — (sin(s), 0, cos(s))

with the angle ¢ = 1s. Since ||4¥|| = V2 then the homothetic scale is b = v/2 and we calculate
the orthogonal matrix A = [a;;] and so the matrix B in (1.1) is B = v/2A where a;; are

aj = ﬂgi 2 cos(3s) + g cos(2s) + 2 78\5 cos(s) + g

V2-2

an = — cos(2s) +

V242
4

2 2
a3 = ——g— sin(3s) — % sin(2s) +

N

sin(s)

e e}

az = ?cos(Zs) — gcos(s) \{E

2
az = 5= cos(s)

ay3 = 72 sin(s) — ? Sin(ZS)
2-v2 sin(3s) — g sin(2s) + %ﬁ sin(s)

asj

2 .
a2 = — sin(2s)

—V2 2 2
az = cos(3s) — v2 cos(2s) + 6++v2 cos(s) +
8 4 8
and the matrix C is

=[5

1oV Gin(2s) + sin(s)
sin(s) — s

(1 - \@) cos?(s) + cos(s) — 3

C:
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Figure 1. Sphere is rolling without sliding on the cylinder along the curves (X) and (V).

Since (X) is the solution of the equation - BX + -4 C' = 0 then (X) is a pole curve as a moving

curve and (V') is a fixed pole curve on the sphere and the cylinder 2%+ (z + 2)* = 1, respectively.
Unit normal vectors £ and 7 are the opposite direction and linear dependent at the contact points,
thus the signature is ¢ = —1. The components of the anti-symmetric matrix S = [s;;] are

s11 =53 =533=0

531 = —S12 = va-2 sin(2s) — g sin(s)
V2 V2
831 = —S13 = T COS(S) + T
2—-V2 2 1
S3p = —8$33 = 8\[ cos(2s) + % cos(s) — )

with respect to the standart base of 1 R? and so the angular velocity vector is

1 1
W: Ea] + Eaz

with respect to the base {a;, az, 0}, where the vector fields a; and a, are

(V2 Vi Vi
a) = TCOS(S)’_T’_TSIH(S)

2-V2 2+V2 V2 V2-2 .
ay = ( ) cos(2s) — RN cos(s), ) sm(23)>

Since h is a constant and W lies on the tangent plane at the contact points then the sphere is
rolling without sliding on the cylinder along the curves (X) and (V).

Example 1.10. (For e = 1): Let X(s) = (sin(s),0,cos(s) — 1), s € [0, 7] is the unit speed
curve on ¢(u,v) = (sinvsinu,sinvcosu,cosv — 1) and Y (s) = (2sin(s), —s,2cos(s) — 2) is
any curve on 2> + (z + 2)2 = 4. The Bishop trihedron of the curve (X) is
T = (sin(s),0, —cos(s)), Ny = (—sin(s),0,—cos(s)), N»=(0,1,0)
and since § = 0 then the curvatures of the curve (X)) are
by =1, ky =0,

the unit normal vector field of sphere is

&(s) = (sin(s),0,cos(s))
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with the angle ¢ = 7. The Bishop trihedron of the curve (V') is

_ V3 cos (S*/g) cos(s) 25 sv/35 sin (s\/g) cos(s)
V2= ({ :—sin (5\5;5) sin(s) } s <5> 7 { —? coss(sss) sin(s)

and the curvatures of the curve (V) are

() ()

Fi==3 5 ) =5 s S

with § = (és) . The unit normal vector field of cyclinder is

n(s) = (sin(s), 0, cos(s))

with the angle ¢ = %‘/5 Since ||4X|| = V/5 then the homothetic scale is h = /5 and we
calculate the orthogonal matrix A = [a;;] and so the matrix B in (1.1) is B = v/5A where a;;

are

a) = 2\5—fscos2(s) — cos (8\5[5> sin®(s) + \1/—5 sin (25;6> sin(2s)

-5 25v/5 - [2sV5)

aip = —5—cos | —— cos(s) — sin —— sin(s)

aj3 = ? sin (255\6> cos’(s) — (; cos (25§6> + ?) sin(2s)

a = g {2 sin (23;6> sin(s) — cos(s)}

-2v/5 25v/5
ayy = 3 COS ( 3 >

ay = g {2 sin <285\G> cos(s) + sin(s)}

az; = —g sin <285 5) sin®(s) — (? + %cos <285\6>> sin(2s)

a3z = # sin®(s) — cos <28\f5) cos’(s) — ﬁ sin (25\6) sin(2s)

and the matrix C'is
(1 —cos(s)) {(\Bcos (2%6) + 2) sin(s) — sin (2%/5) cos(s)}
C= 2 (cos(s) — 1) sin <255—‘/§ —sin(s) — s
(1 —cos(s)) {(10_572\/§ + 2/5 cos? (5‘5@ ) cos(s) + sin (255‘/§> sin(s)}
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Figure 2. Sphere is rolling without sliding inside of the cylinder along the curves (X) and (V).

Since (X) is the solution of the equation %BX + d%C = 0 then (X)) is a pole curve as a moving
curve and () is a fixed pole curve on the sphere ¢(u,v) and the cylinder 2> + (z + 2 =1,
respectively. The unit normal vectors £ and 7 are the same direction and linear dependent at
the contact points, thus the signature is ¢ = 1. The components of the anti-symmetric matrix
S = [si;] are

s =sp=s3=0
= —s1p = gsin 25V5 cos(s) + ﬁcos 287\6 sin(s)
TR TS 5 VTS 5 i
2 2
531 = =813 = ﬁ cos(2s) — cos 5V5 1- 8 cos?(s)
5 5 5
-5 4 25V/5 2V5 . [2sV5)
S32 = —8p33 = —— cos(s) — = cos cos(s) + —— sin sin(s)
5 5 5 5 5
with respect to the standart base of 1 R? and so the angular velocity vector is
W = ?al 3 +5\f5a2

with respect to the base {a;, ay, n}, where the vector fields a; and a, are

2V5 V5 2V5
a) = (5 cos(s), i s1n(s)>

— 3 cos(s) cos (%) 2V5 25v/5 3 sin(s) cos (%)
—sin (255%5) sin(s) TS < ) "l —sin (2%5) cos(s)

Since h is a constant and W lies on the tangent plane at the contact points then the sphere is
rolling without sliding inside of the cylinder along the curves (X) and (V).

apy =
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