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Abstract Let M be a Γ-ring and N be the set of non-negative integers. A family D =
{dn}n∈N of additive mappings dn : M → M such that d0 = IM is said to be a triple higher
derivation (resp. Jordan triple higher derivation) onM if dn(aαbβc) =

∑
p+q+r=n

dp(a)αdq(b)βdr(c)

(resp. dn(aαbβa) =
∑

p+q+r=n
dp(a)αdq(b)βdr(a)) holds for all a, b, c ∈M and α, β ∈ Γ, and for

each n ∈ N. In the present paper it is shown that on prime Γ-ring M of characteristic different
from two every Jordan triple higher derivation on M is a higher derivation on M .

1 Introduction

An additive mapping d : R → R is said to be a derivation (resp. Jordan derivation) on a ring
R if d(ab) = d(a)b + ad(b) (resp. d(a2) = d(a)a + ad(a)) for any a, b ∈ R. Obviously, every
derivation on R is a Jordan derivation on R. But the converse is in general not true. Herstein [12]
obtained condition on R under which every Jordan derivation becomes a derivation. He proved
that on a prime ring of characteristic different from two, every Jordan derivation becomes a
derivation. Subsequently, various authors extended this result for semiprime ring (see [5] and
[7]). Later, M. Bres̆ar [6] introduced the concept of triple derivation and Jordan triple derivation
on R. An additive mapping d : R → R is said to be a triple derivation (resp. Jordan triple
derivation) onR if d(abc) = d(a)bc+ad(b)c+abd(c) (resp. d(aba) = d(a)ba+ad(b)a+abd(a))
holds for all a, b, c ∈ R. In fact, he proved that every Jordan triple derivation on a 2-torsion free
semiprime ring is a derivation.

The concept of derivation was extended to higher derivation by F. Hasse and F.K. Schmidt
[11]. Let N be the set of all nonnegative integers and let D = {dn}n∈N be a family of additive
maps on a ring R such that d0 = IR. D is said to be;

(a) a higher derivation on R if for each n ∈ N,

dn(ab) =
∑
i+j=n

di(a)dj(b)

for all a, b ∈ R;

(b) a Jordan higher derivation on R if for each n ∈ N,

dn(a
2) =

∑
i+j=n

di(a)dj(a)

for all a ∈ R;

(c) a Jordan triple higher derivation on R if for each n ∈ N,

dn(aba) =
∑

i+j+k=n

di(a)dj(b)dk(a)

for all a, b ∈ R.

The classical result due to Herstein [[12], Theorem] was extended for higher derivations by
Haetinger [10], who proved that every Jordan higher derivation on a prime ring of characteristic
different from two is a higher derivation. Further, in the year 2002, Ferrero and Haetinger [8]
established that on a 2-torsion free semiprime ring every Jordan triple higher derivation of R is
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a higher derivation of R. Further similar studies have also been made by various authors in the
setting of prime and semiprime rings (for reference see [1, 3], where more references can be
found).

On the other hand, the notion of Γ-ring was first introduced as an extensive generalization
of the concept of a classical ring by Nobusawa [15] and further, it was slightly weakened by
Barnes [4]. Let M and Γ be additive abelian groups. If there exists a mapping M ×Γ×M →M
satisfying

(i) aαb ∈M,

(ii) (a+ b)αc = aαc+ bαc, a(α+ β)c = aαc+ aβc, aα(b+ c) = aαb+ aαc,

(iii) (aαb)βc = aα(bβc), for all a, b, c ∈M and α, β,∈ Γ,

then M is called a Γ-ring.
M is said to be a prime Γ- ring if aΓMΓb = {0} implies that either a = 0 or b = 0 for a, b ∈M .
M is said to be a semiprime Γ- ring if aΓMΓa = {0} implies a = 0 for a ∈M . Throughout this
paper, M will denote a Γ-ring with center Z(M) i.e., Z(M) = {a ∈M | aαb = bαa for all b ∈
M for all α ∈ Γ}.

Let M be a Γ-ring. An additive mapping d : M → M is said to be a derivation on M
if for all a, b ∈ M and for all α ∈ Γ, d(aαb) = d(a)αb + aαd(b), a Jordan derivation if
d(aαa) = d(a)αa + aαd(a). This notion was defined by M. Sapanci and A. Nakajima in [17].
They investigated Jordan derivation on certain types of completely prime Γ-ring. Later, many
prominent mathematicians have worked out on this interesting area of research to determine
many basic properties of Γ-rings and have extended numerous remarkable results in this context
in the last few decades.

Very recently, in the year 2012, A.K. Joardar and A.C. Paul [14] introduced the concept
of triple derivation and Jordan triple derivation on Γ-ring M. An additive mapping d : M →
M is said to be a triple derivation (resp. Jordan triple derivation) if d(aαbβc) = d(a)αbβc +
aαd(b)βc+aαbβd(c), (resp. d(aαbβa) = d(a)αbβa+aαd(b)βa+aαbβd(a)), for all a, b, c ∈M
and for all α, β ∈ Γ.

In the present paper we introduce the concept of higher derivation (resp. Jordan higher deriva-
tion) and triple higher derivation (resp. Jordan triple higher derivation) on a Γ-ring M and prove
that every Jordan triple higher derivation on a prime Γ-ring M of characteristic different from
two is a triple higher derivation on M and finally, it is shown that every Jordan triple higher
derivation is a higher derivation on M .

2 Main Results

Motivated by the existence of higher derivation in rings, the notion of higher derivation on a
Γ-ring M is defined as follows. Let M be a Γ-ring and let D = {dn}n∈N be a family of additive
mappings dn : M →M such that d0 = IM . Then D is said to be

(a) a higher derivation on M if for each n ∈ N,

dn(aαb) =
∑
p+q=n

dp(a)αdq(b)

for all a, b ∈M, and α ∈ Γ;

(b) a Jordan higher derivation on M if for each n ∈ N,

dn(aαa) =
∑
p+q=n

dp(a)αdq(a)

for all a ∈M and α ∈ Γ;

(c) a triple higher derivation on M if for each n ∈ N,

dn(aαbβc) =
∑

p+q+r=n

dp(a)αdq(b)βdr(c)

for all a, b, c ∈M and α, β ∈ Γ;

(d) a Jordan triple higher derivation on M if for each n ∈ N,

dn(aαbβa) =
∑

p+q+r=n

dp(a)αdq(b)βdr(a)

for all a, b ∈M and α, β ∈ Γ.
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Example 2.1. Let R be an associative ring with unity element 1. Let M =M1,2(R) and

Γ =

{(
n · 1

0

)
n ∈ Z

}
where Z be the set of integers.

Then M is a Γ-ring. Let f : R → R be a triple derivation on R. Now define F : M →
M such that F ((x, y)) = (f(x), f(y)). Then F is a triple derivation on M . In fact, if a =

(x1, y1), b = (x2, y2), c = (x3, y3) ∈ M , α =

(
n1 · 1

0

)
and β =

(
n2 · 1

0

)
∈ Γ, then

aαbβc = (x1n1x2n2x3, x1n1x2n2y3), and finally we get F (aαbβc) = F (a)αbβc+ aαF (b)βc+
aαbβF (c), for all a, b, c ∈M and α, β ∈ Γ.
Define dn = Fn/n!, for all n ∈ N, where F is a triple derivation on M .

Claim: D = {dn}n∈N is a triple higher derivation on M .

We shall use induction on n to prove the claim;

For n = 0, d0(aαbβc) =
F 0(aαbβc)

0!
= aαbβc.

For n = 1, d1(aαbβc) =
F 1(aαbβc)

1!
= F (aαbβc) = F (a)αbβc+ aαF (b)βc+ aαbβF (c).

Suppose that, dm =
Fm

m!
defines a triple higher derivation on M for each m < n.

Consider, dn(aαbβc) =
Fn(aαbβc)

n!
=

1
n

(
F

(
Fn−1(aαbβc)

(n− 1)!

))
=

1
n
F (dn−1(aαbβc)).

Applying the hypothesis of induction on dn−1, we have

dn(aαbβc) =
F

n

∑
p+q+r=n−1

dp(a)αdq(b)βdr(c)

=
F

n

∑
p+q+r=n−1

F p(a)

p!
α
F q(b)

q!
β
F r(c)

r!

=
1
n

∑
p+q+r=n−1

(
F p+1(a)

p!
α
F q(b)

q!
β
F r(c)

r!
+
F p(a)

p!
α
F q+1(b)

q!
β
F r(c)

r!

+
F p(a)

p!
α
F q(b)

q!
β
F r+1(c)

r!

)
=

1
n

∑
p+q+r=n−1

(
dp+1(a)αdq(b)βdr(c)(p+ 1) + dp(a)αdq+1(b)βdr(c)(q + 1)

+dp(a)αdq(b)βdr+1(c)(r + 1)
)

=
1
n

{ n−1∑
j=0

( j∑
i=0,i<j

di+1(a)αdj−i(b)

)
βdn−1−j(c)(i+ 1)

+
n−1∑
j=0

(
j∑

i=0,i<j
di(a)αdj−i+1(b)

)
βdn−1−j(c)(j − i+ 1)

+
n−1∑
j=0

(
j∑

i=0,i<j
di(a)αdj−i(b)

)
βdn−j(c)(n− j)

}
=

1
n

n−2∑
j=2

j−1∑
i=2

di(a)αdj−i(b)βdn−j(c)i+
1
n

n−1∑
i=2

di(a)αdn−1−i(b)βd1(c)i

− 1
n

n−2∑
j=2

j−1∑
i=2

di(a)αdj−i(b)βdn−j(c)−
1
n

n−2∑
i=2

di(a)αdn−i−1(b)βd1(c)
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+
1
n

n−1∑
j=2

dj(a)αbβdn−j(c)j −
1
n

n−1∑
j=2

dj(a)αbβdn−j(c)

+
1
n

n−2∑
j=2

dj(a)αdn−j(b)βcj +
1
n
dn(a)αbβcn

+
1
n
dn−1(a)αd1(b)βc(n− 1)− 1

n
dn(a)αbβc−

1
n
dn−1(a)αd1(b)βc

− 1
n

n−2∑
j=2

dj(a)αdn−j(b)βc+
1
n

n∑
j=1

j∑
i=1

di(a)αdj−i(b)βdn−j(c)

− 1
n

n−2∑
j=2

j−1∑
i=1

di(a)αdj−i(b)βdn−j(c)i+
1
n

n−2∑
i=0

di(a)αdn−1−i(b)βd1(c)n

− 1
n

n−2∑
i=0

di(a)αdn−1−i(b)βd1(c)−
1
n

n−2∑
i=2

di(a)αdn−1−i(b)βd1(c)i

− 1
n
d1(a)αdn−2(b)βd1(c) +

n−1∑
i=0

di(a)αdn−j(b)βc

− 1
n

n−1∑
i=2

di(a)αdn−i(b)βci−
1
n
d1(a)αdn−1(b)βc

+
n−1∑
j=0

j∑
i=0

di(a)αdj−i(b)βdn−j(c)−
1
n
d1(a)αbβdn−1(c)

−
n−1∑
i=0

di(a)αdn−1−i(b)βd1(c) +
1
n

n−1∑
i=0

di(a)αdn−1−i(b)βd1(c)

=
n−1∑
j=0

j∑
i=0

di(a)αdj−i(b)βdn−j(c) + dn(a)αbβc+

+
n−1∑
i=0

di(a)αdn−i(b)βc

=
∑

p+q+r=n
dp(a)αdq(b)βdr(c).

Thus, the family D = {dn}n∈N where, dn =
Fn

n!
defines a triple higher derivation on M .

Similarly, if f : R→ R is considered to be a Jordan triple derivation on R then using similar
procedure one can find example of a Jordan triple higher derivation on M.

Remark 2.2. It is also to remark that in the above example if we consider f : R → R as
derivation (resp. Jordan derivation), then using similar arguments as given in the above example
with necessary variations, one can construct the example of higher derivation (resp. Jordan
higher derivation) on M .

It can be easily observe that every triple higher derivation is a Jordan triple higher derivation.
But the converse is not true in general. In the present paper we establish the converse of the
above statement and proved the following theorem:
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Theorem 2.3. Let M be a prime Γ-ring of characteristic different from two, then every Jordan
triple higher derivation on M is a triple higher derivation on M.

Before proving our main result, let us list some basic facts, which will be used without
specific mention to prove our main results.

The proofs of the following results can be seen in [14]. For all a, b, c ∈ M and α, β ∈ Γ, let
[a, b, c]α,β = aαbβc− cαbβa.

Lemma 2.4. ([14], Lemma 2.3 ) If M is a Γ-ring, then for all a, b, c ∈M and α, β ∈ Γ

(i) [a, b, c]α,β + [c, b, a]α,β = 0

(ii) [a+ c, b, d]α,β = [a, b, d]α,β + [c, b, d]α,β

(iii) [a, b, c+ d]α,β = [a, b, c]α,β + [a, b, d]α,β

(iv) [a, b+ d, c]α,β = [a, b, c]α,β + [a, d, c]α,β

(v) [a, b, c]α+β,γ = [a, b, c]α,γ + [a, b, c]β,γ

(vi) [a, b, c]α,β+γ = [a, b, c]α,β + [a, b, c]α,γ .

Lemma 2.5. ([14], Lemma 2.6 ) Let M be a 2-torsion free semiprime Γ-ring and suppose that
a, b ∈M . If aΓmΓb+ bΓmΓa = 0 for all m ∈M, then aΓmΓb = bΓmΓ = 0.

Now we prove the following:

Lemma 2.6. Let M be a Γ-ring and D = {dn}n∈N be a Jordan triple higher derivation on M .
Then for all a, b, c ∈M, and for all α, β ∈ Γ, we have

dn(aαbβc+ cαbβa) =
∑

p+q+r=n

dp(a)αdq(b)βdr(c) +
∑

p+q+r=n

dp(c)αdq(b)βdr(a).

Proof. Since dn(aαbβa) =
∑

p+q+r=n
dp(a)αdq(b)βdr(c). Linearizing on a we get,

dn((a+ c)αbβ(a+ c)) =
∑

p+q+r=n
dp(a+ c)αdq(b)βdr(a+ c). Computing and canceling the like

terms from both sides, we prove the lemma. 2

Let D = {dn}n∈N be a Jordan triple higher derivation of a Γ-ring M . Then for all a, b, c ∈M
and α, β ∈ Γ we define

Gnα,β(a, b, c) = dn(aαbβc)−
∑

p+q+r=n

dp(a)αdq(b)βdr(c) for all n ∈ N.

Lemma 2.7. Let D = {dn}n∈N be a Jordan triple derivation of a Γ-ring M . Then for all
a, b, c ∈M , α, β ∈ Γ and for all n ∈ N, we have

(i) Gnα,β(a, b, c) +Gnα,β(c, b, a)=0,

(ii) Gnα,β(a+ c, b, e) = Gnα,β(a, b, e) +Gnα,β(c, b, e),

(iii) Gnα,β(a, b, c+ e) = Gnα,β(a, b, c) +Gnα,β(a, b, e),

(iv) Gnα,β(a, b+ c, e) = Gnα,β(a, b, e) +Gnα,β(a, c, e),

(v) Gnα+γ,β(a, b, c) = Gnα,β(a, b, c) +Gnγ,β(a, b, c),

(vi) Gnα,β+γ(a, b, c) = Gnα,β(a, b, c) +Gnα,γ(a, b, c).

Proof. Proof of part (i) is obvious by Lemma 2.6, while the proofs of parts (ii)-(vi) can be
obtained easily by using additivity of dn. 2

Lemma 2.8. Let M is a 2-torsion free semiprime Γ-ring. If Gnα,β(a, b, c)γxδ[a, b, c]α,β = 0, then
Gnα,β(a, b, c)γxδ[u, v, w]α,β = 0, for all a, b, c, u, v, w, x ∈M , α, β, γ, δ ∈ Γ and for all n ∈ N.
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Proof. Replacing a by a+ u in the hypothesis we get Gnα,β(a+ u, b, c)γxδ[a+ u, b, c]α,β = 0.
Hence using Lemma 2.4, we find that Gnα,β(a, b, c)γxδ[u, b, c]α,β+G

n
α,β(u, b, c)γxδ[a, b, c]α,β =

0. Now consider; Gnα,β(a, b, c)γxδ[u, b, c]α,βγxδG
n
α,β(a, b, c)γxδ[u, b, c]α,β =

− Gnα,β(a, b, c)γxδ[u, b, c]α,βγxδGnα,β(u, b, c)γxδ[a, b, c]α,β = 0 using hypothesis. Since M is
semiprime Γ-ring, then Gnα,β(a, b, c)γxδ[u, b, c]α,β = 0. Similarly, replacing b by b+ v and c by
c+ w and using semiprimeness of M , we get the required result. 2

Now we are well equipped to prove our result:

Proof of Theorem 2.3. Given that the family D = {dn}n∈N of additive mappings on M sat-
isfying dn(aαbβa) =

∑
p+q+r=n

dp(a)αdq(b)βdr(a) for all a, b ∈ M and α, β ∈ Γ and for all

n ∈ N. Now we compute ∆ = dn(aα(bβcγxδcαb)βa+ cα(bβaγxδaαb)βc) by using the above
definition, we get

∆ =
∑

p+i+v=n
dp(a)αdi(bβcγxδcαb)βdv(a)

+
∑

p+i+v=n
dp(c)αdi(bβaγxδaαb)βdv(c)

=
∑

p+q+j+u+v=n
dp(a)αdq(b)βdj(cγxδc)αdu(b)βdv(a)

+
∑

p+q+j+u+v=n
dp(c)αdq(b)βdj(aγxδa)αdu(b)βdv(c)

=
∑

p+q+r+s+t+u+v=n
dp(a)αdq(b)βdr(c)γds(x)δdt(c)αdu(b)βdv(a)

+
∑

p+q+r+s+t+u+v=n
dp(c)αdq(b)βdr(a)γds(x)δdt(a)αdu(b)βdv(c).

On the other hand, ∆ = dn((aαbβc)γxδ(cαbβa) + (cαbβa)γxδ(aαbβc)) and using Lemma 2.6,
we get

∆ =
∑

i+s+j=n

di(aαbβc)γds(x)δdj(cαbβa) +
∑

i+s+j=n

di(cαbβa)γds(x)δdj(aαbβc).

On comparing the above two equalities we get,

∑
i+s+j=n

di(aαbβc)γds(x)δdj(cαbβa) +
∑

i+s+j=n
di(cαbβa)γds(x)δdj(aαbβc)

=
∑

p+q+r+s+t+u+v=n
dp(a)αdq(b)βdr(c)γds(x)δdt(c)αdu(b)βdv(a)

+
∑

p+q+r+s+t+u+v=n
dp(c)αdq(b)βdr(a)γds(x)δdt(a)αdu(b)βdv(c).

(2.1)

In (2.1), put n = 1 and cancel the like terms from both sides of this equality and then arrange
them, to obtain

G1
α,β(a, b, c)γxδ[a, b, c]α,β + [a, b, c]α,βγxδG

1
α,β(a, b, c) = 0. (2.2)

In view of Lemma 2.5 and the above equation, we obtain

G1
α,β(a, b, c)γxδ[a, b, c]α,β = [a, b, c]α,βγxδG

1
α,β(a, b, c) = 0.

Also using Lemma 2.8 we find that

G1
α,β(a, b, c)γxδ[u, v, w]α,β = 0, for all a, b, c, u, v, w ∈M for all α, β, γ, δ ∈ Γ.

Therefore using primeness of M , we get either G1
α,β(a, b, c) = 0 or δ[u, v, w]α,β = 0,

for all a, b, c, u, v, w ∈ M for all α, β, γ, δ ∈ Γ. If we suppose that [u, v, w]α,β = 0 for all
u, v, w ∈M and α, β ∈ Γ, then we have uαvβw = wαvβu. Hence by Lemma 2.6 we find that,

d1(aαbβc+ aαbβc) =
∑

p+q+r=1

dp(a)αdq(b)βdr(c) +
∑

p+q+r=1

dp(a)αdq(b)βdr(a).

Since M is 2-torsion free, we get d1(aαbβc) =
∑

p+q+r=n
dp(a)αdq(b)βdr(c) or we may say that

for n = 1, D = {dn}n ∈ N is a triple higher derivation. On the other hand if G1
α,β(a, b, c) = 0,
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then d1(aαbβc) =
∑

p+q+r=1
dp(a)αdq(b)βdr(c), which again implies that D = {dn}n ∈ N is

triple higher derivation.
Now let the result holds for n− 1, i.e., Gn−1

α,β (aαbβc) = 0 for all a, b, c ∈M and α, β ∈ Γ.

Also (2.1) can be rewritten as

∑
i+j=n

di(aαbβc)γxδdj(cαbβa) +
∑

i+j=n−1
di(aαbβc)γd1(x)δdj(cαbβa)

+...+
∑

i+j=1
di(aαbβc)γdn−1(x)δdj(cαbβa) +

∑
i+j=0

di(aαbβc)γdn(x)δdj(cαbβa)

+
∑

i+j=n
di(cαbβa)γxδdj(aαbβc) +

∑
i+j=n−1

di(cαbβa)γd1(x)δdj(aαbβc)

+...+
∑

i+j=1
di(cαbβa)γdn−1(x)δdj(aαbβc) +

∑
i+j=0

di(cαbβa)γdn(x)δdj(aαbβc)

=
∑

p+q+r+t+u+v=n
dp(a)αdq(b)βdr(c)γxδdt(c)αdu(b)βdv(a)

+
∑

p+q+r+t+u+v=n−1
dp(a)αdq(b)βdr(c)γd1(x)δdt(c)αdu(b)βdv(a)

+...+
∑

p+q+r+t+u+v=1
dp(a)αdq(b)βdr(c)γdn−1(x)δdt(c)αdu(b)βdv(a)

+
∑

p+q+r+t+u+v=0
dp(a)αdq(b)βdr(c)γdn(x)δdt(c)αdu(b)βdv(a)

+
∑

p+q+r+t+u+v=n
dp(c)αdq(b)βdr(a)γxδdt(a)αdu(b)βdv(c)

+
∑

p+q+r+t+u+v=n−1
dp(c)αdq(b)βdr(a)γd1(x)δdt(a)αdu(b)βdv(c)

+...+
∑

p+q+r+t+u+v=1
dp(c)αdq(b)βdr(a)γdn−1(x)δdt(a)αdu(b)βdv(c)

+
∑

p+q+r+t+u+v=0
dp(c)αdq(b)βdr(a)γdn(x)δdt(a)αdu(b)βdv(c).

Also, we have∑
i+j=n

di(aαbβc)γxδdj(cαbβa) +
∑

i+j=n−1
di(aαbβc)γd1(x)δdj(cαbβa)

+...+ d1(aαbβc)γdn−1(x)δcαbβa+ aαbβcγdn−1(x)δd1(cαbβa)

+aαbβcγdn(x)δcαbβa+
∑

i+j=n
di(cαbβa)γxδdj(aαbβc)

+
∑

i+j=n−1
di(cαbβa)γd1(x)δdj(aαbβc) + ...+ d1(cαbβa)γdn−1(x)δaαbβc

+cαbβaγdn−1(x)δd1(aαbβc) + cαbβaγdn(x)δaαbβc

=
∑

p+q+r+t+u+v=n
dp(a)αdq(b)βdr(c)γxδdt(c)αdu(b)βdv(a)

+
∑

p+q+r+t+u+v=n−1
dp(a)αdq(b)βdr(c)γd1(x)δdt(c)αdu(b)βdv(a)

+...+ d1(a)αbβcγdn−1(x)δcαbβa+ aαd1(b)βcγdn−1(x)δcαbβa

+aαbβd1(c)γdn−1(x)δcαbβa+ aαbβcγdn−1(x)δd1(c)αbβa

+aαbβcγdn−1(x)δcαd1(b)βa+ aαbβcγdn−1(x)δcαbβd1(a)

+aαbβcγdn(x)δcαbβa+
∑

p+q+r+t+u+v=n
dp(c)αdq(b)βdr(a)γxδdt(a)αdu(b)βdv(c)

+
∑

p+q+r+t+u+v=n−1
dp(c)αdq(b)βdr(a)γd1(x)δdt(a)αdu(b)βdv(c)

+...+ d1(c)αbβaγdn−1(x)δaαbβc+ cαd1(b)βaγdn−1(x)δaαbβc

+cαbβd1(a)γdn−1(x)δaαbβc+ cαbβaγdn−1(x)δd1(a)αbβc

+cαbβaγdn−1(x)δaαd1(b)βc+ cαbβaγdn−1(x)δaαbβd(c)

+cαbβaγdn(x)δaαbβc.

Now since dn−1(aαbβc) =
∑

p+q+r=n−1
dp(a)αdq(b)βdr(c) for all a, b, c ∈ M, α, β ∈ Γ and for

all n ∈ N, the above expression reduces to∑
i+j=n

di(aαbβc)γxδdj(cαbβa) +
∑

i+j=n
di(cαbβa)γxδdj(aαbβc)

=
∑

p+q+r+t+u+v=n
dp(a)αdq(b)βdr(c)γxδdt(c)αdu(b)βdv(a)

+
∑

p+q+r+t+u+v=n
dp(c)αdq(b)βdr(a)γxδdt(a)αdu(b)βdv(c).
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It can also be written as

dn(aαbβc)γxδcαbβa+ aαbβcγxδdn(cαbβa) +
i+j=n∑

0<i,j≤n−1
di(aαbβc)γxδdj(cαbβa)

+dn(cαbβa)γxδaαbβc+ cαbβaγxδdn(aαbβc) +
i+j=n∑

0<i,j≤n−1
di(cαbβa)γxδdj(aαbβc)

=
∑

p+q+r=0,t+u+v=n
aαbβcγxδdt(c)αdu(b)βdv(a)

+
∑

p+q+r=n,t+u+v=0
dp(a)αdq(b)βdr(c)γxδcαbβa∑

0<p+q+r,t+u+v≤n−1
dp(a)αdq(b)βdr(c)γxδdt(c)αdu(b)βdv(a)

+
∑

p+q+r=0,t+u+v=n
cαbβaγxδdt(a)αdu(b)βdv(c)

+
∑

p+q+r=n,t+u+v=0
dp(c)αdq(b)βdr(a)γxδaαbβc

+
∑

0<p+q+r,t+u+v≤n−1
dp(c)αdq(b)βdr(a)γxδdt(a)αdu(b)βdv(c).

On using dn−1(aαbβc) =
∑

p+q+r=n−1
dp(a)αdq(b)βdr(c) for all a, b, c ∈M, α, β ∈ Γ and for all

n ∈ N, we get,

Gnα,β(a, b, c)γxδ[a, b, c]α,β + [a, b, c]α,βγxδG
n
α,β(a, b, c) = 0,

for all a, b, c ∈M, α, β ∈ Γ and for all n ∈ N.
Now on using the same method as used after (2.2), we find that, either Gnα,β(a, b, c) = 0

or [a, b, c]α,β = 0 for all a, b, c ∈ M, α, β ∈ Γ and for all n ∈ N. If Gnα,β(a, b, c) = 0, then
by the definition of Gnα,β(a, b, c), D = {dn}i∈N becomes a triple higher derivation. Whereas if
[a, b, c]α,β = 0, in view of Lemma 2.6 and using torsion restriction on M again D = {dn}i∈N
becomes a triple higher derivation. Hence required result is proved. 2

Let D = {dn}n∈N be a Jordan higher derivation of a Γ-ring M . Then for all a, b ∈ M and
α ∈ Γ we define

Fnα,β(a, b) = dn(aαb)−
∑
p+q=n

dp(a)αdq(b) for all n ∈ N.

It can be easily seen that every higher derivation on a Γ-ring M is a triple higher derivation
on M. But the converse is not true in general. In the theorem, given below, we have obtain the
converse part for prime Γ-ring M.

Theorem 2.9. Any triple higher derivation of a prime Γ-ring M of characteristic different from
two is a higher derivation on M .

Proof. Given that D = {dn}n∈N is a triple higher derivation on M , i.e.,

dn(aαbβc) =
∑

p+q+r=n

dp(a)αdq(b)βdr(c).

For each a, b, c ∈M and α, β ∈ Γ and for any n ∈ N.
Now consider

∆ = dn(aα(bγxδa)αb)

=
∑

p+i+t=n
dp(a)αdi(bγxδa)αdt(b)

=
∑

p+q+r+s+t=n
dp(a)αdq(b)γdr(x)δds(a)αdt(b).

Again,
∆ = dn((aαb)γxδ(aαb)) =

∑
i+r+j=n

di(aαb)γdr(x)δdj(aαb).

Comparing the above two expressions so obtained for ∆, we obtain

∑
i+r+j=n

di(aαb)γdr(x)δdj(aαb) =
∑

p+q+r+s+t=n
dp(a)αdq(b)γdr(x)δds(a)αdt(b). (2.3)
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Hence, for n = 1 the above equation becomes,

d1(aαb)γxδaαb+ aαbγd1(x)δaαb+ aαbγxδd1(aαb)

= d1(a)αbγxδaαb+ aαd1(b)γxδaαb+ aαbγd1(x)δaαb

+aαbγxδd1(a)αb+ aαbγxδaαd1(b).

This yields that, F 1
α,β(a, b)γxδaαb + aαbγxδF 1

α,β(a, b) = 0. On using Lemma 2.5 we have
F 1
α,β(a, b)γxδaαb = 0 for all a, b, x ∈ M and α, β ∈ Γ, which further on linearizing be-

comes F 1
α,β(a, b)γxδcαd for all a, b, x, c, d ∈ M and α, β ∈ Γ. Again since M is prime, we get

F 1
α,β(a, b) = 0 for all a, b, x ∈M and α, β ∈ Γ, or we can say that d1(aαb) =

∑
i+j=1

di(a)αdj(b)

for all a, b ∈M and α, β ∈ Γ. Let the result hold for n− 1, i.e.,

dn−1(aαb) =
∑

i+j=n−1

di(a)αdj(b) for all a, b ∈M and α, β ∈ Γ. (2.4)

(2.3) can be rewritten as∑
i+j=n

di(aαb)γxδdj(aαb) +
∑

i+j=n−1
di(aαb)γd1(x)δdj(aαb)

+...+
∑

i+j=1
di(aαb)γdn−1(x)δdj(aαb) +

∑
i+j=0

di(aαb)γdn(x)δdj(aαb)

=
∑

p+q+s+t=n
dp(a)αdq(b)γxδds(a)αdt(b) +

∑
p+q+s+t=n−1

dp(a)αdq(b)γd1(x)δds(a)αdt(b)

+
∑

p+q+s+t=1
dp(a)αdq(b)γdn−1(x)δds(a)αdt(b)

+
∑

p+q+s+t=0
dp(a)αdq(b)γdn(x)δds(a)αdt(b).

On using (2.4) we get,
∑

i+j=n
di(aαb)γxδdj(aαb) =

∑
p+q+s+t=n

dp(a)αdq(b)γxδds(a)αdt(b).

Also

dn(aαb)γxδ(aαb) + aαbγxδdn(aαb) +
∑

0<i,j≤n−1
di(aαb)γxδdj(aαb)

=
∑

s+t=n
aαbγxδds(a)αdt(b) +

∑
p+q=n

dp(a)αdq(b)γxδaαb

+
∑

0<p+q,s+t≤n−1
dp(a)αdq(b)γxδds(a)αdt(b),

and again using (2.4) we have,

dn(aαb)γxδ(aαb) + aαbγxδdn(aαb) =
∑

s+t=n
aαbγxδds(a)αdt(b) +

∑
p+q=n

dp(a)αdq(b)γxδaαb,

or, Fnα,β(a, b)γxδaαb+aαbγxδF
n
α,β(a, b) = 0.On using Lemma 2.5 we have Fnα,β(a, b)γxδaαb =

0 for all a, b, x ∈ M and α, β ∈ Γ, which further becomes Fnα,β(a, b)γxδcαd = 0 for all
a, b, x, c, d ∈ M and α, β ∈ Γ. Again since M is prime, we get Fnα,β(a, b) = 0 for all a, b ∈ M
and α, β ∈ Γ, or we can we say dn(aαb) =

∑
i+j=n

di(a)αdj(b) for all a, b ∈M and α ∈ Γ and for

each n ∈ N. Therefore D = {dn}n∈N becomes a higher derivation on M . 2

In view of Theorems 2.3 and 2.9 one can easily conclude the following:

Theorem 2.10. Any Jordan triple higher derivation of a prime Γ-ring M of characteristic differ-
ent from two is a higher derivation on M .
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