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Abstract. Let U be the open unit disk in the complex plane C. Let #[U] be the class of
holomorphic functions in U. Fora € Candn € N := {1,2,3,...}, let

Hla,n] = {f € H[U] : f(2) = a+ anz" +an1z"' + ... (€ U)},

and
A= {f €HU]: f(2) = 2+ an1 2™ +..(z € V)]

In the present paper, the author determines the sufficient condition for the function f € A,
defined on the open unit disk U such that image of f under the integral operator

no(f)(@) = (ﬁtﬁ /Oztzlfﬁ(t)dt>é

zZn

is convex univalent function. We also determine the sufficient condition for the function class
H(1,1) . Our result extends the corresponding previously known results.

1 Introduction

Let U= {z: 2 € Cand |z| < 1} be the open unit disk in the complex plane C. Let H[U] denote
the class of holomorphic functions in U. Fora € Cand n € N := {1,2,3,...}, let

Hla,n) = {f € H[U]: f(2) = a + apz" + ap 12" +...(2 € U)},
and
Ay, ={f e H[U]: f(2) =2+ an 12" +....(2 € U)}, (1.1
with A = A.

Let S be the subclass of A consisting of all univalent functions in U. A function f € S is said
to be starlike or convex if f maps U conformally onto the domains, respectively, starlike with
respect to origin and convex. The analytic characterization of these classes are

S*(a):{feA:%(Z‘?(<j))>a (0§a<1;zeU)}, (1.2)
and
IC(a)—{feA:?R(l—FZJJ:,/;S)) >a (0<a< l;zeU)}. (1.3)

Note that the relation f(z) € K(a) <= 2f'(z) € S*(a) and f(z) € S*(a) <= [7 MWat ¢
K(«) are well-known from Alexander theorem (see [2]). In particular, $*(0) = S* and K(0) =
KC are the starlike and convex classes respectively.

Finding sufficient conditions for univalence, starlikeness, convexity of integral, derivative
and other operators is an important topic of research in Geometric Function Theory. In recent
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years, several authors have investigated sufficient conditions for the univalence, starlikeness and
convexity of various linear and non-linear integral operators. Analogous to the integral operator
defined by Oros [6] (also see [7]) on the normalized analytic functions, we defined the following
integral operator on the space of holomorphic functions for the class A4,,.

Definition 1.1. Let 11, § be real numbers such that 5 > 0 and ;%5 > 1. Let f (z) € A, be such
that £2) # 01in U. Define the integral operator Z; 5 : A, — A, by

z

Bz 5
Sﬁ(f)(@—(ﬂ = tﬁ-‘f%)dt) | (1.4)

=3
zn 0

Here the powers are taken as the principal value. The totality of the function Z}! 5(f)(2) is
single-valued analytic and belong to the class A,,.

Note that for n = 3 = 1, the integral operator Z,, | (f)(2) = L,(f)(z), the Bernardi operator
(see [1]).

In order to prove our main results, we need the following lemma.
Lemma 1.2. (see [3, 4, 5]) Let ¢ : C* x U — C satisfying the condition
R (is,t; z) <0, (2€l)

fors,t e R, t < (1 + ).
Ifp(2) = 1+ pp2™ + pry1 2™t satisfies

R{p(2),2p'(2); 2} >0

then
R{p(z)} >0 (zel).

More general forms of this lemma can be found in [5].

2 Main results

In the following theorem we determine the sufficient condition such that, for a function f € A,,,
the image under the integral operator defined in (1.4) is convex.

Theorem 2.1. Let f € A, % >landn e N. If

Z¢//(Z) ﬂ
R <1 + o) > > 2 (z € U), 2.1
where 5
o) = — 0

B-1°
(Z2(N(=)

then the function I} 5(f)(z) given by (1.4) is convex.

Proof. Let the function f € A,, be given by (1.1). Then from (1.4), we have

1
B

B+t

I3
Zn

z: (=) = [ / F (4 "+ ap ot 4 ) dt]
0

_[mg 5
_ (2t
zZn

z
/ (tm%fl + Ban i t" PR 4 Bay, ot 4 ) dt]
0

Bt n
=z + WanJrlZ +1 + eee

=2+ bpy12" T 4 . (2.2)
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Thus Z}} 5(f) € Ay. From (1.4), we have

S (@a(NE) = (5+5) [ P war @3)
By differentiating both sides of (2.3) with respect to z and simplifying, we have
B (T o(N) + 82 (Zhs (D) = (B+ L) 0(z) (z€), 24)

where 5(2)
fP(z
O(2) = T TR T (2.5)
(T} 5(F)(2))P~!
Now differentiating both sides of (2.4) with respect to z and using (2.5) in the resulting equation,
we obtain

K mn / n ! z (Igﬁ(f)(z) ’ _ 1% /
—(Zis(N(2) + B (Zis()(2) (1 Mer eyl i (B+5)ex 6
e (@ (1))
) = 14 mws\IE)) . '
A= ey BV 7
Now, clearly p(0) = 1, p(z) = 1 + pp2" + ...
From (2.6), we obtain
n / moy o /
@D (0 + 25) = (14 2) o) 2.8)

Since (Z; 5(f)(2))" # 0, p(z) + ;55 # 0, ¢'(2) # 0, so differentiating logarithmically on both
sides of (2.8) and simplifying, we get

2(T7 5(f)(2))" 2/ (2) 2¢"(2)
14 b + =1+ ). 2.9
10 T O e M 29
Using (2.7) in (2.9), we have
ap'(z) . 29" (2)
p(z)+p(z)+$ =1+ 72 (z €U). (2.10)
Making use of (2.1) in (2.10), we obtain
zp'(2) B
R <p(z) + FOE 7%) >~ (z € ),
which is equivalent to
2p'(2) B
§R<p(z)+p(z)+fﬁ +2#> >0 (zel). (2.11)

(2.12)

Using (2.11) in (2.12), we have

RY(p(2),20'(2);2) >0 (2 €U).
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In order to prove our result, we use Lemma 1.2. For that we calculate

Rip(is, t;2) =R |is + - ! + 51

zs—}-% 24

Hence, by application of Lemma 1.2 we get

Mp(z)} >0 (€0,
which implies that Z} 5(f)(z) is convex. This complete the proof of Theorem 2.1. i
Remark 2.2. Taking § = 1 in Theorem 2.1, we get the result of Oros (see [7], Theorem 1).

Remark 2.3. Taking n = 1, 8 = 1 in Theorem 2.1, we get the result due to Oros (see [6],
Theorem 2.1).

Next theorem gives sufficient condition for a function f € #(1, 1) such that the image of f
under the integral operator defined in (2.13) below is convex.

Theorem 2.4. Let f € H(1,1), § > 1 and

T.s(f)(z) = (Z‘L /0 t“lfﬁ(t)dt)ﬁ (z € U). (2.13)
If
R (1 T ZXN(Z)) B (z € U) (2.14)
X' (2) 2u ’

then the function defined by (2.13) is convex.
Proof. Let f € H(1,1) so that f is of the form
f)=1+az+az+.. (zel).

From (2.13), we have

Iﬂﬂ

(‘:/ 1+ art + axt? +....)5dt>
!

[ ¢! (1 + a1 8t + (,6’(12 + WT”@%) 2+ ) dt} ’

-1 B
[1 + zlf/iz + (ﬂag + 5(ﬁ2 )a%) u i 22 + }

u
u+1

:1+b12+b22 + ... (2.15)
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Thus, Z,, s(f) € H(1,1). From (2.13), we have
S0 =n [ e PO, 2.16)
0
By differentiating both sides of (2.16) with respect to z, we obtain
(L s (F)(2) + 2B (Lup (£)(2) = ux(2), 2.17)
where 5
/() (2.18)

X(2) = =T
(Zu5(f)(2))7!
Differentiating both sides of (2.17) with respect to z and making use of (2.18) in the resulting

’ HY B 5
(2,501 (2)) (q<z>+ﬂ) )] 2.19)

where
2 (Zus(N)(2)”
WG =14 T ey

Clearly, (Z,,5(f)(2))" # 0, q(2) + & # 0, x'(2) # 0. By logarithmic differentiation of (2.19)

equation, we get

(2.20)

with the help of (2.20) gives
2q'(2) 2x"(2)
=1 2.21
A O R IO 220
Using (2.14) in (2.21) yields
2q'(2) B
R B e
SARTE R R
which is equivalent to
2q(z) B
R lq( T z 2#] >0 2.22)
Lett : C> x U — Cby
: 2q(z) B
¥(q(2),2q'(2); 2) = q(2) + m 2 (2.23)
(2.24)

From (2.22) and (2.23), we have
R (q(z), 2q'(2); 2)

Now

Therefore, the result follows by application of Lemma 1.2. This complete the proof of Theorem
|

24.
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Remark 2.5. Letting 5 = 1 in Theorem 2.4 we obtain the result due to Oros (see [7], Theorem
2).
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