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Abstract The problem of finding solutions to a system of linear quaternion or octonion equa-
tions arises from many practical applications. This paper studies the systems of linear real octo-
nion equations

ax+yb=c ar+yb=c ar+ya=c
za+yb=d ax+by=d axb+yb=d’

ax+by=c ar+yb=c axr+yb=c
za+by=d’ zb+yb=d za+by=d

We present some necessary and sufficient conditions for the existence of solutions to these sys-
tems and give expressions of the general solutions to these systems when the solvability condi-
tions are satisfied.

1 Introduction

It is known that linear equations and systems have been one of the main topics in linear and
nonlinear algebra theory and its applications. The primary work in the investigation of a lin-
ear equation (system) is to give solvability conditions and general solutions to the equation(s).
Among other concerns with a linear equation (system) are the uniqueness of solution, minimal
norm solutions, least-squares solutions, various symmetric solutions, the maximal and minimal
ranks of solutions.

Various kinds of linear quaternion and octonion equations and systems have received much
attention in the literature. (see, for example, [1, 2, 6-17] and the references therein). Due to
the nonassociative and noncommutativity, one cannot directly extend various results on real and
complex numbers to octonions. The book by Conway and Smith [3] gives a great deal of useful
background on octonions, much of it based on Coxeter’s paper [4]. The linear equation az+by =
c called as the Sylvester equation plays a very vital role in control systems design, such as
eigenstructure assignment [8, 12], pole assignment [14, 18] and observer design [5]. In [11]
authors have described the set of solutions of the equation xaw = x + 8 over an algebraic division
ring. The author of the paper [13] has classified solutions of the quaternionic equation ax + xb =
c. In [16] it is solved the linear equations of the forms ax = zb and ax = Zb in the real
Cayley-Dickson algebras (quaternions, octonions, sedenions), and established a form of roots
of such equations. In [6] it is investigated the solutions of the equations of the forms ax = xzb
and ax = Tb for some generalizations of quaternions and octonions. In [15], the general linear
quaternionic equation with one unknown and systems of linear quaternionic equations with two
unknown are solved. In [9], the quaternionic equation ax + xb = c is studied. In [1], Bolat
and Ipek first have considered the linear octonionic equation with one unknown of the form
a(za) = (ax)a = aza = p,with 0 # a € O, second, they have presented a method which
allows to reduce any octonionic equation with the left and right coefficients to a real system of



SOME SYSTEMS OF OCTONION EQUATIONS 293

eight equations and finally reached the solutions of this linear octonionic equation from this real
system. In [2], some complex quaternionic equations in the type ax — xb = c are investigated.
Although there is a considerable interest in studying linear quaternion and octonion equations
(see, for example, [1, 2, 6, 9, 11, 13, 15, 17], only few papers have studied systems of linear
quaternion and octonion equations so far [15, 17].
This paper aims to study the systems of linear real octonion equations

ax+yb=c ar+yb=c ar+ya=c
za+yb=d ax+by=d axb+yb=d’
ar+by=c ar+yb=c axr+yb=c
za+by=d azb+yb=d zat+by=d

(1.1

over the real number field, discussing solvability conditions and giving explicit expressions of the
solutions when these systems is solvable. Some preliminaries about the basic idea of this paper
are provided in Section 2. In Section 3, we present some necessary and sufficient conditions for
the existence of a solution to these systems and give an expression of the general solution to the
systems when the solvability conditions are satisfied. Some conclusions are given in Section 4.

2 Some Preliminaries

In this section, we shortly review some definitions, notations and basic properties which we need
to use in the presentations and proofs of our main results.

The octonions in Clifford algebra C are a normed division algebra with eight dimensions
over the real numbers larger than the quaternions. The field O = C* of octonions

a = apeg + arer + azer + az ez + aueq + ases + ageg + azer,a;(i =0,1,...,7) € R

is an eight-dimensional non-commutative and non-associative R-field generated by eight base
elements ey, ey, ..., eg and e7. The multiplication rules for the basis of O are listed in the following
table

X 1 €1 (%] €3 €4 €5 €6 €7
1 1 el e e3 e4 es es e7
€1 €1 —1 €3 —€s €j5 —€4 —eq7 (&
er | ea —ez —1 el es e; —eq4 —eés
€3 €3 € —€] -1 €7 —€q €5 —€4
eq | e4a —es —eg —e7 —1 e1 e €3
€5 €5 €4 —€7 €g —€] —1 —e3 €2
es | eg e7 e4s —es —en e3 -1 —e
€7 €7 —€6 €5 €4 —e3 —€) €1 -1

Table: The multiplication table for the basis of O.
The conjugate of « is defined by

a = qpey — (1] — ey — (3 €3 — Qieq — (55 — Qg — (7€7

and the octonions « and 3 satisfy (o3) = Ba.
The real and the imaginary parts of « are given by

a+a
2

= Qp€o

and

_ 7
o —
D) - E QLEL,
k=1

respectively.
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The product of an octonion with its conjugate, @a = a@, is always a nonnegative real number:

7
aaq = Zai. (2.1
k=0

Using this, the norm of an octonion can be defined as
o]l = Vaa.

This norm agrees with the standard Euclidean norm on R? and the octonions « and 3 satisfy
leeB]| = Nl {|B]].

The existence of a norm on O implies the existence of inverses for every nonzero element of
O. The inverse of o # 0 is given by

paE— (2.2)
[[exll
and it satisfies o la = aa~! = 1.
For k € R, the octonion k.« is the octonion
7
k.o = Z (ko) e;. (2.3)
i=0
The scalar product of the octonions a, 8 € O is
7
(0, B)=> i (2.4)
i=0
Also, although O is nonassociative, for all «, 8 € O, the following equalities hold:
a(af) =a?B, (Ba)a=pa?, (af)a=a(Ba)=afa. (2.5)

A useful method for investigating the problems of equations in octonions is to use real matrix
representations. This method has widely been employed for quaternionic equations in some
recent papers [16] and [17]. We now present matrix representations of octonions and some basic
results related to these representations, which will be serve as a tool for our examination in the
sequel.

7

Definition 2.1.Let z = ) x;e; € O. Then 7 = [0, 1, T2, T3, T4, Ts, Te, x7]T is called as the
i=0

vector representation of x.

Definition 2.2.[17] Let a = o' + o’’e € O, where o/ = ag + aii + azj + azk, o/ =

g + asi + agj + a7k € H. Then the 8 x 8 real matrix

I oy —«&1 —Qp —O3 —04 —O05 —Qf —Q7 1
(e3] oy —Qa3 Q) —Qj5 (67} Q7 —Qg
(6%) (0] oy —O01 —Q —Q7 (6 7] Qs

w (a) _ a3z —Q (e7%] oy —Q7 Qg  —Qj5 (67} (26)

(67} (%] (673 (0%} Gy —Qp —0r —Q3

Q5 —0y Q7 —0Og a1 (%)) a3z —Q

Qg —Q7 —04 (%] Gy —Q3 (%) a1

(%] Qg —Q5 —04 (0% Q) —Oq (6%))

is called the left matrix representation of « over R.

Let c,,,,, be the first column of the matris w (a) . Then, it is obviously that o= Chy(a)”
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Theorem 2.3. [17] Let o, x € O be given. Then
at=w(a) . (2.7

Definition 2.4. [17] Let o« = o/ +a”’e € O, where o = ag+ 11+ azj + azk, o' = ag + asi +
agj + a7k € H. Then the 8 x 8 real matrix

Q) —Q1 —OQp —O03 —04 —05 —0Qf —Q7
a1 (&%) a3 —Q) a5 —yq —Q7 (678
Qy —Q3 (&7 aq Qe a7 —0y4 —Q5

v (a) _ [0 %] Qp) —Qq (&%) a7 —Qp a5 —0y (2.8)
a4 —0Q5 —0 —Q7 (&7} aq (6] a3
(67 Q4 —Q Qg —Oq Qg —Q3 (6%}
(673 Q7 Q4 —Q5 —Qo [0%3 oy —Ogq
Q7 —Qg Qs Q4 —Q3 —Q (03] (&%)

is called the right matrix representation of « over R.

Let c, ) be the first column of the matris v (a) . Then, it is obviously that o= Cha):

Theorem 2.5, [17] Let a, x € O be given. Then
Td =0 (o). (2.9)

Next we give the properties of the obtained left and right real matrix representations for the
octonions.

Theorem 2.6. [17] Let o, x € O, A € R be given. Then
(i) a =B w(a)=w(p),

(i) w(a+ ) =w(a)+w(f),
(iii) w (Aa) = w (a), w (1) = Ig,
(iv) w(@) = w” (a),

v) a=pg<v(a)=0v(8),

(vi) v(a+B)=v(a)+v(8),
(vii) v (Aa) = dv(a), v (1) = I,
(viii) v (a) = o7 (a),
(zx)wl(a)—w( Y, for a #0,
(x) v (a) =v (), fora #0.

Theorem 2.7. [17] Let o € O be given. Then the two matrix representations satisfy the following
three identities

Theorem 2.8. [17] Let o, B € O be given. Then their matrix representations satisfy the follow-
ing identities
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Also, note that the Moore-Penrose inverse of a matrix A € C™*", denoted by AT, is defined
to be the unique matrix X € C™"*™ satisfying the four matrix equations

() AXA = A, (i)XAX = X, (iii)(AX)" = AX, (iv)(XA)" = XA,

and a matrix is called as a g-inverse of A, denoted by X = A, if it satisfies AX A = A.
Throughout this paper, let the symbol é(«, 3) stand for the matrix w(«) — v(8).
The following theorem gives a formula for the g-inverse of §(a, ).

Theorem 2.9. [17] Let o € O be given with o ¢ R. Then
8 (a,a) = —4|Ima)’ §(a, a), (2.10)
and 6(«, o) has a generalized inverse as follows

0 (o, ) = ;5(04,04). (2.11)

74|Ima\2

Theorem 2.10. [ /7] Let o, 5 € O be given. Then the linear equation ax = x3 has a nonzero

solution if and only if
Rea = Refs and |Ima| = |[Imf]. (2.12)

a) In that case, if B # @, i.e. Ima + Imp # 0, then the general solution of ax = x can be
expressed as

z = (Ima)p+p(Imp), (2.13)
where p € A(w, B8), the subalgebra generated by o and f3, is arbitrary, or equivalently

z =X (Ima+ ImpB) + X [[Imal [ImB] — (Ima) (Imp)], (2.14)

where A1, Ay € R are arbitrary.

b) If B = @, then the general solution of ax = 3 is
r=u=x1e; + xey + ... + x7€7, (2.15)
where v1 — 17 satisfy a1z + apxy + ... + azzy = 0.

In [17], two octonions « and 3 are called to be similar if there is a nonzero p € O such that
a = pBp~!, which is written as o ~ 3. Thus, Theorem 2.10 shows that two octonions are similar
if and only if Rea = Ref and [Ima| = |[Imp].

Theorem 2.11. [17] Let o, § € O be given with o ¢ R . Then the linear equation ax — xa = 3
has a solution in O if and only if the equality o8 = Sa holds. In this case, the general solution
of ax —xa = B is

1

r=—-s
4|Imal’

(Ba—apf) +p— —— (Ima) p(Ima), (2.16)

\Imal*

where p € O is arbitrary.

3 Solving some kinds of two-sided systems of linear equations over O

In this section, we present some necessary and sufficient conditions for the existence of a solution
to the systems given in (1.1) and give an expression of the general solution to the systems when
the solvability conditions are satisfied.

Proposition 3.1. Consider a system of linear octonionic equations of the form

3.1

ar+yb=c
ra+yb=d
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where a,b,c,d € O — {0} are given octonions and x,y are unknown octonions. Then the linear
equation system (3.1) has a solution in O. In this case, the vector representations of the general
solution of system (3.1) are

T = 6 (aa) (CTZZ) +2 (L~ 6 (a,0)6 (a,a)] T,
7 o= o (1) (7wl |5 (aa) (cTé) +2 [ -6 (0,0)6(a,)] 7)),
where ? is an arbitrary vector in O.
Proof. From the system of linear octonionic equations (3.1) , we obtain
ar —xa=c—d. (3.2)

According to Egs. (2.7) and (2.9), the equation (3.2) can equivalently be written as
—

[w(a) —v(a)] Z =6 (a,a) @ = c—d. (3.3)

Since a ~ a, we know by Theorem 2.11 that ax = za has a nonzero solution. Thus ¢ (a,a) is
singular since a ~ a. In that case, Eq. (3.2) is solvable if and only if

d(a,a)d” (a,a)c—d=rc—d,

and in this case the general solution of Eq. (3.3) can be expressed as
Z =06 (a,a) (c — d) +2[Is— 6 (a,a)é(a,a)] T, (3.4)

where 7 is an arbitrary vector in O. From the system of linear octonionic equations (3.1) , the
equation azx + yb = ¢, can equivalently be written as

w(a)Z + o)y = 7¢. (3.5)

Then, substituting in the equation (3.5) of the solution 2, we obtain

T =0 (4) (7 —wla) [5 (a,0) (c’fé) +2 (I~ 6 (a,0)6(a,)] 7).

Proposition 3.2. Consider a system of linear octonionic equations of the form

ar+yb=c }

3.6
ar+by=d (3.6)

where a,b,c,d € O — {0} are given octonions and x,y are unknown octonions. Then the linear
equation system (3.6) has a solution in O. In this case, the vector representations of the general
solution of system (3.6) are

7 = wl(@) (7o) [ kD) (dTé) +2 [l -5 (b,0)3(6,0)] 7).
T = 6 (bb) (cﬁ;) +2 [l — 6~ (b,b) 3 (b,b)] T
where T is an arbitrary vector in O.
Proof. From the system of linear octonionic equations (3.6) , we obtain
by —yb=d—c. (3.7)

According to Egs. (2.7) and (2.9), the equation (3.7) can equivalently be written as
—

[wd) —v(®)] Y =6(b,b) Y =d—c. (3.8)



298 Ahmet Ipek and Cennet Bolat Cimen

Since b ~ b, we know by Theorem 2.11 that by = yb has a nonzero solution. Thus § (b, b) is
singular since b ~ b. In that case, Eq. (3.7) is solvable if and only if

5(b,b)5™ (bb)d—ec=d—ec,

and in this case the general solution of Eq. (3.8) can be expressed as
—
T =6 (d=c)+2[Is -5 (b:0)5(b,b)] 7, (3.9)

where 7' is an arbitrary vector in O. From the system of linear octonionic equations (3.6), the
equation ax + yb = ¢, can equivalently be written as

w(a)Z + o)y = 7¢. (3.10)

Then, substituting in the equation (3.10) of the solution 7/, we obtain

T =w (o) (T —v®) [0 (0,0) (A= ¢) +2[Is =6~ (0,5) 5 (0,5)] F]) -

Proposition 3.3. Consider a system of linear octonionic equations of the form

ar +ya =c (3.11)
zb+yb=d '

where a,b,c,d € O — {0} are given octonions and x,y are unknown octonions. Then the linear
equation system (3.11) has a solution in O. In this case, the vector representations of the general
solution of system (3.11) are

7 w™! (a) (? — o (b) [5* (a,a) w (a) v (b) (7 — v (b)w! (a) ?)
+2 I — 6 (a,a)d (a,a)] ?]) ,
Y o= 0 (a,a)w(a)v(b) (7—v(b)w_1 (a) ?) +2[Is— 6 (a,a)é(a,a)] 7,

where ' is an arbitrary vector in O.

Proof. According to Egs. (2.7) and (2.9), the system of linear octonionic equations (3.6) can

equivalently be written as
)7 +v(a)y =7
7 +o) T =d

Then, from first equation in here we have

w(a)Z =7 —v(a)Y.

Since a # 0, thus w(a) is invertible matrix, and so a direct calculation gives

7 =w () [ —v(@)7).

(3.12)

From the 7’ obtained in here and the equation
W) T +o(0)F = d,

it is easily derived that

v(b)w(a) [@ = v(a)T] + o) T = d.
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With right distributive law in octonions, we can easily obtain
—o(B)w (a)v(a) T + o) T = d — v(b)w(a) 7

or

v(b) [~w N (a)v(a) + ] T = d — v(b)w(a) 2.

Since b # 0, thus v(b) is invertible matrix, and therefore, it is easily obtained
[~ (@)u(a) + B T =7 0) [d —v()w(0) ]
With right distributive law in octonions, the relation in here can be equivalently rewritten as
w™(a) [~v(a) + w(@)] T ="' (1) [d —o(B)u ! (@)
So we can obtain the following conclusion
[~v(a) + w(a)] T = w(a)o™" (b) {7 - v(b)w‘l(a)?} (3.13)

Since a ~ a, we know by Theorem 2.11 that axz = za has a nonzero solution. Thus ¢ (a,a) is
singular since a ~ a. In that case, Eq. (3.13) is solvable if and only if

§(a,a) 6~ (a,a) @ = @ with @ = w(a)v~ (b) [7 —v(byw (@) 2],
and in this case the general solution of equation (3.13) can be expressed as
Y =6 (a,a)w(a)v(b) [3 — v(b)w_l(a)?} +2[Is =6 (a,a)d(a,a)] 7, (3.14)
where 7 is an arbitrary vector in O. Then, substituting in the equation
7 =w(a)[@ ~v(a) 7]

of the solution 7, we obtain

7 = w (@) (7o) 6 (@a)w(@) v () (d=v®)w(a) ?)
+2 [Ig -0 (a,a)d (a,a)] ?]) )

Thus, the proof has been completed. O

Proposition 3.4. Consider a system of linear octonionic equations of the form

(3.15)

axr +by =c
ra+by=d

where a,b,c,d € O — {0} are given octonions and x,y are unknown octonions. Then the linear
equation system (3.15) has a solution in O. In this case, the vector representations of the general
solution of system (3.15) are

7 = 5*(a,a)((:>l)+2[Ig—6*(a,a)5(a,a)]7

-y

v = wlb) (?}—w(a) [(5*(a,a)(c—d +2[Ig—5*(a7a)5(a,a)]?}>,

where T is an arbitrary vector in O.
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Proof. From the system of linear octonionic equations (3.15) , we obtain
ar —xa=c—d. (3.16)
According to Egs. (2.7) and (2.9), the equation (3.16) can equivalently be written as
[w(a) —v(a)] T =8 (a,a) F = c—d. (3.17)

Since a ~ a, we know by Theorem 2.11 that ax = za has a nonzero solution. Thus ¢ (a,a) is
singular since a ~ a. In that case, Eq. (3.16) is solvable if and only if

d(a,a)d” (a,a)c—d=rc—d,

and in this case the general solution of equation (3.17) can be expressed as
T =6 (a,0) (c—d) +2 [k~ 6 (a,0)3(a,0)] T, (3.18)

where 7 is an arbitrary vector in O. From the system of linear octonionic equations (3.15) , the
equation ax + by = ¢, can equivalently be written as

()2 +wb)y =7. (3.19)

Then, substituting in the equation (3.19) of the solution 2, we obtain

T =wt0) (¢ - w5 (@.a) (?3) +2 [y~ 6" (a,0) 8 (a,0)] 7).

Proposition 3.5. Consider a system of linear octonionic equations of the form

ax+yb=c (3.20)
zb+yb=d '

where a,b,c,d € O — {0} are given octonions and x,y are unknown octonions. Then the linear
equation system (3.20) has a solution in O. If a is similar to b then the vector representations of
the general solution of system (3.20) are

7 = 6 (ab) (dTZ) +2 Iy — 6™ (a,b) 6 (a,b)] 7,
T o= o 0)[7-w@) |67 (@b) (d=¢) +2 [l = (a,b) 3 (ab)] ]|,

where ? is an arbitrary vector in O, and if a is not similar to b then the vector representations
of the solution of system (3.20) are

7 o= 5wt (c—d),
7 o= o [ —w(e) (57 @) (c=d))].

Proof. From the system of linear octonionic equations (3.20) , we obtain
ar —xb=c—d. (3.21)

According to Egs. (2.7) and (2.9), the equation (3.21) can equivalently be written as
——

[w(a) —v(b)] 7 =0(a,b) @ =c—d. (3.22)
Under a ~ b, we know by Theorem 2.11 that az = b has a nonzero solution. Thus § (a,b) is
singular under a ~ b. In that case, Eq. (3.21) is solvable if and only if

§(a,b)6~ (a,b)c—d=c—d,
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and in this case the general solution of equation (3.22) can be expressed as
T =6 (a,b) (e d) +2[ls— 67 (a,0) 0 (a,)] T, (3.23)

where 7/ is an arbitrary vector in O. From the system of linear octonionic equations (3.20) , the
equation ax + yb = ¢, can equivalently be written as

Q)T +o(b)T = 7. (3.24)

Then, substituting in the equation (3.24) of the solution ', we obtain
7= 0) (¢ - wlo) [5 (@) (CTEZ) +2 [l =6 (,0) 6 (a,0)] 7))
If a is not similar to b, clearly the equation (3.22) has a unique solution
T =06 (a,b) (5’—71) .
Thus, substituting in the equation (3.24) of the solution 2, we obtain

7 =07 0)[7 ~wla) (57 @0) (c=d))]

Proposition 3.6. Consider a system of linear octonionic equations of the form

ar+yb=c }

3.25
ra+by=d ( )

where a,b,c,d € O — {0} are given octonions and x,y are unknown octonions. Then the linear
equation system (3.25) has a solution in O. If ab is similar to ba then the vector representations
of the general solution of system (3.25) are

7 = w (@) (7 - o) [5 (ab,ba) w(a) (7 —v(a)w(a) @)
+2 [Is — 6~ (ab,ba) & (ab, ba)] F])
Y = 6 (ab,ab) (w (a) q - (a) ?) +2[Is — 0~ (ab,ab) & (ab,ab)] 7,

where ' is an arbitrary vector in O, and if ab is not similar to ba then the vector representations
of the solution of system (3.25) are

7 = wl(a) (7 —v(b) [(5—1 (ab, ba) w(a) (7 — v(a)w_l(a)?)}) ,
Y = 6 (ab,ba)w(a) (7 — v(a)w‘%a)?) .
Proof. According to Eqs. (2.7) and (2.9), the system of linear octonionic equations (3.25) can

equivalently be written as
)7 +ub)y =7
7+wb7—7

Then, from first equation in here we have
w(a)@ =7 —v(b)Y.
Since a # 0, thus w(a) is invertible matrix, and so a direct calculation gives

7 =w(a) (T —v(b)¥).
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Substituting the 7 obtained in here into the equation
v(a)Z +w(b)y = d
it is easily derived that
v@)w () (Z ~o®)F) +w) T = d.
With right distributive law in octonions, we can easily obtain
—v(@)w (@) T +w®)T = d —v@)uw(@)?

or

wl(a) [—v(a)v(b) + wla)w(b)] Y = q - v(a)w Ha) . (3.26)
Using the facts in Theorem 2.8

w(ab) + w(ba) = w(a)w(b) + w(b)w(a) and w(ab) + v(ab) = w(a)w(b) + v(b)v(a)

we get the following:
w(ba) — v(ab) = w(b)w(a) — v(b)v(a).

Thus, from here and by the invertibility of the matrix w=!(a) we get
[w(ab) — v(ba)] ¥ = w(a) (7 — v(a)wil(a)7> : (3.27)

Under ab ~ ba, we know by Theorem 2.11 that (ab)x = z(ba) has a nonzero solution. Thus
d (ab, ba) is singular under ab ~ ba. In that case, Eq. (3.27) is solvable if and only if

5 (ab,ba) 6 (ab,ba) @ = @ with @ = w(a) (d — v(a)w () 7).
Hence, the general solution of equation (3.8) can be expressed as
7 =6~ (ab, ba) w(a) (7 - v(a)w—l(a)?) +2[Is — 6~ (ab,ba) § (ab,ba)] 7, (3.28)
where 7 is an arbitrary real vector. Then, substituting in the equation
7 =wa) (T~ o(t)¥)

of the solution 7, we obtain

7 = w(a) (T —o(b) [5 (ab,ba) w(a) (7 — o(a)u}(a)?)
+2 [Is — 6~ (ab,ba) & (ab, ba)] F])
If ab is not similar to ba, clearly the equation (3.27) has a unique solution
7 =6~ (ab, ba) w(a) (7 —v(a)w(a) 7).
Then, substituting in the equation
7 =w(a) (T —v())7)
of the solution 7, we obtain

7 =w (@) (7 = o) [57 (ab,ba) w(a) (7 —w(@)w(a)7)]).



SOME SYSTEMS OF OCTONION EQUATIONS 303

4 Conclusions

In this paper, a new computational method based on the left and right matrix representations of
octonions is used for solving the systems given in (1.1). This method transforms the equation
into a matrix equation and the unknown of this equation is a real vector. Solutions are easily
acquired by using this matrix equation, which corresponds to a system of linear algebraic equa-
tions. Employing the left and right matrix representations to solve systems of linear real octonion
equations is very simple and effective.
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