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Abstract In this note we give estimates for Fourier multipliers on Besov spaces. We present
a class of bounded non-invariant pseudo-differential operators on Compact Lie groups.

1 Introduction

Given a compact Lie group G, in this paper we establish continuity properties of Fourier multipli-
ers defined on compact Lie groups when acting on Besov spaces. In our analysis on a Lie group
G, the set G denotes the unitary dual of G, i.e. the set of equivalence classes of all strongly
continuous irreducible unitary representations of G. So, if £ : G — U(Hg) is an irreducible
unitary representation and o(¢) € C% > the corresponding Fourier multiplier Op(c) is the
pseudo-differential operator formally defined by the formula

Op(0)f(z) = Y deTr[é(x)o(§)(FF)(€)] (1.1)

[)e@

where, the summations is understood so that from each class [¢] we pick just one representative
¢ €[], de = dim(Hy) and (. f)(€) is the Fourier transform at ¢ :

(F1)©) = Fle) = /G F(@)E(x) do € Clexde, (12)

Besov spaces on compact Lie groups where introduced and analyzed in [23] and they form scales
By ,(G) carrying three indices r € R, 0 < p, ¢ < oo. There are several possibilities concerning
the conditions to impose on a symbol ¢ in the attempt to establish a Fourier multiplier theorem
of boundedness on Besov spaces and Lebesgue spaces (see [3, 6, 9, 10, 11, 30] ). However, our
work is closely related with a recent result by Michael Ruzhansky and Jens Wirth [30]:

Theorem 1.1. Let G be a compact Lie group. Denote by s the smallest even integer larger than
1dim(G). Let Op(c) be a Fourier multiplier and assume that its symbol o(€) satisfies

D20 (&) lop < Cal&) ™1, forall o] < s, and [¢] € G. (1.3)
Then, Op(o) is of weak type (1,1) and bounded on LP(G) for all 1 < p < .
In this paper we prove the following theorems

Theorem 1.2. Let G be a compact Lie group and Op(c) be a Fourier multiplier. If Op(o) is
bounded from LP'(G) into L (G), then Op(c) extends to a bounded operator from B, (G)
into By, (G),forallr € Rand 0 < q < 0.

Theorem 1.3. Let G be a compact Lie group and Op(c) be a Fourier multiplier. If Op(o) is of
weak type (1,1) then Op(o) extends to a bounded operator from Bf (G), into By, (G) for all
reRO<g<occand0<p<l1.

As a consequence of our theorems and the estimate by Ruzhansky and Wirth we obtain:
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Theorem 1.4. Let G be a compact Lie group. Denote by s the smallest even integer larger than
3dim(G). Let Op(c) be a Fourier multiplier and assume that its symbol o(€) satisfies

D0 (&) ]|op < Cal&) ™1, forall |o] < s, and [¢§] € G. (1.4)
Then, Op(o) is a bounded operator on By, ,(G) forall 1 < p < oco,r € Rand 0 < q < oo.

Theorem 1.5. Let G be a compact Lie group. Denote by s« the smallest even integer larger than
3dim(G). Let Op(c) be a Fourier multiplier and assume that its symbol o(€) satisfies

D0 (&) ]lop < Cu ()1, forall |a| < s, and [¢] € G. (1.5)

Then, Op(o) is a bounded operator from By, ((G) into BY ,(G) for all0 < p < 1,r € R and
0<q<o0.

Theorem 1.4 can be extended to the case of non-invariant pseudo-differential operators. For this
we use a version of the Sobolev embedding theorem. This approach was used by Ruzhansky and
Wirth [30], (see also Ruzhansky-Turunen [28] and [29]) in order to get LP multiplier theorems
for non-invariant pseudo-differential operators. In this work we consider the global quantization
of operators on compact Lie groups proposed in [24, 25]. If

"‘Cdg X dg

o(x,8): G x G — Ugea

is a measurable function, the corresponding non-invariant operator is the pseudo-differential
operator defined formally by

Op(0)f(x) = Y deTrlé(x)o(x,&)(F £)(9)]. (1.6)

€led
With this in mind, we present the following result.

Theorem 1.6. Let G be a compact Lie group and n = dim(Q) its dimension. Denote by »
the smallest even integer larger than %, and | = [n/p] + 1. Let Op(c) be a pseudo-differential
operator on G and assume that its symbol o (x, £) satisfies

102D 0 (2,€)[lop < Cale) ™1, forall |a| < s |8 <land[€] €q. (1.7)
Then, Op(o) is a bounded operator on By, ,(G) forall 1 < p < oo, r € Rand 0 < q < oo.

We note that in the commutative case of the n-dimensional torus G = T" conditions on the
number of derivatives on the symbol in the {-variable, and assumptions on the size of these
derivatives can be relaxed. This is possible by the following result which was proved by Julio
Delgado in [18].

Theorem 1.7. Let 0 < ¢ < 1 and k € N with k > %, let o be a symbol such that |D*o(x, )| <
Co (&)= 35~ 0=e)lel 1980 (2, €)| < Cs(€)~ %, for |al, |B| < k. Then, Op(o) is a bounded operator
Sfrom LP(T™) into LP(T") for2 < p < occ.

Now, by using Theorem 1.2 and the estimate by Delgado we deduce the following Besov
estimate.

Theorem 1.8. Ler 0 < ¢ < 1 and k,l € Nwithk > 3 and | > 2, let o(z, &) be a symbol

such that |0°D%0 (x,€)| < Cy (€)= 2=l for |a| < k,|B| < 1. Then, Op(c) is a bounded
operator from B, (T") into By, ,(T") forall 1 <p < oo, r € Rand 0 < q < occ.

This paper is organized as follows. In Section 2, we summarizes basic properties on the
harmonic analysis on compact Lie groups including the Ruzhansky-Turunen quantization of
global pseudo-differential operators on compact-Lie groups and the definition of Besov spaces
on such groups. Finally, in Section 3 we proof our results on the boundedness of invariant and
non-invariant pseudo-differential operators on Besov spaces.
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2 Preliminaries

In this section we will introduce some preliminaries on pseudo-differential operators on compact
Lie groups. There are two notions of pseudo-differential operators on compact Lie groups. The
first notion in the case of general manifolds (based on the idea of local symbols, as in Hérman-
der [21]) and, in a much more recent context, the one of global pseudo-differential operators on
compact Lie groups as defined by [28] (from full symbols, for which the notations and termi-
nologies are taken from [28]). We will always equip a compact Lie group with the Haar measure
p- For simplicity, we will write [, fdx for [, fdug, LP(G) for LP(G, ug), etc. The following
assumptions are based on the group Fourier transform

B(e) = /G (2)€(x)"dx, = Y dTr(E@)3(E)).

[eleG

The Peter-Weyl Theorem on G implies the Plancherel identity on L*(G),

1

2

lellze = | D deTr@©2©)) | =118l

[eleC

Here
[Allms = Tr(AA"),

denotes the Hilbert-Schmidt norm of matrices. Any linear operator A on G mapping C*°(G)
into D’ (G) gives rise to a matrix-valued global (or full) symbol o 4(z, &) € Cde*de given by

oa(x,€) = ()" (AL)(x), (2.1)

which can be understood from the distributional viewpoint. Then it can be shown that the oper-
ator A can be expressed in terms of such a symbol as [28]

Z deTr[¢(z)oa(z, €) F(E)]. (2.2)
gl

In this paper we use the notation Op(c4) = A. LP(G) spaces on the unitary dual can be well
defined. If p = 2, L*(G) is defined by the norm

= > delIT©) s

leleG

Now, we want to introduce Sobolev spaces and, for this, we give some basic tools. Let & €
Rep(G) := UG, if z € Gis fixed, £(x) : He — He is an unitary operator and d¢ := dim He < oo.
There exists a non-negative real number A, depending only on the equivalence class [¢] € G,
but not on the representation £, such that —Lg&(z) = Ag&(x); here Lg is the Laplacian on
the group G (in this case, defined as the Casimir element on G). Let (£) denote the function

(€) = (14 \g))?.
Definition 2.1. For every s € R, the Sobolev space H*(G) on the Lie group G is defined by the
condition: f € H*(G) if only if (¢)*f € L*(G).

The Sobolev space H*(G) is a Hilbert space endowed with the inner product (f,g)s =
(Asf,Asg) 2(G)» where, for every r € R, A; : H” — H"~* is the bounded pseudo-differential
operator with symbol (£)*1.

Definition 2.2. Let (Y, )dlm( ) be a basis for the Lie algebra g of G, and let 0; be the left-invariant
vector fields correspondlng to Y;. We define the differential operator assomated to such a basis
by Dy, = 0; and, for every a € N", the differential operator O is the one given by 95 =
oft -+ 9%, Now, if & is a fixed irreducible representation, the matrix-valued difference operator

. . d Lo . .

is the given by D¢, = (D, 5), O =&() -1 de, - 1f the representation is fixed we omit the index
& so that, from a sequence D} = ]D)Eo, g > Dy = D¢, 4. 4, of operators of this type we define
D* = DJ*--- D&, where o € N"™.

n
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Definition 2.3. We introduce the Besov spaces on compact Lie groups using the Fourier trans-
form on the group G as follow. Letr € R, 0 < g < coand 0 < p < oo. If f is a measurable
function on G, we say that f € By (G) if f satisfies

1
1, = (2 Y deTle@ TNt | <oo 2.3)
m=0 2m (g)<2m
If ¢ = oo, By . (G) consists of those functions f satisfying
gy =sup 2™ YT deTrlE(w) (9] o < oo (2.4)

meN 2m<(g)<om

In the case of p = ¢ = co and 0 < r < 1 and G = T we obtain B,  (T) = A"(T), that is
the familiar space of Holder continuous functions of order r. According to the usual definition,
a function f belongs to A" if there exists a constant A such that: |f(z)| < A and

fl@—y) - @) _

[Flar = sup
z,y ly|”

These are Banach spaces together with the norm

[fllar = Iflar + sup [f(z)].
zeT

3 Proofs

In this section we prove our results which were presented above. We treat the theory with
basic methods. In our tools we consider the Sobolev embedding theorem and basics on Fourier
analysis. We star with the proof of the Theorem 1.2.

Theorem 3.1. Let G be a compact Lie group and Op(c) be a Fourier multiplier. If Op(o) is
bounded from L?'(G) into LP*(G), then Op(o) extends to a bounded operator from B}, (G)
into By, (G),forallr € Rand 0 < q < oc.

qu(

Proof. First, let us consider a multiplier operator Op(c) bounded from LP!(G) into LP?(G), and
f € C*>(@Q). Then, we have

ITfllLr2(e) < CllfllLea

where C' = ||T|p(ze1 1) is the usual operator norm. We denote by xm (€) the characteristic
function of

m =€ 2™ < (€) <27
and Op(x» ) the corresponding Fourier multiplier of the symbol x.,, (§)I¢. Here, I is the identity
operator in C%* ¢, By the definition of Besov norm, if 0 < ¢ < oo we have

10p(a) 15, , ZT”“’H Y deTrE(@) F(0p(o) NN

2m S <£> <21n+l

= 302 S de - v (€THE)F (Op(o) ) e

m=0 [E]Gé
—ZW%Z%n X ()T EF NN
= [le@
= 22 3 de - Tr{g(@)o(€)-F (0p(xm) ) ()] s e
m=0 [€le@

= > 29)0p(0) (O (xm) )] 402 -

m=0
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By the boundedness of Op(o) from L?!(G) into L2 (G) we get,

NE

10p(@)f1l%r, < S 279 Op(xm) %01 5

3
I
(=]

2mraca|| Z de - Tr[€(2)xm (§) L Z ()]0, (@)

[ele@

M il

2mraca|| Z de - Trlg(x)Le.Z (f) (O Lo ()
=0 am<(gy<amt!

3

S e Y e T F O
m=0

2m (g)<2mtl
_ q q
= A1,

Hence,

10p(a) fll 57, < ClifllBr,, o

If ¢ = 0o we have

10p(@) fll5r,, . = sup 27711 D~ deTr[E(2)-F (0p(a) f)(E)]]l o (e

meN 2m L (g) <oml

= sup 2| Y de - X () Trl€ ()7 (Op(0) ) (€] r2(cr

mel e

= sup 27| D de - Trlé(2)xm () ()(F ) o ()

mel €]eG

= sup 2"7|| Y de - Tr[¢(2) 0 ()-F (Op(xm) £) ()]l L2

meN [5]6@

= sup 2""10p(a) [(OP(xm ) )]l e () -

Newly, by using the fact that Op(c) is a bounded operator from L?'(G) into L?2(G) we have,

10p(a) fllBr,, . < sup 2" CN0p(xm) f | 71 ()
= sup 2mCY| N de - Tr[E (@) xm () 1e Z ()l 1o ()
" [e]eG

=sup 2™C| > de TrlE(@) e F (£ Lo a)

meN

2m§<£><27n+]
=sup 20| Y de - TrlE(@) e F (£l
meN 2m < (g) <am
=CllfllBry, o

This implies that,
10p(0) fllry, o < ClifllBr,,
With the last inequality we end the proof. O

The proof of Theorem 1.3 depends on the following result due to Kolmogorov (see Lemma
5.16in [19]).
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Lemma 3.2. Given an operator S : (X, ) — (Y,v) which is of weak type (1,1), 0 < v < 1, and
a set E C'Y of finite measure, there exists a C > 0 such that

/E ISF@) dz < Cu(B) ) 3.1

Theorem 3.3. Let G be a compact Lie group and Op(c) be a Fourier multiplier. If Op(o) is of
weak type (1,1) then Op(o) extends to a bounded operator from from By (G), into B, ,(G) for
alreR,0<g<o0and0<p< 1.

Proof. Let us consider a Fourier multiplier Op(c) on G of weak type (1,1). By Lemma 3.2
we deduce the boundedness of Op(c) from L'(G) into LP(G) for all 0 < p < 1. Finally, by
Theorem 1.2 we obtain that Op(c) is a continuous multiplier from By (G), into B} ,(G) for all
O<p<l,reRand0 < g < co. O

Remark 3.4. We observe that Theorems 1.4 and 1.5 are an immediate consequence of the The-
orems 1.1, 1.2 and 1.3.

Now we extend the boundedness of Fourier multipliers on Besov spaces, to the case of non-
invariant pseudo-differential operators.

Theorem 3.5. Let G be a compact Lie group and n = dim(Q) its dimension. Denote by »

the smallest even integer larger than %, and | = [n/p] + 1. Let Op(o) be a pseudo-differential
operator and assume that its symbol o (x, ) satisfies

102D 0 (2,€)[lop < Cale) ™10, forall |a| < s, |8 <land[€] €G. (3.2)
Then, Op(o) is a bounded operator on By, ,(G) forall 1 < p < oco,r € Rand0 < q < oo.

Proof. Let f € C*°(G). To prove this theorem we write

= Y deTrle(@)o(x,€) F(€)]

[€le@

/ (Z deTr[¢(y ") (m)}) f(y)dy

[gle@

-/ (ngTr w])f( “1)dy.

[led@

Hence Op(o) f(z) = (x(=,-) * f)(z), where

2y) = Y deTrlé(y)o(z,6)] (3.3)

leleC

and * is the right convolution operator. Moreover, if we define A, f(z) = (k(z,-) * f)(z) for
every element z € GG, we have

Az f(x) = Op(o) f(z), = €G.

For all 0 < |B| < [n/p] + 1 we have 9% A, f(z) = Op(d2a(z,-))f(x). So, by the condition 3.2
and Theorem 1.2, for every z € G, 0 A, f = Op(dJo(z,-))f is a bounded operator on By (G)
foralll < p < oo, € Rand 0 < ¢ < oo. Now, we want to estimate the Besov norm of
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Op(o(-,-)). First, we observe that

p

Y deTilé(x) F(0p(o)f)(€)]

2m§<§><2m+1

Lp

;:/ dETI‘ /Op ] dx
G 27n< <27n+l
p

:/ de T e /Af

@ 2m<<5><2m+1

p

< /G swp | D0 deTHE() F(ALf)(€))| e

zE

2m S <£> <217L+l

By the Sobolev embedding theorem (Theorem 3.1.3 of [1]), we have

P

sup
zeG

Y deTr[e(x) F (AL f)(E)]

om S <§> <27n+]

SY [ X amkwsopeiaenne) d

1BI<i am<(g)y<am™t

S sup Y deTilE(@) F(0p(dlo (=, ))f)(E)]| de

BISU)G |y < (e 2mns

From this, and the Sobolev embedding theorem we have

/ sup
G zeG

P

ST deTrle(a) AL f(y)E(y)]| dy

om < <£> <2m+l1

S Y i@ s opetot N duds
\5\<l 2m < (g)<2m
up r|é(x)F bo(z,- xdz
ssw [ LY w7 O0p02e e D) doa
su deTr[é(z).Z (0p(dPo(z,- dx
S AR SR
= s Y @) F OO NNEN
|BI<l,z€G am < (€) <2ml

Hence,

I > deTrlé(2)-F (0p(a) f)()]]lr

2771, S <E> <2'77L+1

S sup | Y deTrlé(2)F(O0p(9lo(z,)) )(E)]] s

|81<l,2€G 2m<(g)<amt!
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Thus, considering 0 < ¢ < co we obtain

By ,(T) = (Z 2mall Y deTrlé(2)F (0p(o) £)(€)]
m=0

2ﬂl§<£><27n+1

10p(o) /]

q)fl
p

Y deTiE(@) F(0p(dla(z,))f) (&)

2m S <§> <2m+l

q)é
Lr

< (i 2mT sup

m=0 |B|<l,z€G

We define for every z € T the non-negative function z — g(z) by
q

deTr[¢ (x) 7 (Op(9Z o (z,)) ) (€)]

om < <E> <2m+l

g(z) = sup
18I<I

Lr
We can choose a sequence (z,,)n,eny C T such that (g(zy,)), is increasing and

lim g(z,) = supg(z).

n—oo 2€T

So, by an application of the monotone convergence theorem we have

1

(5 mramio) = (S0 )

m=0 z€T m=0
— [y mrq
= (nlgrgo Z 2 g(zn)>
m=0
1
o q
=, (Z 2m%<zn>>

m=0

1
q

1

con(S20)

zE’]I‘

Hence, we can write

10p(0) fll3; (sz sup

Y deTié(@) F(0p(do(z, ) f)(E)) )

|B|<l,z€G am < (£)<2mt

< sup [|Op(dZa(z,) fllms
|BI<l,2€T '

Sl sup ||OP(550(Z"))||B<B;,Q>1 Ifls;.,-
|81<l,zeG

So, we deduce the boundedness of Op(c). Now, we treat of a similar way the boundedness of
Op(o) if ¢ = co. In fact, from the inequality

I Y. deTrlé(2)-F (0p(o) £)()]]l v

2am L (g)<2mH!
S osup || Y deTrE(@) F (0p(dlo(z, ) /)]
[BI<l,z€G am < (£)<2mtl

we have

27 Y deTrlé()F (0p(o) £)(E)]llL

2m < (g)<2mt

S22 oswp || Y deTr[E(2) F(0p(0o (2, ) )] Lo

|8|<l,2€G am < (£)<2mt!
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So we get
lOp(o) fllpy _my S | sup  [0p(O20 (2, N)lpsy | If18; .
IBI<l,z€G
With the last inequality we end the proof. O

‘We note that in the n—dimensional case of the torus some conditions on the derivatives of the
symbol (number of derivatives and size of them) can be relaxed:

Theorem 3.6. Ler 0 < ¢ < 1 and k,l € Nwithk > 3 and 1 > 2, let o(z,&) be a symbol

such that |9°D%0 (x,€)| < Cy 5(€) =350l for |a| < k,|B| < 1. Then, Op(o) is a bounded
operator from By, (T") into By, ,(T") forall 1 <p < oo, r € Rand 0 < q < occ.

Proof. First, we prove this theorem in the case of Fourier multipliers. If we consider a toroidal
symbol ¢ satisfying
D20 ()] < Ca,p(€) 257079l

by the Theorem 1.2 we obtain the boundedness of Op (o) on LP(T") for2 <p < co. If 1 < p <2
we apply the boundedness of Op(c) for p’ > 2, where 1/p+1/p' =1

10p(o) fllLe(rn) = sup{[{Op(a) £, 9)| : gl Lo () < 13
= sup{|(f,Op(c ) >\ g1l Loy < 1}
= sup{[(f,0p(@(-))9)| : llgll Lo (zn) < 1}
1IOP@ (Dl g (o) | FllLr(zm)

Now we have the global continuity of Op(c) on LP(T™) for all I < p < oco. By Theorem 1.2
we deduce the boundedness of the multiplier Op(o) on By (T") forall 1 < p < oo, r € R and
0 < g < oo. Finally, if we reproduce the proof of theorem 1.4 in the particular case of the torus
T™, we extend this estimate to the case of pseudo-differential operators Op(c (-, -)) with symbol
o(z, ) satisfying the following toroidal inequalities

IN

07D o (2, €)] < Cap(€) 17N o <k, (8] < L.
O

Remark 3.7. We end this section with some references on the topic. The boundedness of Fourier
multipliers in LP-spaces, Holder spaces and Besov spaces has been considered by many authors
for a long time. In the general case of Compact Lie groups we refer the reader to the works of
Alexopoulos, Anker, Coifman, Ruzhansky and Wirth [2, 3, 17, 26, 27, 28, 29, 30]. The particular
case of Fourier multipliers on the torus has been investigated in [4, 5, 6,9, 10, 11]. LP and Holder
estimates of periodic pseudo-differential operators can be found in [12, 13, 14, 18] and [22].
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