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Abstract Traditional concepts such as a metric space is fascinating since it facilitates a notion
that measures distance between two points. Recently, many mathematicians have been interested
in generalizing the notion of various spaces by extending it from two points to n points, n >
2. These new n-dimensional generalized spaces leave room for further development in fixed
point theory and allow for new fixed point theorems to emerge. In this paper we introduce M-
menger spaces defined on n > 2 points and a fixed point theorem in an M-menger space is also
established and validated.

1 Introduction

Menger spaces are probabilistic metric spaces equipped with a t-norm that associates a pair
of points with a distribution function. The presumption of Menger was to create a metric by
substituting real numbers in the definition of metric spaces with distribution functions. More
precisely, in place of distance between two points, Menger proposed a distribution function
F, () that can be understood as probability that the distance or length between the pair of points
a and b is less than some positive value . Menger initially called this new space a statistical
metric space [1]. Shortly after, Wald suggested minor improvements to statistical metric spaces
[2]. A statistical metric space with Wald improvements began to be referred to as a Menger
space by subsequent authors including Schweizer and Sklar who released a book that details
probabilistic metric spaces [3].

In 2016, Gupta and Kanwar introduced V-fuzzy metric spaces [4]. A V-fuzzy metric space
as a generalized version of a fuzzy metric space. In order to achieve this generalization they built
upon the existing literature and extended the concepts further.

We begin the same approach as Gupta and Kanwar and extend the concepts involving menger
spaces in order to introduce a generalized version of the menger space which we shall call an
M-menger space.

2 Menger Space

Definition 2.1. [3] A t-norm is a function x : [0, 1] x [0, 1] — [0, 1] such that the following are
satisfied for all p, ¢, 7, s € [0, 1],

(1) px1 =p (1 acts as the identity element)

(i) pxq=g*p (symmetry)
(iii) p*q < r*swhenever p < rand ¢ < s (non-decreasing)
(iv) p* (g=*7) = (p* q) = r. (associative).

Additionally, we say that a ¢-norm = is a continuous if for every sequence {z,,} and {y,} in
[0, 1] whose limit exist,

lim (z, *y,) = lim z, * lim y,, foralln € N.
n— o0 n—oo n—oo
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Definition 2.2. [3] F : [—oc0, 00] — [0, 1] is said to be a distribution function or simply a distri-
bution provided that it is left continuous, non-decreasing, F'(—oco) = 0 and F(o0) = 1.

Example 2.3. Define H : [—o00, 00] — [0, 1] by,

<
Ht) = 0, t<0
1, t>0

H is called the Heaviside function and it is a distribution function.

Definition 2.4. [3] A function F' : X x X — S is called a probabilistic distance on X where X
be a non-empty set and S be the set of all distribution functions on [—oco, 0o]. F'(z,y) is usually
denoted by F,, forall z,y € X.

Definition 2.5. [3] A probabilistic metric space is a pair (X, F') where X is a non-empty set and
F is a probabilistic distance such that following conditions holds for all z,y, z € X,

(i) Fyy(t)=1,forallt >0ifandonlyifz =y
(ii) Fyy(0) =0
(ili) Fpy(t) = Fy,(t) forallt >0
(iv) If Fy(t) =1, Fy.(s) = 1 then F,.(t +s) = 1 forall ¢,s > 0.

Remark 2.6. [1] F,;(t) can be interpreted as probability of the distance between a and b is less
than ¢

Definition 2.7. [3] Suppose (X, F) is a probabilistic metric space and x is a continuous t-norm.
(X, F, %) is a Menger space if

Fry(t+8) > Fus(t) % Fay(s),

where z,y,z € X with¢,s > 0.

3 Convergence, Cauchy Sequences and Completeness in a Menger Space

In this section (X, F *) denotes a Menger space and * to mean a continuous t-norm, X a non-
empty setand F': X x X — S where § is the set of all distribution functions.

Definition 3.1. A sequence {z,} in (X, F, *) is said to be convergent and converges to z € X
if and only if for every ¢ > 0 and A € (0, 1), there exists an integer N = N (e, \) such that,
F, () > 1 — Xforn > N and we write, z,, — x as n — oo or lim,, o T, = .

Definition 3.2. A sequence {x,} in (X, F, *) is Cauchy sequence if for every 0 < A < 0 and
€ > 0, there exist N € N such that F, . (e) > 1 — X forall for n,m > N.

Definition 3.3. A Menger space is complete if every sequence that is Cauchy is also convergent.

4 M -Menger Space

Definition 4.1. Suppose that x a continuous ¢-norm, X a non-empty set and F' : X" — S, where
S is the set of all distribution functions. Then the triple (X, F, %) is an M-menger space provided
thatforall z; € X,i =1,2,...,n,

(i) Fiay..z,(t) =1forallt >0ifandonly if x; =25 = -+ = zp,
() Fuywy.oz2:(t) > Fuyms..w, (t) with 2o # 23 # -+ # 1, where t > 0,
(i) Fy ay..2,, (0) =0,

(V) Frizy..on(t) = Fp(ayas...w,)(t) Where p(z122...2,) is a permutation of {zx5...x,} for all
t>0,
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(v) If Fxlxz...mn,,a(t) =1,Fua. az, (t) = 1then Fy 4, 2, 2, (t) =1, where ¢t > 0,
(Vi) Fy 2,2, (t)=1ast — oo,

(Vll) Fazlxz...xn,lxn (t + 5) > Frlzg,..mn,lz(t) * Fzz...zzn (S)a where t7 s> 0.

Remark 4.2. F,, ., .. (¢) can be interpreted as probability of the distance between the points
r1,T2,..., Ty 18 less than t.

5 Convergence, Cauchy Sequences and Completeness in an M -Menger
Space

In this section (X, F, ) will be understood to be an M-menger space where * a continuous
t-norm, X a non-empty set and F' : X™ — S, where S is the set of all distribution functions.

Definition 5.1. A sequence {z,} is convergent and converges to x € X if for all ¢ > 0 and
0 < X\ < 1, there exist N € N such that,

F’Enmn...mnz(t) >1— )\’
foralln > N. Thatis F, ., . 4..(t) = 1asn — oco.

[N sequellce {mn} iS (:auc]ly “ fO] all t > 0 and 0 < )\ < 1 h . N
SllCh tha' ) there 1S an e N
wnwn...wnzm( ) > 1 )\,

forall n,m > N. Thatis Fy, .. . 2 2, (t) > 1 as n,m — oo.

Definition 5.3. If every sequence that is Cauchy is also convergent then the M -menger space is
complete.

Lemma 5.4. F, ., ., () is non-decreasing. That is for all 0 < r < t,
lexz...zn (T) < Fxlxz...xn (t)

Proof. Since r < t we have thatt —r > 0. Now

Frioyrs.an(T) * Frpzpenan (8 —=1) < Frinyry o, ().

Hence for all 0 < » < t we have

Fz]azz...x" (T) < FQJICU’_)..‘Q?” (ﬁ)

Lemma 5.5. [f forallt > 0 and x\,x, ...,x, € X there exist 0 < k < 1 such that

leazz...:rn (kt) 2 Fa:lmz.‘.xn (t)7
thenx) =x7 =+ = x,.

Proof. Since kt < t, by the previous lemma and our hypothesis, we have Fj ., ., (kt) <

FI1I2~»€1?n (t) S lezz-uwn (kt)
This implies Fy 4,...c, (Kt) = Fi a,...c, (). In a similar manner since t < § < 75 < ..., we
get

t
lea:z...wn(kt) = lexz...wn (t) = leazz...wn (k> === 1

Hencez)y =2, = - = x,.

We denote the set of closed, bounded and non-empty subsets of X by C'Bys(X).
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Lemma 5.6. If for every t > 0 and x € X with k € (0,1) and A C CBy (X) we have,
Fpoa,. . a(kt)>Fy .. a(t),
then x € A.
Proof. Assume for a contraction that
v ¢ A (5.1)

Leta € A. Then F, 4. o(kt) > Fy,. . .(t). This implies 2 = a € A by Lemma 5.5. This
contradicts (5.1). Hence z € A.
o

Definition 5.7. Let Ay, A;,..., A, C CBp(X) and ¢ > 0. The Hausdorff M-menger space
distance we denoted by H 4, 4,4, (¢) and defined it as

Supa;eA, F{L’A2A3~~An (t)’

Suprea,Faza,.. a,(t),
Ha, 4,4, (t) = max e .IT ' )

Supzea, Fa,a,..a, 2(t)
where
FzAz...A,,, (t) = inf{an2a3...an (t) ap € Az,a3 S A3, vy € An},

:7
FAlAz...An,lx(t) = inf{Falaz...an,lz(t) tap € Ay,ar € Ay, .y € Anfl},

Definition 5.8. T : X — C'Bj;(X) is called a ¢ multivalued quasi-contraction mapping provided
that there exist 0 < ¢ < 1 such that

Faia...a, (1),
Farara,..ra, (1),
F, ra,las.. Ia, (1),
Fa,ra;Tay..Tay (1),

)

Hr, ra,. ra. (t) < r.max
Gt @ an( ) - Fazl—‘all—‘a3...l"an(t 5

bl

Fanl—‘anl"an...l—‘an (t)v

Fanl“all“azml“an_l (t)
foralla; € A;,i=1,2,...,n,

6 Fixed Point Theorem in an M -Menger Space

Theorem 6.1. Suppose (X, F, ) is an M-menger space that is complete andT" : X — C By (X)
is a g-multivalued quasi-contraction. Then there exist u € X with uw € I'u. That is I" admits a
fixed point.

Proof. By definition of a ¢g-multivalued quasi-contraction, there exist
O0<g<lsuchthatforalla; € X,i=1,2,....,n,

Fal,az,...,an (t)7
Fa],ra],ral,...,ral (t)>
Fal,Faz,Fa3,...,Fan (t),

Faz,raz,rag,‘..,raz (t)7

HFa],Faz,...,Fan (t) S ¢.max (61)

FCLZICH JTas,....Tap (t)v
:7

Fan Jan,Tan,....Lay, (t)

)
Fan,FaI Jaz,....La,_ (t)
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It is clear that for some a; € A, with ay € Ay, a3 € A3, ...,a, € A, we have

Falaa27'~~;an (t) < HA]7A2)~-~7A7L (t)

Using this fact and setting x1 € T'zg with 2, € T'zy, - -

-, &, € 'z, _1, Inequality 6.1 be-
comes,

Fxlxz...xn (t) S Hl—‘xo,l—‘xl,...,l—‘xn,l (t>

) N () B
Fyy Lo, Tao,....,Czo (1),
Fyy oy Ta,.. T (1),
Fy\ ey Tay,... T (),

< ¢.max Fy\ Two.Tan,...Tan i (1)
5
Fy, \Twn \Ton 1Tz, (1),
Fu, \ TzoTa,..Ta, o (t)

Similarly setting x, € I'zy, with 3 € 'z, - -+ , 2,41 € 'z, Inequality 6.1 becomes,

sz,zg,...,an (t) < erl,rzz,...,rrn (t)

Fz]vm%z%--- Tn (t)7

Fy\ roy Toy, Ty (1)
Fy, Izy Tas,....Ta (1),
Fy T2y Tas,... T (1),
< ¢-max Fy, Te\ Tas,... T, (1),

5
an,rxn,rzn,...,rmn (t),
Fy, o ey, T, (t)

Continuing in a similar fashion by Mathematical Induction we get a sequence {z }7>, such that

ka,wk+17---,$k+n—| (t) < HFﬂﬂk—l,rwk,-<~7r®k+n—z (t)

F,

Th—1,ThsTht 1y sThin—2 (t)’

ka,],ka,l,rzk,l,...,rzk,l(t)7

FﬂCk—l,rwkISkH7~~,r$k-n—z(t)’
sz,rzk,rzk,...,rmk (t)7

S q-max kaﬁrwk_l,l"xk+17...,l"xk+n_2 (t),

)

F$k+n—z7rwk+n—2 TZrin—2, [ Thin—2 (t) )

kaJrn—Z-,rzk—] Jxp,....Topin_3 (t)

We now show that {x,}7° , is Cauchy. If @ = b (trivial case) we get Iy, 4., . 200, (t) =1 > 1—€
where € € (0, 1) and therefore {x} is Cauchy. Assume a < b and a # b. We have,
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Fm,,,,x,,,...,m,,,,rb( ) < Hl—‘zu,],rra PN I PN I T l(t)

) P P () N
Fiy Ty, Tog_yTaa_, (1),
Firy  Tzu_y,...Taz_y Ty (1),
< g max Fry Ty, Tog i Taa, (1),
- Fiy \Taa_y,...Ta_i Ty (1),
5
Fmb—17r1b—l7---7rzb—larl’b—l (t)v
Fry  Twu_1v Ty 1Tz, (1)
Foy i watyewation ()
Fy \Twu 1y Twa 1 Tza_ (1),
= g.max Fl’afl,Fraq:m,rﬂﬂail,rﬂqu (t)7
Fuy Ty 1, Tay  Tap o (1),
Fmb—]yrza—lv-wr‘xa—larma—l(t

Now we consider the five cases:

Case I: If
Fajaflsxafl:“wmafhmb—l (t)7
an—l7an717---7r‘xa—lvr‘xa71 (t )
max Ta—1,0Ta—1, L0 1,Tapg (t)7 =Foo \aiytat,me (t>

F,
Fy To—1, L xp—15e Ty, Tzp -y (t)’
Fmb ]’r‘xa—la-“’rma—]’r‘xa—l(t

Then as a,b — oo and using the fact that ¢ € (0, 1) we have,

1
1 2 Fﬂia,—l,Ia,—1,~~7iva,—17wb—1 (t) = 6 Ta,TaseTa,Th (t)

1
> ?FI0,+Iy$a+l7-")$a,+]7wh+] (t)
Z .

1

2 WFIHA»S71’a+51-~»713a+s11b+s (t),seN
Z .
>

This implies that ', ;. . 2., (t) = 1 as a,b — oco. Therefore {x}72, is Cauchy.
Case I1: If
Fwa,—lyma—lr'-v’ﬂn,—];‘/Eb—l (t)’
Foo \Teu i Tea 1Tz, (t)v
max Ta1,0Ta1, - Txq_1,lxp_ 1(t)7 = an—l7an—l’v--¢r‘$a—]7r‘xa—l(t)'

F.
Fb Llze—1,... sz—]yrfb—l(t%
wa—lyrﬂia—l,~~~7F!Ea—1,FIa—|(t
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Then as a, b — oo and using the fact that ¢ € (0, 1) we have,
1
1> F-’ﬂafl7T-Ta717~--,T$a717T-’£a71(t) 2 5F?Ta737m---733a737b(t)
1
> ?an—lvmtwrl»--~7f1"a+11-73b+] (t)
Z .
1
> FF"EG#»S11a+57'~~1$a+57$b+s (t)’ seN
Z ..
>1

This implies that F,, ;. . 2., (t) = 1 as a,b — oco. Therefore {x}}7°, is Cauchy. There
are three more cases that can be done similarly. In all five cases {x}}7° is Cauchy. By the
completeness property, there exist u € X such that

Fopwnoozpu(t) =1 as n — oo.
That is z,, — u as n — oo. Now let p € (0,1). Then

Fu,Fu,.A.,Fu(t) <1= qu,,...,u(pt)
= lim F,, . . . (pt)

n—oo

= lim an7r$n717___7r$n71 (pt) since z,, € I'w,,_1.
n—oo

= Fu,l"u,...,l"u (pt)

Hence using Lemma 5.6, u € T'u. O

References
[1] K. Menger, Statistical metrics. Proceedings of the National Academy of Sciences of the United States of
America 28, 535-537 (1942).

[2] A.Wald, On a statistical generalization of metric spaces. Proceedings of the National Academy of Sciences
of the United States of America 29, 196-197 (1943).

[3] B. Schweizer and A. Sklar, Probabilistic Metric Spaces . Courier Corporation (2011).

[4] V. Gupta and A. Kanwar, V-fuzzy metric space and related fixed point theorems. Fixed Point Theory and
Applications 2016 1-17 (2016).

Author information

Matthew Brijesh Sookoo and Sreedhara Rao Gunakala, Department of Mathematics and Statistics, University
of the West Indies, St. Augustine, Trinidad and Tobago.
E-mail: matthew.sookoo@ny.uwi.edu or sreedhara.rao@sta.uwi.edu



	1 Introduction
	2 Menger Space
	3 Convergence, Cauchy Sequences and Completeness in a Menger Space
	4 M-Menger Space
	5 Convergence, Cauchy Sequences and Completeness in an M-Menger Space
	6 Fixed Point Theorem in an M-Menger Space

