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Abstract In this present work, we determine the error of approximation of functions f be-
longing to L[0, oo)-class by C7.T'(y > 1)-means of its Fourier-Laguerre series at a point 2z = 0.
Our results generalize previously known results of Krasniqi [On the degree of approximation of
a function by (C, 1)(E, q) means of its Fourier-Laguerre series, Int. J. Anal. Appl. 1(1), 33-
39 (2013)], Sonker [Approximation of functions by (C,2)(E, ¢) means of its Fourier—Laguerre
series, In Proc. ICMS-2014 ISBN: 978-93-5107-261-4, 125— 128 (2014)] and Sonker [Approxi-
mation of functions by (C'.T)means of its Fourier-Laguerre series, In Proc. ICMS-2014 ISBN:
978-1-61804-267-5 1(1), 122-125 (2014)]. We also discuss some particular cases of C7.T-
means.

1 Introduction

The Fourier-Laguerre expansion of function f € L[0, co) is given by

f@)~ D an L (), (L.1)

n=0

where . .
R O aq)i!. ?(a 1) /0 a®e™® f(z) LiY(x)dz and (1.2)

Lt (z) is n'M Laguerre polynomial of order o > —1, is defined by the generating function

wax

s w—l1
S L@t =
n=0 (1 o w) i

It is pretended that integral 1.2 exists.
The (n + 1) partial sum of the Fourier-Laguerre series of 1.1 is defined by

sn(f;x):ZakLgﬁa)(x),nENg. (1.3)
k=0
Define .
[t]n(f,fﬂ) = Zan,k Sk(f;x)a n e NO»
k=0
where T' = (a, > O for everyn, k) is a lower triangular matrix such that a,, _; = 0, 4, =

ZZ:T an and A, o = 1,n € Ny. The Fourier-Laguerre series is called T-summable to s, if
[t]n(f;2) = sasn — oo.

nly! mty—k—1
If an.k = { (7L+’Y)!( ~—1 ), 0 S k S n,

then the matrix T converts to Cesaro matrix of
0, k> n,
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order v > 1 and denoted by C”. The Fourier-Laguerre series is called C”-summable to s, if
[Cn(f;2) = sasn — oo.

The product of C”-summable with 7T-summable defines C”.T-summable. Thus C7.T-summability
of sequence {s,(f;z)} denoted by

[CY.T).(f32) n' ’y' ‘i(n_FfY_U )Zavksk fix) (1.4)

If [C7.T],(f;x) — s as n — oo, then the Fourier-Laguerre series is called C”.T-summable
to s. The regularity of 7" and C" methods implies the regularity of the C7.T" method. The
following cases are important and particular cases of C7.T" method:

() If ay,p = 25~ where P, = Y., o pr # 0, then C7.T reduce to C7.N,, or (C,7)(N, p,).

(11) If Ay k = m, then C7.T reduce to C7.H or (C, ’y) (H, m)
(iii) If a,x = B , then C7.T reduce to C7.N, or (C,v)(N,py).
(v) If ay p = W(};)q”_k, then C".T reduce to C".E4 or (C,v)(E, q).

V) Ifa,, = P2 where R, = >7;_ Pk qu—#, then C7.T reduce to C7. Ny or (C,7)(N, p, q).

(vi) If @y = 5 (}), then C7.T reduce to C7.E" or (C,7)(E, 1).
If we take v = 1 in the above cases, then we get

(vii) If a, p = 2= where P, = Y7/ px # 0, then C'.T reduce to C'. N, or (C, 1)(N, p).

(viil) If ay 1, = then C'!.T reduce to C'.H or (C,1)(H

1
(v—k+1) log(v+1)° ’ v+l)

(ix) If a, 1, = $- , then C'.T reduce to C1.N,, or (C,1)(N, p,).

) Ifay = i (3)g""", then C1.T reduce to C'.E4 or (C, 1)(E, ).

(xi) If ay = P22 where Ry, = >, _ Pk qu—k» then C'. T reduce to C'.Np, or (C, 1)(N, p, q).
(xii) If ay, = —( ) then C1.T reduce to C'.E' or (C, 1)(E, 1).

where p, and ¢,, are non-negative, monotonic and non-increasing sequence of real constants.

Remark 1.1. We consider the series 1 — 203" (—2n + 1)'~! and matrix a;, = - (})(n —
1)i=kforn € N, then the i*" partial sum of the series is given by s; = (—2n + 1)%. It can be
seen that the series is not 7-summable and also not CV-summable (for v = 1), but it is C7.T-
summable (for v = 1). We can observe that product summabilities are more effective than the

single summability.

We also use the following notations:

2 Known Results

Many investigators have analyzed the problem of approximation of a function using single or
product means of its Fourier-Laguerre series at a point x = 0. Some authors like Gupta [3],
Singh [12, 13], Beohar and Jadiya [1, 2], Nigam and Sharma [9], Lal and Nigam [6], Singh
and Saini [11, 14] and Sahani et al. [10] have used the single summability method to obtain
error of approximation. Gupta [3], Singh [13], and Beohar and Jadiya [1] have got the result
using Cesaro mean of order £ > « + 1/2. In 1980, Beohar and Jadiya [2] extended the results
of Gupta [3], Singh [13], and Beohar and Jadiya [1] using Cesaro mean of order £k > o >
—1. Further, Nigam and Sharma [9], and Lal and Nigam [6] have obtained interesting results
using (F,1) and (N, p,q) means. Also, Singh and Saini [11] have obtained the same result
using the Hausdorff mean, and using this result, they generalized previously known results. The
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Laguerre functions form an orthogonal basis for L,[0, oo)-space, which successively defines
the Fourier-Laguerre series. It has also been shown that Laguerre’s polynomial theory directly
solves the problem of determining Fourier-Laguerre approximations for a large class of delay
systems. Moreover, these findings are necessary for studying the regular order of identification
as a standard method for identifying infinite-dimensional systems [7]. Recently, Singh and Saini
[14] extended this study to generalized Laguerre polynomials to obtain an approximation of
functions f € L[0, c0) using the Cesaro mean of its Fourier-Laguerre series for > 0. In 2020,
Sahani et al. [10] have obtained error of approximation using the Norlund summability method.
As mentioned in Remark 1.1, product summability is more effective than single summability.
Thus product summability provides an approximation for a vast class of functions than the single
summability. Keeping this vital point in mind, many investigators such as Krasniqi [5], Sonker
[15, 16], Khatri and Mishra [4], and Mittal and Singh [8] have obtained error of approximation
using different types of product summability methods. In 2013, Krasniqi [5] obtained the the
error of approximation using product mean (C,1)(E, q),q > 1- means of its Fourier-Laguerre
series. Sonker [15, 16] derived same results using (C,2)(F, q) and C'.T- means of its Fourier-
Laguerre series, respectively. Krasniqi [5, pp. 35] and Sonker [15, 16] have used « € (—1,—1/2)
in their results. Khatri and Mishra [4] have obtained error of approximation using Harmonic-
Euler means. On the other hand, Mittal and Singh [8] have obtained an error of approximation
using Matrix-Euler operators.

Remark 2.1. In 2015, Saini and Singh [11, pp. 210, Remark 1] noted that Krasniqi [5, pp.
37] had optimized Y_;_ (;)g*k>*T1/* by its supreme value (g + 1)°v*FD/4 but it is true, if
a > —1/2. The same error can also be seen in [15].

3 Main Results

The above-mentioned particular cases of C'7.T-means, the importance of the product summa-
bility method discussed in Remark 1.1 and the observation mentioned in Remark 2.1 motivate
us to generalize the above results. In this present work, we analyze the problem of the error of
approximation of functions f using the product mean C7.7T". More precisely, we prove:

Theorem 3.1. Let T = (ay, i) be a lower triangular regular matrix satisfy the following condi-
tions:

(i) an.r be a non-negative and non-decreasing with respect to k, for 0 < k < n,
(i) Y Avyr=0(n+1), neN,.
v=t

Then error of approximation of functions f € L[0,00)-class by CV.T-means of its Fourier-
Laguerre series at a point x = 0 by is given by

[C7.T1(0) = f(O)] = o(£(n)), 3.1

provided ¢(t) satisfies following conditions:

K — o a+1 1
q’(t):/o ey ¢(y)|dy=0<t 5(1&))’ t— 0, (3.2)

me V2 o(y)| £(n)
/77 s W0 <7L(20‘+1)/4> : (3.3)
0 ,—y/2
/ Wdy = o(§(n)), n — oo, (3.4)

where 1 is a fixed positive number, « > —1/2 and £(t) is a positive monotonically increasing
Sfunction such that £(t) — oo as t — oo.

Here few lemmas are given, which are useful to prove our theorems:
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Lemma 3.2. Let € be a fixed positive constant and « be an arbitrary real number. Then

O(z~at1)/4 pa=/4) 1 /p < as m — oo.

o <zr<
L(a>(a:):{ O(n%), 0<z<1/n,
z<e
The proof is given in [17, pp. 177, Theorem 7.6.4] .
Lemma 3.3. Let p and « be arbitrary real numbers, 0 < n < 4 and w > 0. Then

maz e =*/P 2P| LY (2)|= O(n?),

where

The proof is given in [17, pp. 241, Theorem 8.91.7] .

Proof of Theorem 3.1. We have

5n(0) = zn:akL;“(O)
k=0

1

= m/o eV fy) L (y) dy (3.5)

Applying T-summability on equation 3.5,

[T1,(0) = > anksk(0)
k=0

“ eV f(y) L (y) dy. (3.6)

1 - o0
T(a+1) Z/

Applying (C, v)-summability on equation 3.6,

[C7.T),(0)
. v! n! - n—i—’yfv—l (et
BTN CES)) < )Zavv k/ eV fly) Ly, (y) dy,

3.7)

we have

C.T],(0) - F0) = L Z("“‘“‘l)zamx

(n+7)!

/Oooy eV d(y) L (y) dy

v eV (y) LY (y) dy

[/”” //n / /

4
= > Jn (3.8)
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Applying property of the orthogonality, condition 3.2 and Lemma 3.2, we have

1/n

J'ﬂ',i("ﬂvl)Zam [ e e L ) ay

k=0

|| =

1/n

! n! - n+ —’U—l — (Y «
: JH,Z( ; )Zawk/ ey sl 1L ()l dy

n

- :ﬂvZ( ! )Zavkak“)/ e ¥ ly* o(y)| dy

= o(&(n)). (3.9)

Applying property of the orthogonality, condition 3.3 and Lemma 3.2, we have

V'n" - (nﬂ—v— )Z / " e oly) L (y) dy

I (n—l—'y—v—l) k /" _ (a+1)
< Ay e Y]y o(y)l L y)ldy
S () S [ e o 2

| /2]

v v k=0 n
! GK(n+y—v-1\ ¢ Qat1)/4
a (n+v)!§< v-1 >;a”’”k0<k ) )X

n
/1/ y~ Gt ey [y (y)| dy
(n+7)! 0< v—1 )Za”’”k()(k >O na+1)/4

Mol = nt+y—v—-1\ —
(n+7)!v§=:< -1 )Z

k=0

= olg(n). (.10

I
=}
~~
78"
~—~
3
N2
Nt

as stated in [9 6] ety Ye Yy o(y)| dy = o )
’ pp ]/n y y y - n<2a+1)/4 .

Applying property of the orthogonality, condition 3.3 and Lemma 3.3 (taking » = 3 and o + 1
for o), we have

| /3]

e () v [ et £ )

n v n @ a+1
_on n+y—v-—1 S eV (1) yC ALY ()]
I 0 S N A | : yB-2)/4 ev/?

_ o tal K (ntv—v-1\¢ (2a+1)/4/”e_y/2|‘“y)|
ORI 0< v-1 )Za”’””“O(k A

dy
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_ 7' ! ; i(“ﬂ”l)Zaw (O(KE /)0 (=Gt ()

v=0 k=0

B 7! n! n n_~_7,v,
= 0( TL—F’Y‘Z( >Zavv k

k=0
= o(&(n)). (3.11)
Applying property of the orthogonality, Lemma 3.3 and condition 3.4, we have

In! <& —v—1 (a
7n' <n+'y v )Zavvk/ y® eV d(y) L () dy

7! n! n+v—v ~1 y3“*5>/6\¢(y)| y Gt/ Lt ()|
Z Zavv k dy

= (n+9)! ~ ey/? ey/?

oo —y/2,,3a—1)/3
_ oatn! Z n-l—’yfv*l Za““ 0 a+1)/2/ e ¥/2yBe-/ |¢(Z/)|dy
I ; ylatD/2

|Js] =

= olé(n). (312
Combining 3.8 — 3.12, we have

[C7.T1n(0) = f(O)] = o(§(n))-

This completes the proof of Thoerem 3.1. g

4 Corollaries

Here few corollaries are given, which are derived from our Theorem 3.1.

Corollary 4.1. If we take a, ) = "5 = Yn_oPrk # 0 in equation 1.4, then C?.T
reduce to C".N,, or (C,~)(N, p,), then for f € L[0,c0), we have

|[C7.NpJn (0) = £(0)] = o(£(n))-
Corollary 4.2. If we take a, = 0

1
v—k-+1) log(v+1)
(C,y)(H then for f € L[0, ), we have

[C7.H]n(0) = £(0)] = o(£(n))-

Corollary 4.3. [f we take a,, = %= in equation 1.4, then C.T reduce to C7'. N, or (C,v)(N,py),
then for f € L[0, 00), we have

in equation 1.4, then C".T reduce to C7.H or

7v+1)

|[C7.NpJa(0) = £(0)] = o(&(n)).

Corollary 4.4. If we take a, 1, = W(Z}q”_k in equation 1.4, then C".T reduce to C7.E? or
(C,v)(E,q), then for f € L[0, ), we have

[C7.E%(0) = f(0)] = o(§(n)).

Corollary 4.5. If we take a,, j, = = & where R, =Y, _ Pk Qu—k in equation 1.4, then C".T
reduce to C".N,q or (C,7v)(N,p,q), thenfor [ € L]0, ), we have

|[C7 Npgln(0) = f(O)] = o(£(n))-
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Corollary 4.6. If we take a,, j, = 2% (}) in equation 1.4, then C".T reduce to C".E" or (C,~)(E, 1),
then for f € L]0, ), we have

|[C7.E"].(0) = £(0)] = o(&(n)).

Remark 4.7. If we take v = 1 in the above cases, then we get C'.N,,, C'.H,C'.N,, (C, 1)(E, q),
(C,1)(N,p,q) and (C,1)(E, 1) are also particular cases of the C"7.T" method.

5 Conclusion

The results of this paper are aimed to construct the problem of approximation of function f using
C".T-means of its Fourier-Laguerre series in a simpler manner. The followings are the particular
cases of the results of this paper :

Remark 5.1. If we take v = 1 and replace matrix means 7" by (F, q) in Theorem 3.1, then C7.T
reduce to (C, 1)(E, q), then result of Krasnigi [5] become a particular case of our Theorem 3.1.

Remark 5.2. If we take v = 2 and replace matrix means 7" by (F, ¢) in Theorem 3.1, then C7.T
reduce to (C,2)(F, q), then result of Sonker [15] become a particular case of our Theorem 3.1.

Remark 5.3. If we take v = 1 in Theorem 3.1, then C7.T reduce to C' 1T then result of Sonker
[16] become a particular case of our Theorem 3.1.
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