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Abstract In this paper, we compute the partition dimension and local metric dimension
of the extended annihilating-ideal graph EAG(R) associated to a commutative ring R which
is denoted by dimp(EAG(R)) and dim;(EAG(R)) respectively. In addition, we characterize
dim;(EAG(R)) for direct product of rings and the ring of integers Z,,.

1 Introduction

All over this paper R denotes a commutative ring with identity 1 # 0 and I(R) is the collection
of all ideals of R. An ideal I is called an annihilating-ideal of R if I.J = (0) for some ideal
J # (0) of R and A(R) is the collection of all annihilating-ideals of R. Typically, Z, Z,,, Z*
and R denote the integers, integers modulo n, positive integers and the real numbers respectively.
For ring theoretic definitions, refer to [3].

In [9], Nithya and Elavarasi initiated and examined the extended annihilating-ideal graph
EAG(R) related to R, whose vertices are A(R)* = A(R)\{(0)} and for distinct vertices I and .J
are adjacent if and only if 7™ J™ = (0) with I # (0) and J™ # (0), for some n,m € Z*. The
authors discussed in detail the diameter and girth of EAG(R) and investigated the coincidence of
EAG(R) and AG(R). They noted that EAG(R) is a null graph if and only if R is an integral do-
main. Also in [10], the authors studied the metric dimension, upper dimension and the resolving
number of EAG(R) denoted by dimp;(EAG(R)), dim™ (EAG(R)) and res(EAG(R)) respec-
tively and illustrated these parameters with examples. One can refer [2] and [8], for studying
various graphs from ring theoretic structures and the metric dimension of the annihilating-ideal
graph of a finite commutative ring respectively.

Let G be a graph with vertex set V(G) and edge set E(G). Recall that S C V(G), the in-
duced subgraph (S) is the graph with vertex set S and two vertices are adjacent if and only if
they are adjacent in G. The distance between two vertices = and y of G, d(z, y) is the length of
the shortest path from x to y. A complete graph is a graph where every pair of distinct vertices
are adjacent and K,, denotes the complete graph on n vertices. If V(G) can be split into two
disjoint sets V; and V; such that every edge joins a vertex in V} to one in V5, then G is a bipartite
graph. A complete bipartite graph is a bipartite graph in which every vertex of one set is adjacent
to every vertex of the other set and K, ,, is the complete bipartite graph on m and n vertices and
K, is a star graph. The order of the largest complete subgraph (clique) in G is known as the
clique number w(G) of G. The set of all vertices of G adjacent to the vertex v is known as the
neighborhood N (v) of v and N[v] = N(v) U {v}. For |[V(G)| > 2, if d(u,x) = d(v,z), for all
xz € V(G)\{u,v} and u # v, then u and v are twins. If uv ¢ E(G) and N(u) = N(v), then
they are referred to as false twins. If uv € F(G) and N[u] = N|[v], then they are known as true
twins. It can be verified that the twins produce an equivalence relation on V(&) and two distinct
vertices u and v are twins if they are either false twin vertices or true twin vertices. See [7], for
terminology and notations in graph theory not described here .

In Sections 2 and 3, we discuss the partition dimension and local metric dimension of EAG(R)
respectively.
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2 Partition dimension of EAG(R)

The concept of partition dimension of a connected graph was studied in [5, 6]. For S C V(G)
and a vertex v € G, the distance between v and S is defined as d(v, S) = min{d(v,z)|z € S}.
For an ordered k-partition IT = {57, S, ..., Sk} of V(G) and a vertex v € G, the representation of
v with respect to I is defined as the k-vector D(v|I1) = (d(v, S1),d(v, S2), ...,d(v, Sk)). If the
k-vectors D(v|IT),v € V(G), are distinct, then IT is called a resolving partition. The minimum
k for which there is a resolving k-partition of V(&) is the partition dimension dimp(G) of G.
In this Section, we ascertain the exact value of partition dimension of EAG(R). The following
theorem shows the comparison between the metric dimension and the partition dimension of G
as seen in [5].

Theorem 2.1. [5, Theorem 1.1] If G is a nontrivial connected graph, then dimp(G) < dimy (G)+
1.

Note that if G is a connected graph of order n > 4 that is neither a path nor a complete graph,
then 3 < dimp(G) <n — 1.

Theorem 2.2. [f R = R| x Ry X ... X R,, where R!s are fields for every i = 1 to n, then
(1) dim,(EAG(R)) =nforn=2,34
(i1) dimy(EAG(R)) <n+1forn>S5.
Proof. (i) For n = 2, clearly EAG(R) = K, so that dimp(EAG(R)) = 2. For n = 3, as said

in the above note and Theorem 2.1, 3 < dimp(EAG(R)) < dimp (EAG(R)) 4 1. Theorem 2.5
(7) in [10] shows that dim ; (EAG(R)) = 2 and hence dimp(EAG(R)) = 3.

Figure 2.1

For n = 4, again Theorem 2.5 (i) in [10] implies that dimp(EAG(R)) = 3 and so 3 <
dlmp(EAG(R)) <4 Letl; = R x (O) X (0) X (0),]2 = (0) X Ry x (O) X (0),[3 =
(0) x (0) x R3 x (0),14 = (0) x (0) x (0) x R4, Is = Ry x Ry x (0) x (0),Is = Ry x (0)
R3 X (0),]7 =Ry X (0) X (0) X R4,Ig = (0) X Ry % R3 X (0),]9 = (0) X Ry x (0) X R4,Ilo =
(0)x (0)x Rz x Ry, I11 = Ry x Ry x R3x(0),I12 = Ry X Ry x (0) X Ry, [13 = Ry x (0) x R3 X Ry
and I;4 = (0) x Ry X R3 x R4. Consider 3-partition IT = {5, 5,, 53} of A(R)*, where
Sl = {11,12,15,18,_[13}, Sz = {137167]971127114} and 53 = {14,17,11(),111,}. Then D(I1|H) =
D(L|IT) = D(Is|IT) implies IT is not a resolving 3-partition. From Figure 2.1, one can verify
that resolving 3-partition does not exist in EAG(R) for other cases. Hence dimp(EAG(R)) = 4.
(44) Follows from Theorem 2.1 and Theorem 2.5 (4i) and (#74) in [10]. i

X

Recall that R is called a principal ideal ring (PIR), if every ideal is a principal ideal in R. An
integral domain in which every ideal is principal is called a principal ideal domain (PID). A local
artinian PIR is called a special principal ring (SPR) and it has only finitely many ideals, each of
which is a power of the maximal ideal.

Theorem 2.3. If R is a SPR, then dimp(EAG(R)) = |A(R)*|.
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Proof. By Theorem 2.4 in [9] and Proposition 2.3 in [5], the result holds. O
The following theorem computes dim,(EAG(R)) for direct product of certain rings.

Theorem 2.4. [f R = R, X Ry, then the following cases occur.
(1) If Ry is afield and R, is a ring with unique nonzero proper ideal, then dimp(EAG(R)) = 3.
(#3) If Ry and R, are rings with unique nonzero proper ideal, then dimp(EAG(R)) = 4.

(¢13) If Ry is a field and R, is a SPR with more than one nonzero proper ideals, then dim p(EAG(R))
= [I(Ry)].

Proof. (i) As EAG(R) = K, ,, then by Theorem 2.4 in [5], dimp(EAG(R)) = 3.

(74) Assume that Ry and R, are rings with unique nonzero proper ideal, say I; and I, respectively.
Then the above note and Theorem 2.1 show that 3 < dimp(EAG(R)) < dimp (EAG(R)) + 1.
As noted in the proof of the Theorem 2.6 in [10], dimy (EAG(R)) = 3 implies that 3 <
dimp(EAG(R)) < 4. Clearly d(R; x (0),J) = d(Ri x I»,J), for all J € A(R)*\{R; x
(0),Ry x I} and d((0) x Ry, J) = d(I; X Ry, J), for all J € A(R)*\{(0) x Ry, I} x Ry}.
Suppose that 3-partition IT = {5}, 5,, S3} of A(R)*. Then by Lemma 2.2 in [5], R; x (0) and
Ry x I, contained in distinct elements of I1. Similarly, (0) x R, and I x R, contained in distinct
elements of IT. Let S; = {(0) x Ry, Ry x (0)}, S = {I1 x Ry, Ry X I} and the remaining
vertices J; = I x (0),J» = (0) x I, J3 = I; x I, contained in anyone of the elements of II.
Consider S5 = {Ji, J2, J3}. Then D(J;|IT) = D(J>|IT) implies IT is not a resolving 3-partition.
From Figure 2.2, one can view that IT is not a resolving 3-partition for other cases. Hence
dimp(EAG(R)) = 4.

I x Ry (0) X Ry (0) X I
Il ><Iz

Ry x (0) Ry x I, I x (0)

Figure 2.2

(#4i) Let M, be the maximal ideal in R, such that M,™ = (0). The nonzero annihilating-ideals
of Rare Ry x (0),(0) x Ry, Vi = {(0) x My?} and V, = {R; x My’}, for 1 < j < m. The
induced subgraphs (V;) is complete and (V5) is totally disconnected. Also any one edge ends at
V; means that edge adjacent to all the vertices in V.

Va

o Ry x (0)

O (0) x Ry

Vi

Figure 2.3
From Figure 2.3, d((0) x M, J) = d((0) x My*,J) = ... = d((0) x My™',J), for all J €
A(R)*\V] and d(Rl X (0), J) = d(R1 X Mz, J) = d(Rl X Mzz, J) =..= d(R] X Mzmil, J),

forall J € A(R)*\({Ry x (0)}UV3). Now let m + 1-partition IT = {5}, Sz, ..., Spn+1} of A(R)*.
Then again by Lemma 2.2 in [5], consider S; = {(0) x M, Ry x My}, S, = {(0) x My*, Ry x
My*}, o Syt = {(0) x My™ ™' Ry x Mpy™ 1Y, S,y = {Ry % (0)}, Spy1 = {(0) x Ry }. Clearly,
ITis a resolving (m + 1)-partition and so [I(R2)*| = m < dimp(EAG(R)) < m+ 1 = |I(Ry)|.



PARTITION AND LOCAL METRIC DIMENSION OF EAG(R) 101

Suppose that m-partition IT = {5}, S, ..., Sy, } of A(R)*, where Sy, Ss, ..., Sy, are constructed
as above and the remaining vertex (0) x R, contained in any one of the elements of IT. If
(0) x Ry € S;, then D((0) x R,|IT) = D((0) x My*|TI), fori = 1tom — 1. If (0) x Ry € S,
then vertices in each S; have same partition metric representations about I, for every i = 1 to
m. Thus II is not a resolving m-partition. Finally, resolving m-partition does not exist for all
cases. Thus dim,(EAG(R)) =m+ 1 = |[(Ry)]. O

The following examples point up the previous theorem.

Example 2.5. (a) If R = (X2+[7))§]+1) X % where % is a field and (X)) is a unique nonzero
proper ideal in ([ )] then clearly EAG(R) = K. Consider 3-partition IT = {S, S,, S3} of

A(R)*, where S1 = {(0)x (X)), (Xzziixﬂ (0)}. S = {(0)x ¢ Xz }and&—{mx(X)}.
From this, IT is a resolving 3-partition and hence dim p(EAG( )) =3
(b) Let R = 7(;2 [X)] x 2 1n this case, (X) and (1 + %) are the unique nonzero proper ideal in

(1+4)*"
Z(’[ )] and IZ[’]z respectively. Consider 4-partition IT = {5}, S», 53, S4} of A(R)*, where S; =

{281 % (0),(0) x <1+z>} S = {8} < (144), (X) x (144)}, S5 = {(0) x 22, (X) x (0)}
and Sy = {(X) x l+z
(¢) Let R = Z x R )] where I(R)[@)] is a SPR with the maximal ideal (X) such that (X?3) = (0)
and A(R)* = {Zz x (0),(0) x A} U VI U VA where Vi = {(0) x (X),(0) x (X?)} and
Vo = {Zy x (X),Zy x (X?)}. C0n51der 4-partition IT = {Si, S, S3,S4} of A(R)*, where
Si = {(0) x (X),Z2 x (X)}, S2 = {(0) x (X2),Z> x (X*)}, 83 = {(0) x {3}} and
Sy = {Z, x (0)}. This implies IT is a resolving 4-partition and hence dimp(EAG(R )) =4.

> }. This forms a resolving 4-partition and so dimp(EAG(R)) = 4.

Theorem 2.6. If R = R; X R, X Rj, then the following holds.

(i) If Ry, Ry are fields and Rj is a SPR and not a field, then dimp(EAG(R)) = |A(R3)| + 2.

(i1) If Ry is afield, Ry and R are rings with unique nonzero proper ideal, then dim p(EAG(R))
=6.

(i4i) If Ry, Ry and Rj are rings with unique nonzero proper ideal, then dimp(EAG(R)) = 7.

Proof. (i) Let M3 be the maximal ideal in R3 such that /3" = (0). Consider V; = {(0) x (0) x
M3*}, Vo = {(0) x Ry x M3"}, V3 = {Ry x (0) x M3*} and V} = {R; x Ry x M53*}, for
1 < k < r. In Figure 2.4, the induced subgraphs (V) is complete and (V5), (V3) and (Vj) are
totally disconnected. Also d((0)x (0)x M3™,.J) = d((0)x (0) x M3, .J), forall J € A(R)*\Vi,
d((0) x Ry x M3™  .J) = d((0) x Ry x M3*,.J) = d((0) x Ry x (0), J), forall J € A(R)*\(VaU
{(0) x Ry x (0)}), d(R; x (0) x Mz™ .J) = d(R; x (0) x M3*,.J) = d(R; x (0) x (0),.J), for
all J € A(R)*\(V3U{R; x (0) x (0)}) and d(R; x Ry x M3",.J) = d(R; x Ry x M3™,J) =
d(Ry x Ry x (0),J), forall J € A(R)*\(Va U{R; x Ry x (0)}) and 1 < k; < kp < r. LetI1
be a partition of A(R)*. Then by Lemma 2.2 in [5], |A(R3)| = r < dimp(EAG(R)). Choose
r-partition IT = {5}, 5, ..., 5.} of A(R)* and S} = {(0) x (0) x M3, (0) x Ry x M3, Ry X
(0) x Mz, Ry x Ry x M3}, S> = {(0) x (0) x M3?,(0) x R, x M3?, Ry x (0) x M3* Ry x
R2 X M32}, ...,ST_l = {(0) ( ) X M3 l, (0) X RQ X M3 R] X (0) X M3T71,R] X R2 X
M;" 1Y, S, = {(0) x Ry x (0), Ry x Ry x (0), Ry x (0) x (0)} and the remaining vertices J; =
(0) x Ry x R3,J, = Ry x (0) x Rz and J3 = (0) x (0) x R3 contained in any one of S;, fori = 1
to r. Then D((0) x (0) x M3|IT) = D((0) x R, x M3|IT) = D(R; x (0) x M3|IT) = (0,1,1,...,1)
and so IT is not a resolving r-partition. From Figure 2.4, resolving r-partition does not exist for
all cases. Hence |A(R;3)|+ 1 =7+ 1 < dimp(EAG(R)).
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Figure 2.4

Consider r + I-partition IT = {S,95,,...,S-+1} of A(R)* and S}, S5, ...,.5, are constructed
as above. Consider either S, = {Ji,J2, 3} or any two vertices of .J;, J,, J3 contained in
S,11. Then D((0) x Ry x M3F|TT) = D(R; x (0) x M3*|TT), for 1 < k < r implies IT is
not a resolving (r + 1)-partition. Suppose that any one vertex of Jy, .J», J3 contained in S,
and remaining two vertices in any one of S;, for all ¢ = 1 to . Consider J; € S,;, then
D((0) x (0) x M3|IT) = D((0) x Ry x Ms|IT) = (0,1,1,...,1,2). Suppose J, € S,11, then
D((0)x (0)x M3|IT) = D(R; x (0) x M3|IT) = (0,1, 1, ...,1,2). If J3 € S,+1, then D((0) x R, X
M;|IT) = D(R; x (0) x M3|IT) = (0, 1,1,..,1,1). This shows that IT is not a resolving (r + 1)-
partition. Hence in all cases, resolving (r + 1)-partition does not exist and so dim,(EAG(R)) >
r+2= |A(R3)| + 2.

Consider r 4 2-partition IT = {5}, Ss, ..., Sy42} of A(R)*, where S}, 52, ..., S, are constructed
as above and S, = {(0) x Ry x (0), Ry X Ry x (0), Ry x (0) x (0), J3}, Spi1 = {2}, Sri2 = {J1 }
It is clear that the vertices in A(R)* have different partition metric representations about IT and
so ITis a resolving (r + 2)-partition. Hence dimp(EAG(R)) = r + 2 = |A(R3)| + 2.

(44) Let I, and I3 be unique nonzero proper ideal in R, and R; respectively. Clearly d(R; x (0) x
(0),J) =d(Rix(0)xI3,J) = d(Ri xI,x(0),J) = d(Ri x I, x I, J), forall J € A(R)*\{R; x
(0)x (0), Ry x (0) x Iy, Ry x I; x (0), Ry x I x I3}, d(Ry x (0) x R3,J) = d(Ry x I x R3, J),
forall J € A(R)*\{Rl X (0) X R3,R1 X Iz X R3}, d(Rl X R2 X (0), J) = d(Rl X Rz X I3, J), for
all J € A(R)*\{Ry; x Ry x (0), Ry X Ry x I3}, d((0) x (0) x R3,J) = d((0) x I, x Rz, J), forall
J € A(R)*\{(0) x (0) x R3,(0) x I x Rz}, d((0) x Ry x (0),J) = d((0) x Ry x I3, J), for all
J € A(R)*\{(0) x Ry x (0),(0) x Ry x I3}. Consider 6-partition IT = {5}, S>, S3, S4, S5, Se }
of A(R)*. By Lemma 2.2 in [5], S} = {R; x (0) x (0), Ry x (0) x R3,(0) x (0) x Rz, Ry x Ry x
(0), (0) X Ry x (0)},52 = {R] X (0) X I3,R1 X Ip X Rg, (0) X Ip X R3,R1 X Ry x I3, (()) X Ry %
I3}, S3 = {Rl x Ip x (0), (O) X Ry x R3, (0) X (O) XI3}, Sy = {R] X Ip X 13}, Sj = {(0) x I XI3}
and Sg = {(0) x I x (0)}. Then IT is a resolving 6-partition and so 4 < dimp(EAG(R)) < 6.
Suppose that 4-partition IT = {S}, S, S3,S4} of A(R)* and S; = {R; x (0) x (0), Ry x (0) x
R3,(0) x (0) x R3, Ry x Ry x (0),(0) x Ry x (0)}, 8, = {R1 x (0) x I3, Ry x I x R3, (0) x I X
R3, Ry x Ry x I3,(0) x Ry x I3}, 83 = {Ry x I; x (0)}, Sy = {Ry X I, x I3} and the remaining
vertices J; = (0) x Ry x Rz, J, = (0) x (0) x I3, J3 = (0) x I, x I3, Js = (0) x I x (0) contained
in any set of S;’s, for all i = 1 to 4, implies that D((0) x (0) x R3|IT) = D((0) x Ry x (0)|IT) =
(0,1,1,1) and so IT is not a resolving 4-partition. Similarly in all cases, dimp(EAG(R)) > 5.
Consider 5-partition IT = {S),5,, S3, 54,55} of A(R)* and S}, S,, S5, S, are constructed as
above. Consider any set of k vertices of .Ji, J5, J3, J4 contained in Ss, for £k = 2 to 4, then
D(J;IT) = D(J,|IT) = (1,1,1,1,0) where J;, J,, € Ss, t,m = 1to 4 and t # m. Hence
IT is not a resolving 5-partition. Suppose that any one vertex of .Ji, .J», J3, J4 contained in Ss
and remaining three vertices in any one of S;, for all ¢ = 1 to 4. Consider J; € Ss, then
D((0) x (0) x R3|]IT) = D((0) x R, x (0)|ITI) = (0,1,1,1,2). Thus IT is not a resolving 5-
partition. Similarly, resolving 5-partition does not exist for all cases so that dim,(EAG(R)) = 6.
(#i1) Let Iy, I and I3 be unique nonzero proper ideal in R;, R, and Rj respectively. It is clear
that d(Ry x (0) x (0),J) = d(Ry x (0) x I3, J) = d(Ry X [ x (0), J) = d(R X I X I3, J), for all
J € A(R)*\{R1%x(0)x(0), Ry x(0)x I3, Ry x I, x(0), Ry x I x I3}, d((0)x (0) x R3, J) = d((0) x
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I xR3,J) =d(I1xIhxR3,J) = d(I; x(0)xRs, J), forall J € A(R)*\{(0)x(0)x R3, (0) x I, x
R3,Il ><I2><R3,Il X(O)XR3},d((O)XR2X(O),J) = d((O)XR2XI3,J) = d([l XRzX(O),J) =
d([l X Ry x I3, J), forall J € A(R)*\{(O) X Ry x (0), (O) X Ry x I, I} X Ry x (0), I X Ry X 13},
d((O) X R2 X R},J) = d([] X Rz X R3,J), forall J € A(R)*\{(O) X R2 X R},Il X R2 X R3},
d(Rl X Ry x (0),J) = d(Rl X Ry % I3,J), forall J € A(R)*\{Rl X Ry x (0),R1 X Ry % 13},
d(R] X (0) X Rs, J) = d(R] X I X R3, J), forall J € A(R)*\{Rl X (0) X Rz, Ry x I x R3}.
Suppose that 7-partition IT = {5}, S,, S5, S4, S5, S¢, 57} of A(R)*. Then again by Lemma 2.2 in
[5], consider S; = {R; x (0) x (0),(0) x (0) x R3,(0) x R, x (0), Ry x R x (0), Ry x (0) x
R3, (0) X Ry x R3, (0) X Ip x 13}, S, = {R] X (0) X I3, (0) x I x R3, (0) X Rp X I3,R1 X Ry x
I3,R1 X 12 X R3,Il X R2 X R3}, 5’3 = {Rl X IZ X (O),Il X 12 X R3,Il X Rz X (0)711 X (0) X 13},
S4 = {R] X 12 X I3,I] X (0) X R3,I1 X Rz X I3,I] X Iz X (0)}, 55 = {I] X (0) X (0),]1 XIQ X 13},
Se = {(0) x I x (0)} and S7 = {(0) x (0) x I3}. Then the vertex in every S;, foralli = 1to 7
has distinct partition metric representations about Il. Consequently, IT is a resolving 7-partition
and so 4 < dimp(EAG(R)) < 7. Suppose that 4-partition IT = {5}, S», 53, 5S4} of A(R)* and
S1 = {R; x(0)x(0),(0)x(0) x Rz, (0) x R, x (0), Ry X By x (0), Ry X (0) X R3,(0) x Ry X R3},
Sz = {R] X (0) X 13,(0) X Iz X R3,(0) X R2 X I3,R] X R2 X I3,R] X Iz X R3,I1 X R2 X R3},
S3 = {Rl Xsz (0),[1 X12><R3,Il XR2>< (0)},54 = {R] X12XI3,II X (0) XR3,11 X32XI3}
and the remaining vertices J; = (0) X I X Iy, J, = I1 x (0) x Iy, J3 = I x I; x (0),J4 =
I x (0) x (0),Js = I} x I x I3,Js = (0) x I, x (0) and J; = (0) x (0) x I3 contained in
any one of S;, for ¢ = 1 to 4. This implies D((0) x (0) x R3|II) = D((0) x R, x (0)|II) =
D((0) x Ry x R3|IT) = (0,1, 1,1) and so IT is not a resolving 4-partition. As similar argument
for all other cases, dimp(EAG(R)) > 5.

Consider 5-partition IT = {5}, 5,, S3, 54,55} of A(R)* and S}, S,, S5, S, are constructed as
above. Any set of k vertices of Jy, J», J3, Jy, Js, Jg, J7 contained in Ss, for £ = 1 to 7 does
not form a resolving 5-partition about IT. Since D(I|IT) = (0,1,1,1,d(I,Ss)), for all I €
S1\{Js} and d(I,Ss) = 1 or 2 implies that any two vertices in 5] have same partition metric
representations about Il. Argument is similar if the vertices of S; are replaced, for i = 1 to 5.
Hence dimp(EAG(R)) > 6.

Suppose that 6-partition IT = {5, S,, S3, 54, S5, S¢} of A(R)* and Sy, S, S5, S4 are constructed
as above and if J; € Sy, J» € S3,J3 € Sy, S5 = {Ju, Js} and Sg = {Js, J7}, then D((0) x (0) x
R3|IT) = D((0) x Ry x (0)|IT) = D(J,|IT). Hence I is not a resolving 6-partition. Similarly,
placing J; in any S;, forall ¢ = 1to 7 and ¢ = 1 to 6 implies that IT is not a resolving 6-partition.
Also in all cases, dimp(EAG(R)) > 7, so that dimp(EAG(R))) = 7. i

We conclude this section by providing certain examples which demonstrates the previous
theorem.
Example 2.7. (a) Let R (@ +2]) X (%(52[4)-(2]) X ]i[()f)] Here (X) is the maximal ideal in Igff;
Consider 5-partition IT = {S),.5,, 53,54, S5} of A(R)*, where S; = {(0) x (0) x (X),(0)

X
S (X)), 3L < (0) < (%), L < ZEL < (X)), 82 = {(0) x (0) x (X2),(0) x
% (0), Zs[X]

(0

Zs| X X Zs| X Zs| X Zs| X

X52[+2]) x(X2), (XSZ[-&-;) x (0)x (X2), (X52[+2]) x (X52[+2]) x (X2)}, 85 = {(0) x (X2[+2]) X212
]

(
(0) <>;> ZEPL % (0),(0) x (0) x LY, Sa = {525, x (0) x T4} and 5 =

{(0) x (@ +2]) ]} This forms a resolving 5-partition so that dimp(EAG(R)) = 5.

(b) Let R = (%Jfg) X Zs X Zy. In this, (2) and (3) are the unique nonzero proper ideal in

Z4 and Zg respectively. Consider 6-partition IT = {5}, S,, S3, 54,55, 5¢} of A(R)*, where
S = {EEL % (0) x (0), 5225 % (0) x Zo, (0) x (0) x Zo, 52855 x Za x (0), (0) x Za x (0)},
—4@3 (0) x (3), 25k % (2) x Zo, (0) x (2) x Zo, 5% x Zu x (3), (0) x Za x (3)},
Sy = {72hg % (2) x (0),(0) x Zy x Zo,(0) x (0) x (3)}, Sy = {72 x (2) x (3)}, S5 =

{(0) X ( ) x (3)} and Sg = {(0) x (2) x (0)}. From this, IT is a resolving 6-partition and so

dim,(EAG(R)) = 6.

(c) Let R & ]F[ 2)] X ]F)[()f; X Ii[(f; Here (X) is a unique nonzero proper ideal in x R >] Suppose that

7-partition IT = {5}, S», S3, S, Ss, Se, S7} of A(R)*, where S| = {RX] x (0) x (0), (0) x (0) x

AL (0) x Ak < (0), B3 x B x (0), 3L x (0) x B3, (0) ?;f} X T (0) x () x (X))},

) X
)
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s = {& }><<o>x<x>,<o>x<x>x$§§; (0) x P 5 (x), XL B (00), B ()

L () < B < EBY s = {EE < (X) < (0 <)x(X)x%ﬁ;,X)xf;fjxm)mx
<> (X }SV{R[X] X (X) % (X), (X) x (0) x T, (X) x & < (X), () x (X) x (0)},
5 = {(X) x (0) x (0),(X) x (X) x (X}, S = {(0) x (X)  (0)} and 7 = {(0) x (0) x (X)}.
This forms a resolving 7-partition. Hence dim,(EAG(R)) = 7.

3 Local metric dimension of EAG(R)

The local metric dimension of a graph was introduced by Okamoto et al. [11]. For an ordered
subset W = {v;, vy, ..., v} of V(G) and a vertex v € G, the representation of v with respect to W
is defined as the k-vector D(v|W) = (d(v,v1),d(v,v2), ..., d(v,vx)). If D(u|W) # D(v|W) for
every pair u, v of adjacent vertices of G, then the set W is a local metric set of G. The minimum
cardinality of a local metric set W is the local metric basis for G and the number of elements in
the local metric basis is the local metric dimension of G and it is denoted by dim;(G). Note that
if G is a nontrivial connected graph of order n, then 1 < dim;(G) < dimp;(G) < n — 1. In this
Section, we explore the local metric dimension of EAG(R). The following theorem computes
dim;(EAG(R)) for direct product of fields.

Theorem 3.1. If R = Ry x Ry x ... X R,, where Rls are fields for everyi = 1 ton andn > 2,
then

(1) dim;(EAG(R)) =n — 1 where2 <n <5.
(i3) dim;(EAG(R)) < n wheren > 6.

Proof. (i) For n = 2. Then clearly dim;(EAG(R)) = 1. Let n = 3. As dim;(EAG(R
dimp(EAG(R)), then by Theorem 2.5 (¢) in [10], dim;(EAG(R)) < 2. Since w(EAG(R
3, then by Theorem 3.1 in [11]., dim; (EAG(R)) > [log23]. As [log23] = 2, dimi(EAG(R
2. Hence dim;(EAG(R)) = 2. For n = 4, by Theorem 2.5 (4) in [10], dim;(EAG(R)) <
From Figure 2.1, w(EAG(R)) = 4. Then again by Theorem 3.1 in [11], dim;(EAG(R)) >
[log,4] = 2. Obviously, any collection of two vertices in EAG(R) does not form a local metric
set so that dim;(EAG(R)) > 3. Hence dim; (EAG(R)) = 3.

For n = 5, the nonzero annihilating-ideals of R are V|, = {I}, I, I3, I4, Is}, Vo = {J1, J», J3, Ja,
Js, Jos J7, Js, Jo, Jio}, V3 = {N1, Na, N3, Na, N5, Ne, N7, Ng, No, Nio} and Vi = {Ly, La, L3, La,
Ls}, where I) = R; x (0) x (0) x (0) x (0), I, = (0) x R, x (0) x (0) x (0), I3 = (0) x (0) x

Rs x (0) x (0),Iy = (0) x (0) x (0) x Ry x (0),I5s = (0) x (0) x (0) x (0) x Rs, J; =
Ry x Ry x (0) x (0) x (0),J, = Ry x (0) x R3 x (0) x (0), J53 = Ry x (0) x (0) x Rq x (0), Jy =
R]X() (0) ()XR5,J5 (0)><R2><R3><(0) (0) Jﬁ—(O)XRQX(O)XR4X(0),J7:
(0) x R x (0) x (0) x Rs, Jg = (0) x (0) x R3 X Ry x (0), Jg = (0) x (0) x R3 x (0) x Rs, J19 =
() () ()XR4XR§,N1 R1XR2XR3X() (() R1XR2X(O)XR4X(O),N3:

R]XR2>< 0) XRs,N4—R1X()XR3XR4X ) R]X()XR3X(O)XR5,N6:
R1><() ()XR4XR5,N7 (O)XR2XR3XR4X(O) Ng (O)XR2XR3X(O)XR5,N9:
(0) XRQX (0) XR4><R5,N10 = (0) X (0) XR3 XR4><R5,L] = R] XRQXR3 XR4>< (0),L2 =
Ry x Ry x R3 x (0) x Rs, L3 = Ry X Ry X (0) X Ry X Rs, Ly = Ry x (0) X R3 X Ry X Rs and
Ls = (0) x Ry X R3 X R4 X Rs. Clearly, (V;) forms a complete graph Ks. Also w(EAG(R)) =5
then again Theorem 3.1 in [11] implies that dim;(EAG(R)) > 3. If W is a collection of any
three vertices of Vi, for k = 1,2, then any two adjacent vertices of V;\W have same local metric
representations about W. Let W be a collection of any three vertices of V3. Then any two adja-
cent vertices of 1, have same local metric representations about . Let W be any three vertices
of V4. Then any two vertices of V; have same local metric representations about W. Let W be
any three vertices of the form either {I;, J;, Ny} or {I;, J;, Ls} or {I;, Ns, L} or {J;, Ng, L; },
foralli,t =1to05, j,s = 1 to 10. Then any two adjacent vertices of V;\W or V,\WW have same
local metric representations about W. Hence for all cases, every collection of three vertices of
EAG(R) does not form a local metric set so that dim;(EAG(R)) > 4. Y W = {I,, I, I3, Is},
then every pair of adjacent vertices in EAG(R) have different local metric representations about
W. Hence dim;(EAG(R)) = 4.

(74) The result follows from dim;(EAG(R)) < dimp (EAG(R)) and by Theorem 2.5 (4i7) in
[10]. |
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Theorem 3.2. If R is a SPR, then dim;(EAG(R)) = |A(R)*| — L.

Proof. By Theorem 2.4 in [9], |A(R)*| — 1 vertices of EAG(R) form a local metric basis so that
dim;(EAG(R)) = |A(R)*| — 1. O

Consider two vertices being true twins produce an equivalence relation on V(G). If the
resulting true twin equivalence classes are Uj, U, ..., Uj, then every local metric set of G must
contain at least |U;| — 1 vertices from U;, forall 1 <i <.

The subsequent theorem characterizes the local metric dimension of EAG(R) for direct product
of rings.

Theorem 3.3. If R is a PIR and R = Ry X Ry, then

(1) Ry is an integral domain and R, is either an integral domain or a ring with unique nonzero
proper ideal if and only if dim;(EAG(R)) = 1.

(i) Ry and R, are rings with unique nonzero proper ideal if and only if dim;(EAG(R)) = 2.

(i4i) Ry is an integral domain and R, is a ring with more than one nonzero proper ideals if and

only if dim;(EAG(R)) = |A(R2)*|.

(iv) Ry is not an integral domain and R, is a ring with more than one nonzero proper ideals if

and only if dim)(EAG(R)) = |A(Ry)| |A(Ry)| — 2.

Proof. As RisaPIR, then R = [[_| R, where R/s are either PIDs or SPRs.

(i) Assume that Ry and R, are integral domains and not fields. Then P N Q = (0), for some
nonzero prime ideals P = R; x (0) and Q = (0) x R; and they are not minimal ideals. Since R;
and R, are reduced, then by Theorems 2.3 in [9] and 2.4 in [1], EAG(R) is a complete bipartite
graph. Thus by Lemma 2.8 in [11], dim;(EAG(R)) = 1. Now consider Ry is a field and R, is
an integral domain. Since R; and R, are reduced, so by Theorem 2.3 in [9] and Corollary 2.3 in
[4], EAG(R) is a star graph so that dim;(EAG(R)) = 1. Consider R, is an integral domain and
R is a ring with unique nonzero proper ideal. Then Theorem 2.5 in [9] and Lemma 2.8 in [11]
show that dim;(EAG(R)) = 1.

Conversely, assume that dim;(EAG(R)) = 1. Suppose that R, is an integral domain and R; is
a ring with more than one nonzero proper ideals. Consider I is a nonzero proper ideal in R; and
M, is the maximal ideal in R, such that M,™ = (0). Then A(R)* = {R; x (0)} U{(0) x R} U
ViUV, U V3 U Vg where Vi = {(0) x My}, Va = {Ry x My}, V3 = {I x (0) : I € Ry} and
Vi = {I x My’ : I € R}, for 1 < j < m. Here the induced subgraphs (V1) is complete and
(V2), (V3) and (V4) are totally disconnected.

V Vi Va

Figure 3.1

From Figure 3.1, EAG(R) has only one true twin equivalence class, say U; = Vj. Then every
local metric set of EAG(R) must contain at least |U;|—1 = m—2 vertices from U;. Then m—2 <
dim;(EAG(R). Consider W C V; and |[W| = m — 2, then the adjacent vertices in A(R)*\W
have same local metric representations with respect to . Therefore dim;(EAG(R)) # m — 2.
Consider W = V; and |WW| = m — 1, then the adjacent vertices in EAG(R) have different local
metric representations about W. Then by definition, dim;(EAG(R)) = m — 1 = |A(R)*|.

Suppose that R; and R, are not integral domains. Consider R; and R, have unique nonzero
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proper ideal say, M; and M, respectively. As w(EAG(R)) = 3, then by Theorem 3.1 in [11],
dim;(EAG(R)) > [log3] = 2. Ttis clear that W = {M; x R,, M x M} is a local metric basis
for EAG(R). Hence dim;(EAG(R)) = 2.

Now consider R, has more than one nonzero proper ideals. Let M and M, be the maximal ideals
in Ry and R; respectively such that M;" = (0) and M,™ = (0). Then the nonzero annihilating-
ideals of R are Ry x (0), (0) x Ry, Vi = {M;" x (0)}, Vay = {M;" x Mp" : (M;")! # (0) and
(M>7)! = (0), for some I € Z*} Vo = {My" x My : (M;")! = (My?)! = (0) for some | € Z+},
Vo = {M1 X M2 (Ml ) = (O) and (M2 ) 75 (0) for some [ € Z+}, Vi = {(0) X sz},
‘/4—{M1 sz}andVS—{Rl XMZJ} for1<z<n 1<J<m

Figure 3.2

In Figure 3.2, the induced subgraphs (V1), (Va1), (Va2), (Vas), (V3) are complete graphs and
(V4), (Vs) are totally disconnected. Here the true twin equivalence classes in EAG(R) are U; =
Vi U Va1, Uy = Vip and Us = Va3 U Va3, Then at least |U;| — 1 vertices from U;, forall i = 1,2,3
must contained in the local metric set of EAG(R). Let W = U?:] (UN{J:})U{R1%(0), (0)x Ry}
where J; € U; and so |W| = |A(R,)| |A(Rz)|—2. Then all the adjacent vertices in EAG(R) have
different local metric representations about W. Hence W is a local metric set for EAG(R) and so
dim;(EAG(R)) < |A(R1)||A(Ry)|—2. Suppose that W = (J7_, (U\{J;}) U{R, x (0)}, J; € U;
and so the cardinality is |A(R;)| |A(Rz)| — 3. Then W is not a local metric set for EAG(R) since
D(J,|W) = D(J,|W), for the adjacent vertices .J; and J, of EAG(R). Similarly for all cases,
dim;(EAG(R)) # |A(Ry)||A(R,)| — 3. Hence dim;(EAG(R)) = |A(Ry)||A(R,)| —2. From
all cases, R; is an integral domain and R, is either an integral domain or a ring with unique
nonzero proper ideal.

(i4), (i41) and (iv) follow from the proof of (7). i

Next we provide certain examples for the previous theorem.

Example 3.4. (a) If R 22 7Z x Z,, then clearly EAG(R) is a star graph so that dim;(EAG(R)) =

1.

(b) Let R =2 Zx 2(2 [X>] Obviously, EAG(R) forms a complete bipartite graph so that dim;(EAG(R))
=1.

(c) Let R = Ig(z)] X 1 )[( ; In this, (X) is a unique nonzero proper ideal in x R )] Then the local

metric basis for EAG(R) is W = {(X) x R[X] . (X) x (X)}. Hence dim;(EAG(R)) = 2.

(d) Let R = Zli] x ]F)[()f Here (X) is the maximal ideal in ]F)[@; such that (X3) = (0).
Then W = {(0) x (X),(0) x (X?)} is a local metric basis for EAG(R). This shows that
dim;(EAG(R)) = 2.

(e) Let R = (1Z+[Zz]) X (1Z+[?)3' Here (1 + ¢) is the maximal ideal in (]§2]>3 such that (1 +14)* = (0).
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Then the local metric basis for EAG(R) is W = {(0) x (1 +1:), (1 +1¢) x (0),(1 +1¢) x (1 +

D), (14) x (1402, (144)? x (141), (0) x ks, rass x (0)}. Hence dim(EAG(R)) =

Theorem 3.5. If R is a PIR and R = Ry X Ry X R3, then

(i) Either Ry, R, and Rj are integral domains or Ry is an integral domain, Ry and Rz are
rings with unique nonzero proper ideal if and only if dim;(EAG(R)) = 2.

(i3) Ry, Ry are integral domains and Rj is not an integral domain if and only if dim;(EAG(R)) =
[A(R3)|.

(#9i) Ry is an integral domain, Ry is not an integral domain and Rj is a ring with more than one
nonzero proper ideals if and only if dim;(EAG(R)) = |A(Ry)| |A(R3)] — 2.

(iv) Ry, R, and Rj are rings with unique nonzero proper ideal if and only if dim;(EAG(R)) =
3.

(v) Ry, Ry are not integral domains and Rj is a ring with more than one nonzero proper ideals
if and only if dimi(EAG(R)) = [A(R1)| |A(R2)] |A(R3)| - 5.

Proof. As RisaPIR, then R =[] | R; where R/s are either PIDs or SPRs.

(7) Assume that Ry, R, and Rj are integral domains. Let I}, I and I3 be nonzero proper ideals
in Ry, R, and Rj respectively. Consider Vi = {R; x (0) x Iz : I3 € R3}, Vo = {Ry x I, x (0) :
LeRNLVA={Lx0)x(0): e Ri},Va={L1 x(0)xR3: I € B}, Vs ={[1 x(0) x I5 :
I e R,z € R3}, Ve = {Il x I, x (0) I e R, I, € Rz}, Vi = {Il X Ry x (0) I € Rl},
Vs ={(0)x (0) x I3 : Iy € R3}, Vo = {(0) x L, x (0) : [ € Ry}, Vip = {(0) x [ x I3 :
I, e RyI5 € R3}, Vii = {(0) xIh x Ry : I, € RQ} and Vi = {(0) X Ry xIz: 13 € R3}.
Here the induced Subgraphs <Vl> ’ <V2> ) <V3> ) <V21> ’ <VS> ’ <V6> ’ <V7> ’ <V8> ’ <V9> ’ <V10> ’ <V11> and
(V12) are totally disconnected. From Figure 3.3, the twin equivalence classes in EAG(R) are
Uy = {R1x(0)x(0)}UV3, Uy = {R; x(0) x R3 JUVUV4UVs, Us = { Ry x Ry x (0) }UTVLUVs UV,
Uy = {(0) X (0) XR3}UV8,U5 :{(0) X Ry x (0)}UV93ndU6 = {(O) X Ry XR3}UV10U
Vit U Vi Let W = {R; x (0) x R3, R x (0) x (0)}. Then the adjacent vertices in EAG(R)
have different local metric representations about W. Thus dim;(EAG(R)) < 2. From Figure
3.3, one can check that any set of one vertex of A(R)* does not form a local metric set and hence
dim;(EAG(R)) = 2.

U4 U5 Us
Figure 3.3

Assume that R, is an integral domain, R, and R3 are rings with unique nonzero proper ideal.
Suppose that I} is a nonzero proper ideal in R; and M,, M3 are unique nonzero proper ideal in R,
and R; respectively. Consider V; = {I; x (0)x M3? : I} € R}, Vo = {I} x Myx M37 : I € Ry},
Vs ={I; x My xRy : I} € Ri}and V; = {I} x Ry x M3’ : I} € Ry}, for j = 1,2. Here
the induced subgraphs (V1), (V2), (V3) and (V}) are totally disconnected. From Figure 3.4, the
twin equivalence classes in EAG(R) are U; = {R; x (0) x M3?, Ry x My x M3’} U Vi U V3,
Uy = {R) x My x R3} U V3, Us = {Ry x Ry x M3’} U V4, Uy = {(0) x (0) x M3}, Us =
{(0) x Ry x R3}, Us = {(0) x Ry x M3’ }, U; = {(0) x My? x R3}, Us = {(0) x M, x (0)} and
Uy = {(0) x My x M3}, for j =1,2. Let W = {(0) x (0) x R3, (0) x Ry x (0)} with cardinality
2. Then the adjacent vertices in EAG(R) have different local metric representations about W.
Thus dim;(EAG(R)) < 2. Suppose that W = {(0) x (0) x R3}. Then D(U;|W) = D(Us|W),
D(U|W) = D(Ug|W) and D(Us|W) = D(Us|W), so that W is not a local metric set of
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EAG(R). Similarly, Figure 3.4 explicitly shows that dim;(EAG(R)) # 1 for all cases. Hence

Figure 3.4

Conversely, assume that dim;(EAG(R)) = 2. Suppose that Ry, R, are integral domains and
Rj3 is not an integral domain. Here Iy, I, are nonzero proper ideals in R;, %, respectively and
Ms is the maximal ideal in Rj such that M3 = (0). Consider V; = {(0) x (0) x MF}, V5 =
{(0)XIzXM§ZIzER2},V3={(O)XIQXR3IIQERz},VZ;:{(O)XIQX(O)ZBERQ},
Vs = {(0) x Ry x MF}, Vo = {I; x (0) x (0) : I} € Ry}, Vs = {I; x (0) x R3 : I € Ry},
Vo= {1 x (0)x MF i € R}, Vo={Iy x ,x (0): I) € Ry, I» € Ry}, Vig = {I; x I x MF :
I € R],IQ S RQ}, Vii = {I] X Ry x (0) I € R]}, Via = {Il X Ry x Mgk I € R]},
Vis = {Rl X (0) X M3k}, Via = {Rl x I, x (O) D e RQ}, Vis = {Rl x I % M3k L e Rz},
Vie = {R1 x Ry x My}, for1 <k <r.

Figure 3.5

Here the induced subgraphs (V7) is complete and (V), (V3), (Va), (Vs), (Ve), (V7), (WV8), (Vo),
Vi0)s (Vi1)s (Vi2), (Viz), (Via), (Vis) and (Vie) are totally disconnected. From Figure 3.5, the
twin equivalence classes in EAG(R) are Uy = Vi, Uy = {(0) x Ry x (0)} UV, U V4 U Vs,
Us; = {Rl X (0) X (0)}UV6UV§UV13,U4 = {(0) X Ry XR3}UV3, Us = {R1 X (O) XR3}UV7,
Ug = {R] X Ry x (0)}UV9UV]()UV1] UV UViaUVisUVig, U7 = {(0) X (0) XR3} and the true twin
equivalence class in EAG(R) is U, so that at least |U; | — 1 vertices from U; must contained in the
local metric set. Let W = U U{(0) x R, x (0)} and so |[W| = |A(R3)|. Then the adjacent vertices
in EAG(R) have different local metric representations about W. So dim; (EAG(R)) < |A(R3)|.
Suppose that W = U; and |W| = |A(R3)| — 1. Then D(U,|W) = D(Us|W) so that W is not
a local metric set for EAG(R). Similarly for all cases, dim;(EAG(R)) # |A(R3)| — 1. Hence
dimi(EAG(R)) = |A(Rs)|.

Suppose that R; is an integral domain, R, is not an integral domain and Rj is a ring with more
than one nonzero proper ideals. In this, /; is a nonzero proper ideal in R; and M;, M3 are the
maximal ideals in R, R3 respectively such that M>™ = (0) and M;" = (0). Consider V; =
{(0)  (0) x Ms*}, V3 = {(0) x My? x (0)}, Vaa = {(0) x Mo x Ms* : (A1) = (0), (M")! #
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(0) for some I € Z*}, Vi, = {(0) x My? x Mz* : (My?)! = (M;3*)! = (0) for some | € Z*},
Ve = {(0)x My? x M3* = (M)t # (0), (M5*)! = (0) for some I € Z+}, V4 = {(0)x My? x R3},
Vs = {(0) x Ry x M3*}, Vg = {I; x (0) x M3" : I € Ry}, V5 = {I} x Ma? x (0) : I € R},
Ve = {II x M/ x M5 : Iy € Ry}, Vo = {1} x My x Ry : I1 € Ry}, Vig = {I) x Ry x M5" :
I, € Rl}, Vii = {Rl X (0) X M3k}, Vip = {Rl X M2‘] X (O)}, Viz = {Rl X M2‘7 X M3k},
V]4 = {R] X MQJ X R3}, V|5 = {Rl X R2 X M3k}, V16 = {I] X (O) X (0) . I] S Rl},
‘/17:{.[1><(0)XR3:11 ER]}aHdMg:{11XR2X(O)CI1 ER]},fOI'l §j<m,1 <k<r.
Here the induced subgraphs (V}), (Va), (Vaa), (V3s), (V3.) are complete and (Va), (Vs), (Ve), (V5),
(V8), Vo), (Vio)s (Vi) (Vi2), (Vi3), (Via), (Vis), (Vie), (Vi7) and (Vi) are totally disconnected.
Figure 3.6 shows that the twin equivalence classes in EAG(R) are U; = Vi UV3,, Uy = VU Vi,
Us = Vi, Uy = {(0) PN (0) X R3} UV, Us = {(0) X Ry x (0)} UVs, Ug = {(0) X Ry x R3},
U7 ={Ry x(0)x (0)}UVeUV,UVRUV;; UViaUVi3UVie, Us = {R1 X (0) x R3}UVoU V14U V7
and Ug = {Ry X Ry x (0)} U Vjp U V5 U Vig and the true twin equivalence classes in EAG(R)
are Uy, U, and Uj so that at least |U;| — 1 vertices from U; must contained in the local metric set
of EAG(R), for every i = 1,2, 3.

Figure 3.6

Let W = (U?z1 U\{J:}) U {(0) x (0) x R3,(0) x Ry x (0)} where J; € U; so that |IW| =
|A(R2)||A(R3)| — 2. Then the adjacent vertices in EAG(R) have different local metric repre-
sentations about . Thus W is a local metric set so that dim; (EAG(R)) < |A(Ry)||A(R3)|—2.
Suppose that W = (U3:1 U\{J:}) U{(0) x (0) x R3} where J; € U; and the cardinality is
[A(R)||A(R3)| — 3. Then D(U7|W) = D(J,|W) and D(J;|W) = D(J3|W) so that W is
not a local metric set for EAG(R). From Figure 3.6, one can check that dim;(EAG(R)) #
|[A(R,)||A(R3)| — 3 for all cases. Hence dim(EAG(R)) = |A(Ry)||A(R3)| — 2.

Suppose that R;, R, and R3 are not integral domains. Consider R;, R, and R3 have unique
nonzero proper ideal say, M, M, and M3 respectively. Here the twin equivalence classes in
EAG(R) are Uy = {RIAX (O) X M3j, R X M; x ng}, Uz = {(O) X sz X R3, My x ng X R3},
U3 = {(0) X Rz X M3J,M1 X R2 X M3J}, U4 = {M]j X R2 X R3}, U5 = {Rl X Rz X M3j},
Us = {Rl X sz X R3}, U; = {(0) X (0) X M3}, Ug = {(0) X My X (O)}, Ug = {Ml X (O) X (0)},
U]() = {M] X (0) X M3}, U]] = {M] X Mz X (0)}, U12 = {(0) X M2 X M3} and U13 =
{M; x My x Mz}, forj =1,2. Let W = {Ry x (0) x (0),(0) x R, x (0),(0) x (0) x R3} with
cardinality 3. Then the adjacent vertices in EAG(R) have distinct local metric representations
about . Consequently, W is a local metric set of EAG(R) so that dim;(EAG(R)) < 3. Sup-
pose that W = {R; x (0) x (0), (0) x R, x (0)} with cardinality 2. Then D(Ug|W) = D(Uyp|W),
D(Ug|W) = D(U2|W), D(U1|W) = D(Uy3|W) and so W is not a local metric set of EAG(R).
Similarly, dim;(EAG(R)) # 2 for all cases. Hence dim;(EAG(R)) = 3.

Finally consider R3 to be a ring with more than one nonzero proper ideals. Here M;, M, and
Mj3 are the maximal ideals in Ry, R, and Rj respectively such that M;"™ = (0), M>™ = (0) and
M;" = (0). Consider Vi, = {M," x (0) x M3* : (M*)! = (0), (M3")! + (0) for some | € Z+},
Vip = {M,* x (0) x M3" : (M;*)! = (M3"*)! = (0) for some | € Z*}, Vi = {M;" x (0) x M3" :
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(MDY # (0), (M3")! = (0) for some | € Z*}, Vo, = {M;" x My? x (0) : (M") =
(0), (M) # (0) for some | € Z*}, Vo, = {M;" x My? x (0) : (M%)} = (My?)" = (0) for
some | € Z*}, Voo = {M;* x My? x (0) : (M;") # (0), (My?) = (0) for some I € Z*}, V3, =
{(0) x My x Mz* : (My?)E = (0), (M3")! # (0) for some I € Z+}, Vi, = {(0) x My’ x M3" :
(M) = (M3") = (0) for some | € Z*}, Vi = {(0) x My? x Mz" : (My?)E # (0), (M%)} =
(0) for some I € Z*}, Vau = {M;" x My? x Ms* : (M") = (My?)! = (0), (M3"¥)! # (0)
for some [ € Z*Y, Vi, = {M* x My x Mz* : (M) = (M3") = (0), (My?)! # (0) for
some | € Z*}, Vi = {M;" x My? x M3 : (M%)} # (0), (My?)! = (M3*)! = (0) for some
1€ 77}, Vig = {M* x My? x Mz* : (M*)! = (My?)! = (M3*)! = (0) forsome | € Z+}, Vi =
{M" x My? x M3" : (M) = (M7 ) = (MsF)H1 = (0), (My7)! # (0) and (M3%)! # (0) for
some [ € Z+}, V4f = {M]i X sz X M:;k . (M]i)l 7& (0), (M3k)l 75 (0), (sz)l = (M]i)lJrl =
(Mz")H1 = (0) for some | € Z*}, Vi, = {M;" x My? x Mz" = (M;*)! # (0), (My?)! # (0)
and (M3")! = (M")*! = (MY)*! = (0) for some | € Z*}, Vs = {(0) x (0) x M3"},
Vs = {(0) x My x (0)}, V7 = {Mi"x (0)x (0)}, Vg = {Mi* x Ry x (0)}, Vo = {(0) x Ra x M3},
Vio = {M\" x Ry x M5}, Vii = {R) x Ry x M3"}, Vip = {(0) x My’ x Ry}, Vi3 =
{My" x My? x Ry}, Vig = {M;" x (0) x R3}, Vis = {Ry x Ma? x R3}, Vig = {R) x (0) x M3"},
Vi = {R1 X MZJ X M3k}, Vig = {R1 X sz X (0)} and Vi = {Mlz X Ry X R3}, for every
1 <i<mn,1<j<mandl <k < r. The induced subgraphs (Vi,), (Vis), Vic), (Vaa), (Vab)s
(Vae), (Vaa), (Van)s (Vae)s (Vaa)s (Vab), (Vae)s (Vaa)s (Vae), (Vay)s (Vag), (V5), (Ve) and (V7) are
complete graphs and (Vz), (Vo), (Vio), (Vi1), (Vi2), (Vi3), (Via), (Vis), (Vie), (Vi7), (Vis) and
(Vi9) are totally disconnected.

Un Usg Us Us

Figure 3.7

In view of Figure 3.7, the twin equivalence classes in EAG(R) are U; = {R; x (0) x (0)}U V36U
Vi7UVig, Uz = {(0) % (0) X R3 }UV2UVi3UVia, Uz = {(0) X Ry x (0) JUVRUVoUVig, Us = {(0) x
Ry x R3}UVig, Us = { Ry x Ry x (0) }UVi1, Us = {R1 x (0) x R3}UVis5, Uy = Vi, UV3,UVa, UV5,
Ug = Vo, UV3 UV UVs, Ug = Vi UVo UVa UV, Urg = VisUVayp, U = Vo UVag, Urn = V33UV,
and U3 = Vy4 and the true twin equivalence classes are Uy, Ug, Ug, Ujg, U1, U1z and Ujs so that
at least |U;| — 1 vertices from U; must contained in the local metric set for EAG(R) forall i =7
to 13. Let W = (U2, UN{J:}) U {R: x (0) x (0),(0) x Ry x (0),(0) x (0) x R} where
J; € Uy and so [W| = |A(Ry)| |A(R2)||A(R3)| — 5. Then the adjacent vertices in EAG(R) have
distinct local metric representations about W. Hence W is a local metric set of EAG(R) and
dimy(EAG(R)) < |A(R))||A(Ra)| |A(Rs)| — 5. Suppose that W = (U2, Ui\{J;}) U {(0) x
Ry x (0),(0) x (0) x R3} where J; € U; so that the cardinality is |A(Ry)| |A(R2)| |A(R3)| — 6.
Then D(J2|W) = D(Jyo|W), D(Js|W) = D(J;1|W) and D(Jio|W) = D(Ji3|W). Hence W
is not a local metric set of EAG(R). Similarly, dim;(EAG(R)) # |A(R1)| |[A(R)| |A(R3)| — 6
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for all cases. Hence dim;(EAG(R)) = |A(R)| |A(R2)||A(R3)|—5. From all cases, R, R, and
Rj3 are integral domains or R; is an integral domain, R, and R3 are rings with unique nonzero
proper ideal.

(11), (4i7), (4v) and (v) follow from the proof of (7). i

The following is an instance of the previous theorem.

Example 3.6. (a) If R~ 7Z x Z x Z, then W = {Z x (0) x Z,Z x (0) x (0)} is a local metric
basis so that dim; (EAG(R)) = 2.

(b) Let R = Z[i] x Z[i] x Zg. Here (2) is the maximal ideal in Zg and W = {(0) x (0) x (2)
Z[i] x (0), (0) x (0) x Zg} is a local metric basis for EAG(R). Hence dim;(EAG(R)) =
(¢c)Let R = Zx Z&i{)] x Z<’[X)] In this example, (X) is a unique nonzero proper ideal in and

the local metric basis is W = {(0) x Z’[X] x (0), (0) x (0) x (EAG(R)) = 2.

(d) Let R = Z x Zg x Zsg. ThenW—{() (0) % (2), (0) x (2) x (0),(0) x (0) x Zg, (0)
Zg x (0),(0) x (2) x (2),(0) x (2) x (4),(0) x (4) x (2)} is a local metric basis for EAG(R)
so that dim;(EAG(R)) =17.

(e) Let R = F)[g)] X % X F)[()Z{)] Here (X)) is a unique nonzero proper ideal in F)[()f)] and the local

metric basis for EAG(R) is W = (X)f)] x (0) x (0), (0) x %i[()f)] x (0), (0) x (0)
dim(EAG(R)) = 3.

,(0) x

3.
7,[X]
X7
)

(f) Let R = (ﬁi])3 X 1Z+[Z1] X (Zl])} In this, (1 —i—z) is the maximal ideal in (Z[ ])3 such that
(144)* = (0) and W = {25 x (0) x (0), (0) x % (0), (0) x (0) x 25, (0) x (0) x
(1+4),(0) x (1 +Z)><(0)7( +1) x (0) x (0),(1 ) (0) x (1+2) (1 414) x (0) x (1 +
Z')27(1+%')2><() X (1), (144) x (1+) x (0), (I+) x (14 )2 x ()( +i)? x (1 +
i) % (0), (0) x (1 +1) x (1 +1),(0) x (1+2)><(1+2) (0) x (1+1)? ( i), (1) > (1+
i) x (1414), (144) x (14+4) x (1 +4)% (1 + )><(1 ) (1+2)( i) x (141) x (1+
i),(144) x (1+4)2x (14+4)2,(1+i)>x (14+4) x (1+i)%,(14+4)? x (1+i)>x (1+4)}isa
local metric basis for EAG(R) so that dim;(EAG(R)) = 22.

Finally, we give an excel characterization of Z,, in the following corollary.

Corollary 3.7. If R = Z,, and p, q, r be three distinct primes, then the following occurs.
(1) If n=p% a > 1, then
(a) a > 2 ifand only if dim;(EAG(R)) = o — 2.
(b) a = 1 if and only if dim;(EAG(R)) is undefined.
(ii) Ifn = p“q®, o, B > 1, then
(a) Either « = f =l or a = 1, B = 2 if and only if dim;(EAG(R)) = 1.
(b) a = 1,8 > 3 ifand only if dim;(EAG(R)) = 8 — 1.
(¢) a = B =2 if and only if dim;(EAG(R)) = 2.
(d) a > 2,8 >3 ifand only if dim;(EAG(R)) = a8 — 2.
(iii) If n = p“q°r7,a, 3,7 > 1, then
(a) Eitherao =3 =~=1ora=1,8=~=2ifand only if dim;(EAG(R)) = 2.

(b) a = B =1,v > 2 ifand only if dim;(EAG(R)) = ~.
(c)a=1,8>2,~v>3ifand only if dim;(EAG(R)) = By — 2.
(d) a = B =~ =2ifand only if dim;(EAG(R)) = 3.

(e) o, 8 > 2,~v > 3 ifand only if dim)(EAG(R)) = afy — 5.

Proof. As R is an artinian PIR, then R = []?" | R; where R]s are SPRs.

(7) (a) Assume that n = p® and @ > 2. As R is a SPR, then by Theorem 3.2, the result holds.
Conversely, assume that dim; (EAG(R)) = a—2. Let « = 1. Since EAG(R) is an empty graph,
dim;(EAG(R)) is undefined. Hence o > 2.

(b) Follows from (a).
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(i) Here A(R)* = {(p")} U{(¢)} U ({(p'¢ ) }\{(p*¢”)}), for 1 <i < e, 1 < j < 3. The result
follows from Theorem 3.3. _
(#1i) In this case, A(R)* = {(p")} U {(¢ )} {(r")} u{('e)} U A{'r*)} U {(¢/F)} U
@ @) I\ {(p*gPr)}), for 1 < i < a,1 < j < B,1 < r < ~. The proof follows from
Theorem 3.5.

O
References

[1] M. Ahrari, Sh. A. Safari Sabet and B. Amini, On the girth of the annihilating-ideal graph of a commutative
ring, J. Linear and Topological Algebra 4,209-216 (2015).

[2] D. F. Anderson, T. Asir, A. Badawi and T. Tamizh Chelvam, Graphs from rings, Springer publication,
(2021).

[3] M.E. Atiyah, I.G. MacDonald, Introduction to Commutative algebra, Addison-Wesley Publishing Com-
pany, London, (1969).

[4] M. Behboodi and Z. Rakeei, The annihilating-ideal graph of commutative rings I, J. Algebra Appl. 10,
727-739 (2011).

[5] G. Chartrand, E. Salehi, P. Zhang, The partition dimension of a graph, Aequationes Math. 59, 45-54
(2000).

[6] G. Chartrand, E. Salehi, P. Zhang, On the partition dimension of a graph, Congr. Numer. 131, 55-66
(1998).

[7] G. Chartrand and P. Zhang, Introduction to Graph Theory, McGraw Hill Education (India) Private Ltd.,
(2006).

[8] D. Dolzan, The metric dimension of the annihilating-ideal graph of a finite commutative ring, Bull. Aust.
Math. Soc. 103 (2021), 362-368.

[9] S. Nithya and G. Elavarasi, Extended annihilating-ideal graph of a commutative ring, Discuss. Math. Gen.
Algebra Appl., to appear.

[10] S. Nithya and G. Elavarasi, Metric and upper dimension of extended annihilating-ideal graphs, Algebra
Collog., to appear.

[11] F. Okamoto, B. Phinezy and P. Zhang, The local metric dimension of a graph, Math. Bohem. 135, 239-255
(2010).

Author information

S. Nithya, Assistant Professor, Department of Mathematics, St.Xavier’s College (Autonomous), Palayamkottai
- 627 002, TamilNadu, INDIA.

Affiliated to Manonmaniam Sundaranar University, Abishekapatti, Tirunelveli - 627 012, TamilNadu, INDIA.
E-mail: nithyasxc@gmail.com

G. Elavarasi, Reg. No. 18111282092014, PG and Research Department of Mathematics, St.Xavier’s College
(Autonomous), Palayamkottai - 627 002, TamilNadu, INDIA.

Affiliated to Manonmaniam Sundaranar University, Abishekapatti, Tirunelveli - 627 012, TamilNadu, INDIA.
E-mail: gelavarasi94@gmail.com



	1 Introduction
	2 Partition dimension of EAG(R)
	3 Local metric dimension of EAG(R)



