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Abstract The average degree square sum matrix AD of a graph G is equal to order of G
whose elements are defined as % if v; ~ v; and otherwise zero. In this paper, we introduce
a new energy of graph under the name of average degree square sum energy. We also obtain
characteristic polynomial of the average degree square sum of standard graphs and bounds. In
addition, we apply graph operators to standard graphs ascertained the characteristic polynomials.
Finally, we characterize the average degree square sum hyperenergetic, border-energetic and
equi-energetic of some graphs.

1 Introduction

The concept of energy in a graph arose from Huckel theory in which the 7-electron energy
of a conjugated carbon molecule is computed which coincides with the energy of a graph. In
discrete structures, there are several graph polynomials based on matrices such as adjacency
matrix, Laplacian matrix, signless Laplacian matrix, distance matrix, degree sum matrix and
degree exponent matrix are present. Motivated from these, we introduce and study the average
degree square sum matrix of a graph G. Some of the new results to energies and directed graph
([111,[12]].

Let A = (a;;) be an adjacency matrix of order n of a graph G. The characteristic polynomial
of a graph G is denoted by Ch(G, \) = (M — G), where ) is an eigenvalue of a graph G. Hence,
by [9], the energy of G is defined as E(G) = >_1" | | A | -

Let V(G) be the vertex set and E(G) be an edge set of G. The degree of a vertex G is denoted
by d,(G). The average degree square sum matrix of a graph G is denoted by AD(G) = (s;;)
and whose elements are defined as

2 2
&+ &

if Vi ~ Uy
Sij =
0 if otherwise

Here, the considered graphs are the simple, finite and undirected. Basic terminologies and
notations can be found in [8].

2 Basic properties of largest average degree square sum eigenvalue

Here, we initiated to study few properties which are useful to further development.

Let us define the number p as
2
d? + d?
_ i %
P=2 ( 2 )
1<J
Proposition 2.1. The first three coefficient of the polynomial Ch(AD(G, \)) are as follows:

(i) ap =1,
(ii) a1 =0,
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(iii) ap = —p.
Proof. (i) By the definition of characteristic poynomial, trivially, ay = 1.

(i) We know that all principal diagonal entries of average degree square matrix are zero, so,

a; =tr(AD(G)) = 0.

(ii1) We have ,
(—1a2= ) (aiuaj; - ajiaiy)

1<i<j<n
= —p.

m}

Proposition 2.2. If A\, )\, ,..., \,, are the average degree square sum eigenvalues of AD(G), then

i A2 =2p.
i=1

Proof.

3

Y N =tr([ADG)P) =D dijdys
i1

i=1

—_

<.

where My = maz(a;), My = max(b;) and my = min(a;), my = min(b;) wherei =1,2,....n

Theorem 2.4 ([1]). Let a; and b; are non-negative real numbers. Then

nZaibi — Zai Zbi < a(n)(A—a)(B-b),
i=1 =1 =1

where a, b, A and B are real constants such that o < a; < Aand b < b; < B for each i,
1 <i < n. Further, a(n) =n|[%|(1 — 1[2]).

n

Theorem 2.5 ([6]). Let a; and b; are non-negative real numbers. Then

i: b2+ CCy z":a% <(Ci+Gy) i: aibi,
i=1 i=1 =

where Cy and C, are real constants such that Cia; < b; < Cha; foreachi, 1 <i <n.

Theorem 2.6. Let G be a r-regular graph of order n. Then G has only one positive average
degree square sum eigenvalue X = r*(n — 1).
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Proof. Let G be a connected r-regular graph of order n and {v;, v, ...., v, } be the vertex set of
G. Let d; = r be the degree of v;, i = 1,2, ...n. Then the characteristic polynomial of AD(G) is

ChlAD(G),\] = (A —r?(n — 1))(A + )" .1)

Therefore, the eigenvalues are 7>(n — 1) and —r? which repeats (n — 1) times.
O

Theorem 2.7. Let G be any graph of order n and let \| be the largest average degree square
sum eigenvalue. Then

2p(n — 1)'

n

Al

IN

Proof. By the Cauchy-Schwartz inequality [[?]], we have

n 2 n n
272 2 2
(Zaibz') SHI
i=1 i=1  i=I
where a; and b; are non-negative real numbers. Now, substituting a; = 1 and b; = \; , we have

n

n 2
(Z A%) <(n—1)) b
i=2 i
By using Propositions 2.1 and 2.2 in above inequality,

(=2)* < (n=1)(2p = A}).

Hence,
A < M
n
Remark 2.8. If G be a regular graph, then
A = 2p(n — l)'
n

O

Remark 2.9. Let G be a r-regular graph of order n. Then AD(G) = r*J — r%I, where J is the
the matrix of order n whose all entries are equal to one and I is an identity matrix of order n.
The characteristic polynomial is given by

ChIAD(G),\] = (A —r*(n — 1))(A + 371

Hence
E[AD(Q)] = 2r*(n — 1).

Remark 2.10. If G is a r-regular graph and its complement G is (n — 1 — r) regular graph, then

n—1

Chl[AD(G), N = (A= (n—1)(n—1=7)2)A+(n—1—7)

Thus,
E[AD(G)] =2(n—1—7)*(n—1).

Theorem 2.11. Let G be a graph of order n and size m. Then

ELAD(G)] > /200~ "2 20— | 2a D2
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Proof. Let A\j, A2, ..., A, are the average degree square sum eigenvalues of G. Substituting
a; = 1 and b; =| \; | in the theorem 2.3 we get

2

n n n 2
2y n P - MNP < B0 =M )?
SEYNE - (S E) -

2pn — (E[AD(G)])> < —(| A1 | = | An |)?

n

TL2

4

2

ELAD(G)] = 200~ "2 M [~ | A 7

Theorem 2.12. Let G be a graph of order n. Then

V2p < E[AD(G)] < /2np.

Proof. By the Cauchy-Schwartz inequality [[?]], we have

n 2 n n
i=1 i=1 i=1

where a; and b; are non-negative real numbers. Now, substituting a; = 1 and b; = \; we have

n 2 n n
(Z)\z|> <> Py AP
i=1 =1 =1

(E[AD(G)])* < 2pn.
Thus,

E[AD(G)] < v/2pn

and 5
Z|)\i|2§ <Z|/\z|>
i=1 i=1

2p < (€[AD(G)))?

which implies
E[AD(G)] > /2p.

O

Theorem 2.13. Let G be a graph of order n and A be the absolute value of the determinant of
AD(G). Then

\/Zp +n(n—1)A% < E[AD(G)] < \/2np.
Proof. We know that
2

(E[AD(G)])* = (Z Y I>
i=1
=ix’;‘+22m 12 ]

i<j
=20+2> [Nl

i<j

EAD@))> =2p+ Y [ Al A | (2.2)
i#j
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Since we know for non-negative numbers, the arithmetic mean is always greater than or equal to
the geometric mean.

J
nn—T)

1
n(n—l) |)‘1 H)‘J ‘— |)‘Z||)‘j|

i#] i#]

= (Hm |2<“‘>> o
i=1
- H | A »

ij
— A~

Therefore,
STIAIA 2 n(n - 1A%
i#]

from equation (2) we have,

E[AD(G)] > \/Zp +n(n—1)Ax.

Consider a non-negative quantity Y such that,

DD ANI=INDP =D AN P+ P =2 M)
i=1 j=1 i=1 j=I
Let n n n n
Y=nd [NP4nd NP2 1D 1A
i=1 j=1 i=1 j=1
Y = dnp — 2(E[AD(G)])*.
Since,

Corollary 2.14. If G is a r-regular graph of order n, then
E[AD(G)] < 2nr’Vn — 1.

Theorem 2.15. Let G be a graph of order n and size m. Let A\ > X, > ... > A, be a non-
increasing arrangement of average degree square sum eigenvalues. Then

E[AD(G)] = \/2np — a(n)(| M | — | A |2

where a(n) = n|%](1 - 1[%]).

n

Proof. Let A1, Xy, ..., A, are the average degree square sum eigenvalues of G. Substituting
a; =| \; |=b; and a =| \,, |= b, A =| \; |= B in the theorem 2.4

n

" 2
HZIMIZ—<ZIA¢|> <am)(| A =[x [)?
i=1

i=1

Since E[AD(G)] =Y, | A | and 3°7 | | A; |*= 2p we get the required result. O
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Theorem 2.16. Let G be a graph of order n and size m. Let Ay > X\, > ... > A\, be a non-
increasing arrangement of average degree square sum eigenvalues. Then

[ A1 ]| A | n+2p
E[AD(G)] >
[AD(G)] 2 [ A+ ] A

Proof. Let Ay, A2, ..., Ay, be the average degree square sum eigenvalues of G. Substituting a; = 1
and b; =| \; |, C1 =| An |, C2 =| A | in Theorem 2.5,

Zlmuxlwles(uluxnl)(ZMil)
=1 i=1 =1

Since E[AD(G)] =Y, | A |and 37| | A; |*= 2p we get the required result. O

Definition 2.17. [8] The line graph L(G) of a graph G is a graph with vertex set as the edge set
of G and two vertices of L(G) are adjacent whenever the corresponding edges in G are adjacent.

The k' iterated line graph [2, 3, 8] of G is defined as L*(G) = L(L*~1(@)), k = 1,2,3..
where L0(G) 2 G and L'(G) = L(G).

Remark 2.18 ([2, 3]). The line graph L(G) of an r-regular graph of G of order n is an r; =
(2r — 2)-regular graph of order ny = %". Thus, L*(G) is an rj,-regular graph of order ny, given
by

k—1

ny = 2—2 H(Zir — 20 42y and 7y =28 — 28T 42,

i=1

Theorem 2.19. Let G be a r-regular graph of order n and let L*(G) be the ri,-regular graph of
order ny, then average degree square sum energy of L*(Q) is

E[ADD(L}(@))] = 2rj.(n — 1) where, 7y =2 —2M" 42,

Proof. The average degree square sum characteristic polynomial of L¥(G) with vertex set ny,
(Remarks 2.9 and 2.18) is given by

Ch[ADS(L*(G)), ] = [A = (2Fr = 2M1 4 2)2 (g — D)][A + (28 = 281 - 2)2m !

Thus,
E[ADD(L¥(G))] = 2ri(n—1) where, =2 —2""1+2.

Lemma 2.20 ([14]). If a, b, c and d are real numbers, then the determinant of the form

()\ + Cl)Inl — ClJnl _Ct]n] X1y
—d T, A+ b) I, — by,

= +a)" A+ (A= (n1 — Da)(A — (n2 — 1)b) — ninacd]

3 Operated AD(G) with illustrative graphs

This section instigate the operations of graphs.

Definition 3.1 ([8]). The subdivision graph S(G) of a graph G is a graph with the vertex set
V(G) U E(G) and is obtained by inserting a new vertex of degree 2 into each edge of G.

Definition 3.2 ([15]). The semitotal line graph T;(G) of a graph G is a graph with the vertex set
V(G) U E(G) where two vertices of T} (G) are adjacent if and only if they corresponds to two
adjacent edges of G or one is a vertex of G and another is an edge G incident with it in G.
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Definition 3.3 ([15]). The semitotal point graph 7»(G) of a graph G is a graph with the vertex
set V(G) U E(G) where two vertices of 75(G) are adjacent if and only if they corresponds to
two adjacent vertices of G or one is a vertex of G and another is an edge G incident with it in G.

Definition 3.4 ([8]). The total graph 7'(G) of a graph G is the graph whose the vertex set is
V(@) U E(G) and two vertices of T(G) are adjacent if and only if the corresponding elements
of GG are either adjacent or incident.

Definition 3.5 ([14]). The graph G** is a graph obtained from the graph G by attaching k pen-
dant edges to each vertex of G. If G is a graph of order n and size m, then G** is graph of order
n + nk and size m + nk.

Definition 3.6 ([8]). The union of the graphs G| and G, is a graph G| U G, whose the vertex set
is V(G UG,) = V(G)) UV (G,) and the edge set E(G U G,) = E(G) U E(G,).

Definition 3.7 ([8]). The join G| + G, of two graphs G| and (3, is the graph obtained from G
and G, by joining every vertex of G; to all vertices of G,.

Definition 3.8 ([8]). The product G x H of two graphs G and H is defined as follows:
Consider any two points © = (u1,u2) and v = (vy,v2) in V = V; x V5. Then u and v are
adjacent in G x H whenever [u; = vianduyadjv;]or[u; = vaanduyadjv].

Definition 3.9 ([8]). The composition graph G[H] of two graphs G and H is defined as follows:
Consider any two points v = (u,uz) and v = (v1,v;) ) in V =V} x V5. Then v and v are
adjacent in G[H| whenever [ujadjv;] or [u; = vianduzadjvy].

Definition 3.10 ([8]). The corona G o H of graphs G and H is a graph obtained from G and H
by taking one copy of G and | V(G) | copies of H and then joining by an edge each vertex of
the i*" copy of H is named (H, i) with the i*" vertex of G.

Definition 3.11 ([4]). The jump graph J(G) of a graph G is defined as a graph with the vertex
set as E(G) where the two vertices of J(G) are adjacent if and only if they correspond to two
nonadjacent edges of G.

Theorem 3.12. Let G be a r-regular graph of order n and size m. Then

CHIAD(S(G))] = A+ A+ 4)F 71N = (45 = D) + 17 (n— 1)
+ H162n — (= 1) = T2 4]

Proof. The subdivision graph of a r-regular graph has two types of vertices. The n vertices with
degree r and 75 vertices with degree 2. Hence,

Tz(Jn _In) (T2;4) Jnx%
AD[S(G)] =
A Tap s T — Ing)

Ch[AD(S(G))] =| Xl — AD(5(Q)) |

2
(/\+T2)IWL_T2J7L _(T ;4)']n><%

D e AN ATy — 4T
Now by using Lemma 2.20, we get the desired result. O
Theorem 3.13. Let G be a r- regular graph of order n and size m. Then
ChIAD(T>(G))] = A+ 4r2)" TN+ 4™ D2 —4((m — 1) + 73 (n — 1)A
+16r*((n — 1)(m — 1)) — 4mn(r* + 1)%)].
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Proof. The semitotal point graph of a r-regular graph has wo types of vertices. The n vertices
with degree 2r and m vertices with degree 2.

Hence,

4r2(Jp — L) 2(r* + 1) Jnxm

AD(Ty) =
2(r* + Ddxn  4HJm — L)
CH[AD(T3)] =| A — AD(T3(G) |
A+4r) L, — 42, =2(r* 4+ 1) Jpsm

2+ Ddmsxn (A +4)L, —4J,,

Now, by using Lemma 2.20, we get the desired result. O

Theorem 3.14. Let G be a r- regular graph of order n and size m. Then,
ChIAD(T))] = A+ )" T (A +4r2)™ N2 — 2 (4(m — 1) + (n — 1))A
1
+ 1(167“4(71 —1)(m — 1) = 25mnr?].

Proof. The semitotal line graph of a r-regular graph has two types of vertices. The n vertices
with degree r and m vertices with degree 2r.

Hence,
2
TZ(Jn - In) S%Jnxm
AD(Th) =
%men 47’2(<]m - Im)
ChIAD(S(G))] =| M — AD(Ty(G)) |
A+ 1), — 2T, 3 T

Ty - (A+4r2)1,, — 4r2J,,

Now, by using Lemma 2.20, we get the desired result. O

Theorem 3.15. Let G be a r-regular graph of order n and size m. Then
Ch[AD(T(G))] = (A — 41 (n + m — 1)) (A + 4r?)mtm=1,

Proof. The total graph of a r-regular graph is a regular graph of degree 2r with n + m vertices.
Hence the result follows from Equation (1).

O

Theorem 3.16. Let G be a r- regular graph of order n and size m. Then

ChIAD(G™)] = A+ (r + B))" T+ D)™ N2 — ((nk — 1) + (r + k)*(n — 1)\
1
+ G0+ B (= Dk = 1) = n?k(1 + (r + £)?)*)].
Proof. The graph G** of a r-regular graph has two types of vertices. The n vertices with degree
r + k and nk vertices with degree 1.

Hence,
(T+k)2(=]n *In> Wt}nxm
AD(G™) =

2
((TL;_H)men (Jm _Im)
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Ch[AD(G™™))] =| A\ — AD(G™") |

A+ (r+ R, — (r+ k)2, —CHRs

—meXn A+ DIy — T

Now, by using Lemma 2.20, we get the desired result. O

Theorem 3.17. If G is a ri-regular graph of order n, and H is a ry-regular graph of order
ny,then

(r} +r3)
) .
Proof. The graph G U H of order n; 4+ n, has two types of vertices, the n; vertices of degree |

and the remaining n, vertices are of degree ;.
Hence,

Ch[AD(G U H)] = Ch(AD(G))Ch(AD(H)) — (A + )™ T (A + 3™ nin,

AD(G) R

AD(GUH) =
W) sy AD(H)

2 (r?+r2)
7‘1 (Jnl - In;) 12 2 Jnlxnz

rP4r?
<l722>‘]7L2><n1 T%(‘]Hz - [nz)

ChJAD(G U H)] =| \l — AD(G U H) |

2,2
()\ + T%)Inl - T%Jnl _WJH] X1

_Manxm A+ 1)1 — 13T,
Now, by using Lemma 2.20, we get
ChIAD(G U H)] = (A + D)™~ (A +73)= (A = (n1 = D) (A = (n2 = 1)r3)
(i +73)°)
4
AS G and H are regular graphs of order n; and n; and degree | and r, respectively, by equation

(1) we have
ChIAD(G)] = (A = ri(n = 1))(A + )"~

and
Ch[AD(H)] = (A — 2(na — 1))(A + r3)="1,
Hence the result follows. O

Theorem 3.18. Let G be a r-regular graph of order n and size m. Then
Ch[AD(G + H)] = (A+ R})™ ' (A + R3)™ ' [\> = (R3(n2 — 1) + Ri(ny — 1))\

1
+ Z(RfR%(m — 1)(n2 — 1) = nina (R + R3)%) ]

Proof. If G is a ry-regular graph of order n; and H is a r,-regular graph of order n,, then G+ H
has two types of vertices, the n; vertices with degree R; = | + ny and n; vertices with degree
R> = r, +ny. Hence

2, P2
R%(Jnl _Inl) (RI;R2)Jn|><n2
AD(G + H) =

2, P2
M‘anxm R%(an - Inz)



112 Y. Shanthakumari, V. Lokesha and Suvarna

Ch[AD(G + H)| =| \I — AD(G + H) |

2 2
A+ BRIy, — B, -
2 2
—Mjnzxm ()‘—'_R%)I”Z —R%an

Now by using Lemma 2.20, we get the desired result. O

Theorem 3.19. Let G be a r1- regular graph of order ny and H be r, regular graph of order n,.
Then
ChlAD(G x H)] = (A = (ri + r2)*(nina — 1)) (A + (ry 4 12))™ ™"

Proof. If G be a r|-regular graph of order n; and H be 7, regular graph of order n,, then G x H
is a (r; + ry)-regular graph with nyn, vertices. Hence the result follows from equation (1). O

Theorem 3.20. Let G be a r|- regular graph of order n, and H be a r, regular graph of order
ny. Then

ChIAD(G[H])] = (A + (nary +12)?)™™ 1 (A = (nary + 12)*(nanz — 1)).

Proof. If G be a r- regular graph of order n; and H be a r, regular graph of order n,, then
G[H] is a (npry + 72)-regular graph with nyn, vertices. Hence the result follows from Equation

(). O

Theorem 3.21. If G is a ri-regular graph of order ny and H is a rp-regular graph of order ny,
then

CRAD(G o H)] = (A + RI)™ 1 (A + R3)™ N2 — (R3(nimp — 1) + Ri(ni — 1))A

1
+ Z(R%R%(nl — 1)(niny — 1) — nina (R} + R3))].
Proof. If G is a ry-regular graph of order n; and H is a r,-regular graph of order n,, then Go H
has two types of vertices, the n; vertices with degree R = r; + n; and remaining nn, vertices
with degree Ry, = + 1.

Hence o
R%(‘]nl - In]) M(}mxnmz
AD(GoH) =

RZ RZ

(IZLZ)JHITLZX"LI R%(Jnmz - Inlnz)

Ch[AD(Go H)| =| A\ — AD(Go H) |
2 2
()\_‘_R%)Inl _R%Jnl _(Rlzﬂjnlxn]nz
2 2
_MJ”WZX"I ()‘+R%)In1nz - R%Jnlnz
Now, by using Lemma 2.20, we get the desired result. O

Theorem 3.22. Let G be an ri-regular graph of order n\ and H be r, regular graph of order n,.
Then
Ch[AD(G x H)] = (A = (r1 +72)*(niny — 1)) (A + (r1 4 12)?)™"™="!

Proof. Let G be an ri-regular graph of order n; and H be r, regular graph of order n,. Then
G x H is an (ry 4 r72)- regular graph with n;n, vertices. Hence the result follows from Equation
(1). O

Theorem 3.23. If W,, is a wheel graph, then

(n—1)(3+ (n—1)?)?

Ch[AD(W,)] = (A +9)" 72 [A\* —9(n — 2)\ — 1 ]
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Proof. The graph W,, of order n has two types of verices, namely n — 1 vertices are of degree 3
and central vertex has degree n — 1.
Hence,

9(Jn71 _Infl) w{m‘](nfl)xl

AD(W,) =

e +(271>h)‘]1><(n71) (n—1)*(Ji = I)

Ch[AD(W,,)] =| Al — AD(W,,) |

()\+9)In_1 —9J,1 —Wt}(n—l)xl

24 (n—1)2
_wjlx(nfl) A+ (=1L —(n—1)2]
Now, by using Lemma 2.20, we get the desired result. O

Theorem 3.24. If I} be a friendship graph, then

2t(4 4 (2t)%)?

ChIAD(F?)] = A+ 4271 \2 — 42t — 1)\ — 2 ].

Proof. The graph F} of order 2t + 1 has two types of verices namely, 2¢ vertices of degree 2 and
1 vertex of degree 2¢. Hence,

2
4(Jo — Iny) Wt}%xl
AD(F,?) =
Wt}lx% (20)2(Jy — L)

Ch[Fﬂ :| Al — AD(FE) |

A+ 4) Dy — 4D —EC0

@ g (A (02T — (262,
Now, by using Lemma 2.20, we get the desired result. O
Theorem 3.25. If H,, — c is a helm without central vertex, then

Ch[AD(H,, —c)] = A+ 9)" (A + 1)"2[\* = 10(n — 2)A + 9(n — 2)* — 25(n — 1)*.

Proof. The graph H,, — c of order 2(n — 1) has two types of vertices namely, n — 1 vertices are
of degree 3 and remaining (n — 1) vertices has degree 1. Hence,

N Jn-1 —In1) STn—1)x(n-1)
AD(H, —¢c) =

STn-tyx(n—1) (Jn—1—=Tn_1)
Ch[AD(H, — ¢)] =| A\l — AD(H, —¢) |
A+t =91 =S5Tm1)x(n-1)

_SJ(nfl)X(nfl) ()‘—l_ l)l’ﬂfl —Jn-1
Now by using Lemma 2.20, we get the desired result. O

Theorem 3.26. If H, — c is a closed helm without central vertex, then

Ch[AD(H,, —¢)] = (A —9(2n — 3))(A + 9)>" 3.
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Proof. The graph H,, — ¢ of order 2(n — 1) has two types of vertices namely, n — 1 vertices are
of degree 3 and remaining (n — 1) vertices has degree 1. Hence,

N Jn-1—In1) STn—1)x(n-1)
AD(H, —¢) =
5Tn—tyx(n—1) (Jn—1—=Tn_1)

Ch[AD(H,, — )] =| \I — AD(H,, — ¢) |
A+, 1 97, =5J(n—1)x(n—1)

_SJ(nfl)X(nfl) ()‘—l_ l)l’ﬂfl —Jn-1
Now by using Lemma 2.20, we get the desired result. O

Theorem 3.27. If H,'l — cis a closed helm without central vertex, then
Ch[AD(H, — ¢)] = (A —9(2n — 3))(A + 9)> 3.

Proof. The closed helm without central vertex H, ,’L — ¢ is 3-regular graph with 2(n — 1) vertices.
Hence the result follows fron equation (1). O

Theorem 3.28. If SF,, — c is a sun flower graph without central vertex, then

ChlAD(SF, —c)] = (A +9)" (A +4)"2[\* — 13(n — 2)A + 36(n — 2)*
_ 169(n — 1)2]
—
Proof. The sun flower graph SF,, — ¢ without central vertex is a graph of order 2(n — 1), which
has two types of vertices. The n — 1 vertices have degree 3 and the remaining n — 1 vertices have

degree 2.
Hence,
I In1—=In1) BTty
AD(SF, —c¢) =
173J(n—1)><(n—1) 4(Jn—] _I’n—l)
Ch[AD(SF, —c)] =| \[ — AD(SF,, — ¢) |
()\+9)In_1 —9J,_1 _%J(n—l)x(n—l)
Btk A+ =4
Now, by using Lemma 2.20, we get the desired result. O

Theorem 3.29. If DC,, is a double cone then,
ChIAD(C,)] = A+ 16)" 1A+ n?)[A2 — (n* + 16(n — 1))\ + 16n*(n — 1)
n(16 + n?)?
_ f]'
Proof. The double cone is a graph of of order n + 2 has two types of vertices. The n vertices
have degree 4 and the remaining 2 vertices have degree n. Hence

16(Jn - In) (16-&2—112) Jn><2
AD(DC,) =

2
%sz n*(J, — I)
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ChlAD(DC,)] =| \I — AD(DC,,) |

A+16)I, — 16, — —Ue g

U e (A4 02— 2
Now, by using Lemma 2.20, we get the desired result. O
Theorem 3.30. If By, is a book graph, then
ChIAD(By) = A+ 4P T+ b+ DH[A2 = (b +1)> +4(2b — 1))A +4(20 — 1)(b+ 1)?
—b(4+ (b+1)*).

Proof. The Book graph By, of order 2b+ 2 has two types of vertices. The 2b vertices with degree
2 and 2 vertices are with degree b + 1. Hence,

2
4(Jop — Inp) %szxz
AD(By) =
4+(l72+1)2J

. (b+1)2 (- DI)
Ch[AD(Bb)] =| M — AD(By) |

(A +4)Iop — 4T —L(b;l)z Jobx2

2
B Dy (A (04 1)L — (b + 1),
Now by using Lemma 2.20, we get the desired result. O
Theorem 3.31. If B; is a book with triangular pages, then

ChlAD(B)] = A+ T+t + DDA = ((t+ 12+ 4t —1))A+4(t — 1) (t+1)?

t(4+ (t+1)2)?
_ f]'

Proof. The book B, with triangular pages of order ¢ 4 2 has two types of vertices. The ¢ vertices
have degree 2 and the remaining 2 vertices have degree ¢t + 1. Hence,

2
4, — 1) B g,
AD(By) =
2
%szt (t+1)*(J— D)

Ch[AD(B:)] =| Nl — AD(B) |
(A +4)I, — 4J, N A

B g A (4 D)L — (E+1)20
Theorem 3.32. If L,, is a ladder graph, then

ChIAD(L,)] = A +9)>" (A +4)* A2 + —(9(2n — 5) + 12)A 4 108(2n — 5)
—169(2n — 4).
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Proof. The ladder graph L,, is a graph of order 2n and has two types of vertices. The 4 vertices
have degree 2 and 2n-4 vertices have degree 3. Hence,

9(Jon—a — Irp—a) §J<2n74>x4

AD(L,) =
%J4><(2n—4) 4(Js — L)
AN+9) 14 —9)2n-4 —?J(zn%)xzx
_§J4><(2n—4) ()\ + 4).[4 —4Jy
Now, by using Lemma 2.20, we get the desired result. O

Theorem 3.33. If Pr,, is a prism graph, then
ChlAD(Pr,)] = (A +9)>"1(A = 9(2n — 1)).

Proof. The prism Pr,, is 3-regular graph with 2n vertices. Hence, the result follows from equa-
tion (1).
O

Theorem 3.34. If T, is a triangular snake, then
Ch[AD(T,)] = (A +4)" (A4 16)"3[\2 — (16(n — 3) + 4n)\ + 64n(n — 3)
—25(n+1)(n—2)].

Proof. The triangular snake T;, has two types of vertices. The n + 1 vertices have degree 2 and
the remaining n — 2 vertices have degree 4. Hence,

4(Jns1 = Ins1)  SJnst)x(n—2)
AD(T,) =

5Tn—2x(nt1)  16(Jn—2 — I -2)

ChAD(T,)] =| \I - AD(T;,) |

A+ —4Tns —5J(ni1)x(n—2)
~5J(n-2)x (n+1) A+ 16)1, 2 —16J, >
Now, by using Lemma 2.20, we get the desired result. O

Theorem 3.35. If Q,, is a quadrilateral snake, then
ChIAD(Qn)] = A+ 4" TN +16)" 3\ — (16(n — 3) +4(2n — 1))\
+64(2n — 1)(n — 3) — 50n(n — 2)].

Proof. The quadrilateral snake @),, of degree 3n — 2 has two types of vertices. The 2n vertices
have degree 2 and the remaining n — 2 vertices have degree 4. Hence,

4(J2n - IZn) 5J(2n)><(n—2)
AD(QW) =
5J('n—2)><(2n) 16(Jn—2 - In—Z)
()\ +4), —4do, *SJ(2n)><(n—2)

75J(n—2)><(2n) ()\ + 16)In—2 - 16J,_>

Now, by using Lemma 2.20, we get the desired result. O
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Theorem 3.36. If G is an r-regular graph of order n, then

Ch[AD(J(G))] = (A + r%(% —1))A=rH)ED where, = (n—%)r +1.
Proof. The jump graph J(G) is r-regular graph is r; = (@ + 1)-regular graph with ¢
vertices. Hence, the result follows from Equation (1). O

Theorem 3.37. If S,, is a star graph, then
(n=D{+(n— 1)2)2]
y) .
Proof. The graph S,, of order n has two types of verices namely, n — 1 vertices are of degree 1
and central vertex has degree n — 1. Hence,

Ch[AD(S,)] = A4+ 1)"2[X2 = (n — 2)\ —

2
(Jn—l *[n—l> 1+(712 D J(n—])xl
AD(S,) =
_1)2
wjlx(n—]) (n_l)z(‘]] _Il)

ChIAD(S,)] =| I — AD(S,,) |

2
A Dy — Jns R LGS T
2
~ O T ) A+ (=11 = (n = 1)2;
Now, by using Lemma 2.20, we get the desired result. O

Theorem 3.38. If S,, ,, is a double star graph, then
ChlAD(Snn)] = A+ D3N +02)[N2 = (2n—3) +nP)A+ (2n—3)n> — (n— 1)(n®> +1)2].

Proof. The graph S,, ,, of order 2n has two types of verices namely, 2n — 1 vertices are of degree
1 and remaining two of degree n. Hence,

(Jan—2 — Irn—2) #J(2n72)><2
AD(Sp.n) =

s

2
o Dn—yy  12(h— D)

Ch[AD(Sn,n)] :| Al — AD(Sn,n) |

A+ 1) a2 — Jon—2 _wJQn72)X2

- (n~2+l> sz(zn,z) ()\ + TL2)IZ - TL2J2

Now, by using Lemma 2.20, we get the desired result. O
Theorem 3.39. If K,, ,, is a complete biparite graph, then

ChIAD(Kpm.n)] = A+ n2)™ A+ m?)" A2 — (mP(n — 1) + n*(m — 1))\
mn(m? + n?)?

Proof. The graph K, ,, of order m +n has two types of verices namely, m vertices are of degree
n and n of degree m. Hence,

+ (m— 1) (n— 1)m*n? —

2,2
nz(Jm - Im) m ;—n Imxn
AD(K, ) =

2,2
m;—n Inxm mz(Jn_In)
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Ch[AD(Ky, )] =| M — AD(K,, ) |

A+ 1)L — 02T, —m
L A+ m?) I, —m2J,
Now, by using Lemma 2.20, we get the desired result. O

Theorem 3.40. If P, is a path graph, then

25(n —2)

ChIAD(P)] = A+ 4" A+ DN = (4(n—=3) + DA +4(n—3) — -

Proof. The graph P, of order n has two types of verices namely, n — 2 vertices are of degree 2
and remaining two end vertices of degree 1. Hence,

4(Jn2=Tn-2) 3Jm-2)x2
AD(P,) =
3 Jax(n-2) (J» — D)

Ch[AD(Pn)] :| A — AD(P”) |
A+ 4o —4dus =322

—3 Dy (n-2) A+1DL—J,
Now, by using Lemma 2.20, we get the desired result. O
A dumbbell is the graph obtained from two disjoint cycles by joining them by a path.
Theorem 3.41. If D,, ,, is a dumbbell graph, then
ChlAD(Dyp)] = A+ 43N+ 9)[A2 — (4(2n — 3) + 9)A +36(2n — 3) — 169(n — 1)].

Proof. The graph D,, ,, of order 2n has two types of verices namely, 2n —2 vertices are of degree
2 and remaining two of degree 3. Hence,

4(Jan—2 = hn—2) B Jan-2)x2
AD(D,, ) =

By 2n-2) 9(J> — I)

Ch[AD(Dy,n)] =| M = AD(Dy,,) |
A9 hn2—4Jm2 = B s

B hon-a A+9)L -9

Now by using Lemma 2.20, we get the desired result. O

4 Hyperenergetic graphs

A graph G with n vertices is said to be hyperenergetic [10] if £(G) > 2n — 2, and to be nonhy-
perenergetic if £(G) < 2n — 2. A non-complete graph whose energy is equal to 2n — 2 is called
borderenergetic [7].

Definition 4.1. A graph G of order n is said to be average degree square sum hyperenergetic if
AD(G) > 2(n —1)3.
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Definition 4.2. A graph G of order n is said to be average degree square sum non-hyperenergetic
if AD(G) <2(n—1)>.

Definition 4.3. A non-complete graph of order n whose energy is equal to 2(n — 1)3 is called
average degree square sum borderenergetic.

Definition 4.4. Two graphs GG and G, are said to be average degree square sum equienergetic if
they have same average degree square sum energy. That is, E[AD(G1)] = E[AD(G,)].

Theorem 4.5. If G is an r-regular graph of order n, then G is
(i) average degree square sum borderenergetic for r = 0,
(ii) average degree square sum non-hyperenergetic for r > 1.
Proof. The graph G is (n — 1 — r)-regular graph.

n—1

Ch[ADG), N =(A=(n—1)(n—1=r))A+ (n—1—7)%
Thus , B
EAD(G)] =2(n—1—-7)*(n—1)

From Definition 4.1, the graph G is average degree square sum hyperenergetic if £(G) > 2(n —
1)3.

That is, if 2(n — 1 — r)*(n — 1) > 2(n — 1)* This inequality does not hold for any value of
r, whereas the two quantities are equal when » = 0. Hence, G is average degree square sum
borderenergetic for » = 0 and average degree square sum nonhyperenergetic for r > 1. O

Theorem 4.6. The graph L(K,,) is average degree square sum borderenergetic for n = 2,3 and
average degree square sum non-hyperenergetic for n > 4.

Proof. The complete graph K, is (n — 1)-regular graph of order n. Thus,
ChIAD(K,), N = (A= (n = 1)) (A + (n — 1)?)"7!
The line graph of K, is L(K,,) is (2n — 4)-regular graph of order n; = % and,

n(n—1)—2

Ch[AD(L(K,),\ = (A —2(n —2)*(n(n — 1) = 2))(A +4(n — 2)?)
Hence,
E[AD(L(K,))] = 4(n —2)*(n(n — 1) = 2)

Clearly, E[AD(L(K,,))] < 2(@ —1)? for n > 4 and equality holds for n = 2, 3.
Hence, L(K3), L(K3) are average degree square sum borderenergetic and L(K,,) is average
degree square sum nonhyperenergetic for n > 4. O

Theorem 4.7. If G is an r-regular graph of order n, then J(G) is

(i) average degree square sum borderenergetic forr = 1,

(ii) average degree square sum non-hyperenergetic for r > 2.
Proof. The jump graph J(G) is r-regular graph is r; = (@ + 1)-regular graph with ¢
vertices.

CHAD((G))] = (\+ 735 = D) =) E D where, 7 = @ L1
Hence, o
E[AD(J(@)] = 27%(7 1)
((n—4)r+2)*(nr —2)

4
E[AD(J(G))] <2(% — 1) for r > 2 and equality holds for r = 1. o
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Theorem 4.8. If G is an r-regular graph of order n, then T(G) is average degree square sum
non-hyperenergetic.

Proof. The total graph T'(G) of an r-regular graph G is a regular graph of degree 2 with n + %F
vertices. Then,

ChIAD(T(G))] = (A = 4r*(n +m — 1)) (A + 4r?)" !

Hence,

E(AD(T(G))) = 4r*(n(r +2) — 2)
E[AD(T(G))] < 2(n+ % — 1) for all . Thus T'(G) is average degree square sum nonhyper-
energetic. O

5 Conclusion

We conclude with the following observations. In this paper, we have obtain the characteristic
polynomial of the average degree square sum matrix of graphs obtained by some graphs op-
erations. Further, bounds for both largest average degree square sum eigenvalue and average
degree square sum energy of graphs are established. Also, obtained sharp bounds. Characterized
average degree square sum hyperenergetic, borderenergetic and equienergetic of few graphs.
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