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Abstract In this paper, we have analysed the fully developed mixed convection in a vertical
channel filled with nanofluid with heat source or sink. The effect of Brownian motion and
thermophoresis are taken into account as the effective of all slip mechanisms concerned with
nanofluids for mathematical modelling. The solutions are then obtained analytically for velocity,
temperature and concentration. The effects of Brownian motion coefficient, thermophoresis
coefficient and heat source or sink parameters are analysed graphically. Also the profiles of
Nusselt number and Sherwood numbers at the left boundary are discussed.

1 Introduction

Convective flows in vertical channels are significant in the improvement of cooling systems in
heat exchangers, solar cells, nuclear reactors and many other electrical and industrial appliances.
Free convection or combined free and forced convective heat transfer have been the subject of
investigations for many years. Tao L. N. [1] have studied the heat transfer problem of combined
free and forced convection by a fully developed laminar flow in a vertical channel with constant
wall temperature. Aung W. and Worku G. [2] gave insights into the characteristics of fully devel-
oped flow and condition for flow reversal with asymmetric wall temperature condition. Barletta
A. [3] analysed the laminar mixed convection in a vertical channel in the fully developed region
by taking into account the effect of viscous dissipation and analysed the existence of dual so-
lutions of the local balance equations [4]. The effect of viscous dissipation on fully developed
mixed convection is analyzed for the laminar flow in a parallel plate vertical channel whose walls
exchange heat with an external fluid, with third kind boundary conditions has been studied by E.
Zanchini [5].

The presence of heat source or sink in a flowing field affects its velocity and temperature
to an appreciable extent. This study is important because of its applications in many industries
like heat exchangers in cooling processes etc. A. J. Chamkha [6] examined the influence of the
magnetic, heat generation or absorption co-efficient and the viscous parameters on the character-
istics of combined forced-free convection flow inside a square cavity. The effects of heat source
or sink and other parameters on natural convection flow between periodically heated vertical
plates have been investigated by Basant K. Jha [7]. Patil Mallikarjun B et al. [8] studied the
effect of magneto convection flow in vertical channel with heat source or sink.

Nanofluids are the fluids in which nanosized (1-100nm) particles such as metallic oxides sus-
pended in base fluids such as water, ethylene glycol etc. The term “Nanofluids” was coined by
U. S. Choi [9]. Now a days nanofluids are considered as the better heat transfer fluids in various
heat transfer applications such as heat exchangers, cooling of electronic equipment, nuclear re-
actors etc. This is because the presence of nanoparticles in the fluids considerably enhances the
heat transfer characteristics [10], [11] and [12]. J. Buongiorno [13] gave the explanation for the
abnormal heat transfer enhancement observed in nanofluids. He identified that Brownian mo-
tion and thermophoresis are the important of all the slip mechanisms concerned with nanofluids
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and gave the two component non-homogeneous equilibrium model for transport phenomenon in
nanofluids. Also he noted that the velocity of nanofluids can be viewed as the sum of the base
fluid velocity and slip velocity.

Oztop H. F. and Abu-Nada E. [14] have studied natural convection in partially heated rectan-
gular enclosures filled with nanofluis numerically. Kuznetsov et al. [15] examined the influence
of nanoparticles on natural convection boundary layer flow over a vertical plate and gave the
results of effects on reduced nusselt number. Kang H. U. et al. [16] estimated the thermal
conductivities of nanofluid using transient hot-wire method. They used the effective volume
of nanoparticles instead of real volume to predict the enhancement of thermal conductivity of
nanofluid. T. Grosan and I.Pop [17] have studied the fully developed and laminar mixed convec-
tion flow in a vertical channel filled with nanofluid using the model in which Brownian motion
and thermophoresis effects are taken into account. J. C. Umavathi et al. [18] analysed the nat-
ural convective heat transfer in a vertical rectangular duct filled with a nanofluid. The results
are drawn for various nanoparticles and concluded that inclusion of nanoparticles into pure wa-
ter improves its heat transfer performance and there is an optimum solid volume fraction which
maximizes the heat transfer rate. K. Sushma et al. [19] studied the mixed convection flow of
a Jeffrey nanofluid in a vertical channel. J. C. Umavathi et al. [20] analysed the mixed con-
vection in a porous open ducts filled with nanofluid for immiscible fluids sandwiched between
porous medium filled with conventional fluid. Lavanya and Nagasasikala investigated the ra-
diation and dissipaton on steady convective flow of a nanofluid in a vertical channel.Flow of
nanofluids inside a vertical tube subjected by constant heat flux from the wall was numerically
analyzed using Ansys Fluent release 17.2. by Mohammed Saad Kamel and Ferenc Lezsovits[22].
Many researchers made a vast contribution in the study of nanofluids in channel because of their
tremendous application s in engineering field [23] to [24].

In this paper, the effect of heat source or sink on fully developed mixed convection flow in a
parallel plate vertical channel filled with nanofluid is studied.

2 MATHEMATICAL FORMULATION

Consider a parallel plate vertical channel parted by a distance L in which nanofluid is flowing
steadily. Let us fix the coordinate system in which x-axis is aligned parallel to the direction of
flow and which is opposite to the direction of gravitational field. The y-axis is taken perpen-
dicular to the channel walls as presented in Fig.1. An assumption is made that temperature and
nanoparticles concentrations at the wall y = 0 are T1 and C1 and at y = L are T2 and C2 respec-
tively. At the channel entrance, the velocity is assumed to be u0.

Figure 1. Physical Configuration of the model
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The conservation of mass, momentum, energy and nanoparticle concentration equations gov-
erning the considered flow along with the Boussinesq approximation in vectorial form [see
Ref.[15] and [17]] are given as:

∇.~q = 0 (2.1)

ρf (~q.∇~q) = −∇p+ µ∇2~q + {Cρp + (1− C)[ρf (1− β(T − T0))]}~g (2.2)

(ρc)f (~q.∇T ) = k∇2T + (ρc)p[DB∇T.∇C + (DT /T0)∇T.∇T ]±Q(T − T0) (2.3)

~q.∇C = DB∇2C + (DT /T0)∇2T (2.4)

Where T0 is the reference temperature assumed to be T0 = (T1 + T2)/2, C0 is the reference
nanoparticles concentration which is C0 = (C1 + C2)/2, ρp is the nanoparticle mass density, ρf
is the density of the fluid, (ρC)f is the heat capacity of the fluid and (ρC)p is the heat capacity
of the nanoparticle material.

With the assumptions that flow is parallel to x-axis, steady and fully developed, the following
relations can be drawn.

v = 0,
∂u

∂x
= 0,

∂C

∂x
= 0

∂T

∂x
= 0,

∂p

∂x
= 0,

dp

dx
= 0 (2.5)

Therefore, equations (2.2) to (2.4) becomes

−dp
dx

+ µ
d2u

dy2 + [(1− c0)ρf0β(T − T0)− (ρf − ρf0)(C − C0)]g = 0 (2.6)

K
d2T

dy2 + (ρC)p

[
DB

dC

dy

dT

dy
+

(
DT

T0

)(
dT

dy

)2
]
±Q(T − T0) = 0 (2.7)

DB
d2C

dy2 +

(
DT

T0

)
d2T

dy2 = 0 (2.8)

Subjected to the boundary Conditions

u = 0, T = T1, C = C1 at y = 0

u = 0, T = T2, C = C2 at y = 1 (2.9)

Mass flux conservation M is given by ∫ L

0
udy =M (2.10)

Then we define the following dimensionless parameters

Y =
y

L
, U(Y ) =

u(y)

u0
, θ(Y ) =

T − T0

T2 − T0
, φ(Y ) =

C − C0

C2 − C0
,

Gr =
(1− C0)gβ(T2 − T0)L3

ν2 , Re =
u0L

ν
, Nb =

DB(C2 − C0)

k/(ρc)p
,
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Nr =
g(ρf − ρf0)(C2 − C0)L2

µu0
, Nt =

DT (T2 − T0)

T0k/(ρc)p
, =

QL2

K
(2.11)

Applying these dimensionless variables in Equations (2.6) to (2.8), we get the non-dimensional
governing equations as

d2U

dY 2 +
Gr

Re
θ −Nrφ+ α = 0 (2.12)

d2θ

dY 2 +Nb
dθ

dY

dφ

dY
+Nt

(
dθ

dY

)2

± ψθ = 0 (2.13)

d2φ

dY 2 +
Nt

Nb

d2θ

dY 2 = 0 (2.14)

and the boundary conditions become

U(0) = 0, θ(0) = −1, φ(0) = −1

U(1) = 0, θ(1) = 1, φ(1) = 1 (2.15)

Mass flux conservation equation (2.10) becomes∫ 1

0
UdY = 1 (2.16)

Where Gr is the Grashof number, Re is the Reynolds number, Nb is the buoyancy ratio param-
eter, Nt is the thermophoresis parameter, Nr is the buoyancy ratio parameter, α = dp/dx is the
pressure gradient parameter and we have taken Q = U0L .
The physical quantities like Nusselt number (Nu) and Sherwood number (Sh) are defined as

Nu = − L

T2 − T0

(
∂T

∂y

)
y=0

Sh = − L

C2 − C0

(
∂C

∂y

)
y=0

(2.17)

Using non-dimensional parameters, we get the dimensionless Nusselt number and Sherwood
number as

Nu = −θ′(0) Sh = −φ′(0) (2.18)

3 Solution

Equations (2.12) to (2.14) with the boundary conditions (2.15) are solved analytically. Equations
(2.13) and (2.14) can be decoupled and obtain the expressions for temperature and nanoparticle
concentration. Using these in (2.12) and the expression of mass flux conservation, velocity can
be evaluated. The solution for velocity, temperature, concentration and pressure gradient are
found to be

θ(Y ) = A3e
m1Y +A4e

m2Y

φ(Y ) = −Nt
Nb

θ(Y ) +A1Y −
A1

2

U(Y ) =

(
6 +

A6

12
+

2A5A3

m2
1

(2 + em1) +
2A5A4

m2
2

(2 + em2) +
6A5A3

m3
1

(1− em1) +
6A5A4

m3
2

(1− em2)

)
Y +(

6 +
A6

4
+

3A5A3

m2
1

(1 + em1) +
3A5A4

m2
2

(1 + em2) +
6A5A3

m3
1

(1− em1) +
6A5A4

m3
2

(1− em2)

)
Y 2

+
A6

6
Y 3 +

A5A3

m2
1
em1Y +

A5A4

m2
2
em2Y − A5A3

m2
1
− A5A4

m2
2
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α = 12 +
6A5A3

m2
1

(1 + em1) +
6A5A4

m2
2

(1 + em2) +
12A5A3

m3
1

(1− em1) +
12A5A4

m3
2

(1− em2)

where

m1 =
−A2 +

√
A2

2 − 4

2
,m2 =

−A2 −
√
A2

2 − 4

2
,

A1 = 2
(

1 +
Nt

Nb

)
, A2 = NbA1, A3 =

−em2 − 1
em2 − em1

,

A4 =
1 + em1

em2 − em1
, A5 =

(
Gr

Re
+
NrNt

Nb

)
, A6 = −NrA1

4 Results and Discussion

The problem of fully developed mixed convection in a parallel plate vertical channel filled with
nanofluid with heat source or sink is analysed in this paper. The effect of different physical pa-
rameters such as Buoyancy ratio parameter Nr, Brownian motion parameter Nb, thermophoresis
parameter Nt and heat source or sink parameter on velocity, temperature and concentration are
analysed graphically.

For a fixed value of mixed convection parameter Gr/Re=500, in figs. 2-4 we can observe that
with increase in Buoyancy ratio parameter Nr, Brownian motion parameter Nb, thermophoresis
parameter Nt, velocity of the fluid enhances near cold wall and suppresses near hot wall and flow
reversal can also be observed near both the walls. If Nr , Nb and Nt are taken to be zero, the
results will be for normal conventional fluids. The same effect can be observed for variation of
heat source parameter as shown in fig.7.

Figure 2. Velocity profiles for Nr = 0, 10, 100, 500, 1000 and Nt = Nb = 0.5

Figures 5 and 6 represents the temperature and nanoparticle concentration profiles for differ-
ent values of Nb and Nt. It can be noted that temperature profiles increases with increase in both
Brownian motion parameter and thermophoresis parameter because of increase in their collision
with the fast moving nanosized particles in the fluid. Nanoparticle concentration increases with
Nb and decreases with Nt. From figs. 8 and 9 , we can observe that temperature profiles in-
creases and nanoparticle concentration decreases with increase in heat source parameter.

In figures 10 and 11, Nusselt number and Sherwood numbers are plotted against Brownian
motion parameter Nb and thermophoresis parameter Nt. It can noted that Nusselt number de-
creases with increase in both Nb and Nt, while Sherwood number increases with increase in Nt
and decreases with increases in Nt, which is same as observed for temperature and nanoparticle
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Figure 3. Velocity profiles for Nb = 0.025, 1, 2.5, 5, Nr = 100 and Nt = 0.5

Figure 4. Velocity profiles for Nt = 0, 1, 2.5, 5, Nr = 100 and Nb = 0.5

Figure 5. Temperature profiles(Full line) and Concentration profiles (Dotted line) for Nb =
0.025, 0.25, 0.5, 0.75, 1, Nr = 100 and Nt = 0.5

concentration profiles. Since the momentum equation is uncoupled with the energy and nanopar-
ticle volume fraction equations, Nusselt number and Sherwood numbers are not influenced by
the mixed convection parameter Gr

Re , buoyancy ratio parameter Nr and pressure gradient param-
eter α.
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Figure 6. Temperature profiles(Full line) and Concentration profiles (Dotted line) for Nt =
0, 0.25, 0.5, 0.75, 1, Nr = 100 and Nb = 0.5

Figure 7. Velocity profiles for ψ = 1, 2, 3, 4

Figure 8. Temperature profiles for ψ = 1, 2, 3, 4

5 Conclusion

In this paper, we have analysed the effect of nanofluids on fully developed mixed convection
flow in a vertical channel with heat generation or absorption in which Brownian motion and
thermophoresis effects are taken into account. The dimensionless governing equations are solved
analytically for velocity, temperature and nanoparticles volume fraction. The main results drawn
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Figure 9. Concentration profiles for ψ = 1, 2, 3, 4

Figure 10. Nusselt number (Full line) and Sherwood number (Dotted line) forNt = 0.1, 0.3, 0.5

Figure 11. Nusselt number (Full line) and Sherwood number (Dotted line) forNb = 0.1, 0.3, 0.5

are as follows,

• The buoyancy ratio parameter, Brownian motion parameter and thermophoresis parameters
enhances the velocity near cold wall and suppresses near hot wall.

• The temperature gradient in the nanofluid creates a thermophoretic force. This pushes
the particles from the hot wall towards the cold wall in the direction of heat transfer which
leads to a rise in the cold wall’s nanoparticle concentration and decrease in the nanoparticles
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concentration near the hot wall.

• Nusselt number decreases with increase in Nb and Nt. But Sherwood number decreases
with increase in Nb and increases with increase in Nt.
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