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Abstract Let R be a commutative ring with identity and let Z(R, k) be the set of all k-zero-
divisors in R and k > 2 an integer. The k-zero-divisor hypergraph of R, denoted by Hk(R), is
a hypergraph with vertex set Z(R, k), and for distinct elements x1, x2, ..., xk in Z(R, k), the set

{x1, x2, ..., xk} is an edge of Hk(R) if and only if
k∏
i=1

xi = 0 and the product of any (k − 1)

elements of {x1, x2, ..., xk} is nonzero. In this paper, we determine the domination number of
Hk(R) for some commutative rings.

1 Introduction

Attaching various graphs to an algebraic structure to understand its properties is a classical and
useful technique. In this direction, various graph parameters can be related to algebraic prop-
erties of the structure under consideration and lead to a better understanding of its theory. For
example, one can attach a graph to a commutative ring R with unity by considering its non-zero
zero-divisors as its vertices and connect two of them by an edge if their product is zero [6]. This
graph is called the zero-divisor graph of R, denoted by Γ(R), and is well-studied in the literature
[4]. In view of this, Ch. Eslahchi and A. M. Rahimi [9] have introduced and investigated a graph
called the k-zero-divisor hypergraph of a commutative ring and later was studied extensively in
[11, 12]. For k = 2, the graph is exactly the same as the zero-divisor graph of a ring.

A hypergraph H is a pair (V (H), E(H)) of disjoint sets, where V (H) is a non empty finite
set whose elements are called vertices and the elements of E(H) are nonempty subsets of V (H)
called edges. The hypergraph H is called k-uniform whenever every edge e of H is of size k.
The number of edges containing a vertex v ∈ V (H) is its degree dH(v). For basic definitions on
hypergraphs, one may refer [3]. A set D of vertices in a hypergraph H is a dominating set if for
every x ∈ V \D there exists y ∈ D such that x and y are adjacent i.e., there exists e ∈ E such
that x, y ∈ e. The minimum cardinality of a dominating set is called the domination number of
H and is denoted by γ(H), one may refer [1].

Throughout this paper, we assume that R is a commutative ring with identity, Z(R), its set
of zero-divisors and R×, its group of units and F is a field. For any set X , let X∗ denote the
nonzero elements of X . For basic definitions on rings, one may refer [7, 10].

2 Domination of Hk(R)

In this section, we determine the domination number of the k-zero-divisor hypergraph of some
classes of commutative rings. From the definition, we have the following observations.

Remark 2.1. [11, Remark 2.1] Let R = F1 × F2 × · · · × Fn, where each Fi is a field and
3 ≤ k ≤ n.

If A` = {x = (a1, a2, . . . , an) ∈ R : exactly ` components in the n tuples of x are zero} for

1 ≤ ` ≤ n− k + 1. Then Z(R, k) =
n−k+1⋃
`=1

A`.
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Remark 2.2. Let m = pn be a positive integer and Ad = {x ∈ Zm : (x,m) = d} where p is
prime, d divides m and n ≥ 3. Then

(i) Z(Zm, 3) =
n−2⋃
i=1

Api ,

(ii) Z(R, k) =
n−k+1⋃
i=1

Api and Api ∩Apj = ∅ for all i 6= j.

Proposition 2.3. Let (Ri,mi) be a local ring with mi 6= {0} for 1 ≤ i ≤ n and letR = R1×· · ·×
Rn. Let zi ∈ m∗i for 1 ≤ i ≤ n. Then zi ∈ Z(Ri, 3) if and only if z = (0, . . . , 0, zi, 0 . . . , 0) ∈
Z(R, 3)

Proof. Suppose that zi ∈ Z(Ri, 3). Then by definition of Z(Ri, 3), there exists distinct elements
xi, yi ofRi other than zi such that xiyizi = 0 and xiyi, xizi, yizi are nonzero elements ofRi. Let
x = (0, . . . , 0, xi, 0, . . . , 0), y = (0, . . . , 0, yi, 0, . . . , 0), z = (0, . . . , 0, zi, 0, . . . , 0) ∈ R. Then
xyz = 0 and xy, xz, yz are nonzero elements of R. Hence z ∈ Z(R, 3).

Suppose that z = (0, . . . , 0, zi, 0, . . . , 0) ∈ Z(R, 3). Then there exists distinct elements
x = (0, . . . , 0, ai, 0, . . . , 0), y = (0, . . . , 0, bi, 0, . . . , 0) ∈ Z(R, 3) such that xyz = 0 and so
aibizi = 0. By definition of Z(R, 3), xy, xz, yz are nonzero elements of R and so aibi, bizi and
aizi are nonzero elements of Ri. From this, we get zi ∈ Z(Ri, 3).

Proposition 2.4. Let (R,m) be a finite local ring with mt = 0. If t = 2, then Z(R, k) = ∅ for
any k ≥ 3.

Proof. Suppose Z(R, k) 6= ∅ for any k ≥ 3. Let x1 ∈ Z(R, k). Then there exists x2, x3, . . . , xk ∈
Z(R, k) such that {x1, x2, . . . , xk} is an edge. i.e., x1x2 . . . xk = 0. Since t = 2, the product of
two vertices from {x1, x2, . . . , xk} is zero, which is a contradiction. Hence Z(R, k) = ∅.

Proposition 2.5. Let (R,m) be a finite local ring with mt = 0, then Z(R, k) = ∅ for all t < k.

Proof. Suppose Z(R, k) 6= ∅ for any t < k. Let x1 ∈ Z(R, k). Then there exists x2, x3, . . . , xk ∈
Z(R, k) such that {x1, x2, . . . , xk} is an edge. i.e., x1x2 . . . xk = 0. Since t < k, the product of t
vertices from {x1, x2, . . . , xk} is zero, which is a contradiction. Hence Z(R, k) = ∅.

The next theorem shows that k-zero-divisor hypergraph of a local ring Zpt is connected.

Theorem 2.6. Let R = Zpt , where t ≥ 3. For k ≤ t, then Hk(R) is connected, diam(Hk(R)) ≤
2 and gr(Hk(R)) = 2 or∞.

Proof. Let x, y ∈ Z(R, k) such that x 6= y. If x, y ∈ e for some edge e in Hk(R), then
d(x, y) = 1. Suppose x, y /∈ e for every edge e in Hk(R). Since x, y ∈ Z(R, k), x ∈ Api and
y ∈ Apj for some i, j. For each w ∈ Z(R, k) and w 6= z, w, z ∈ e for some edge e in Hk(R),
where z ∈ Ap. From this, we get x 6= z and y 6= z and so there exists xi ∈ Apl , for some
1 ≤ l ≤ t − k + 1 and 1 ≤ i ≤ t − 2 such that {z, x, x1, x2, . . . , xk−2}, {z, y, x1, x2, . . . , xk−2}
are edges in Hk(R) and so d(x, y) = 2. Hence it is clear that diam(Hk(R)) ≤ 2.

Suppose 3 ≤ k < t. Let e1 = {x1, x2, . . . , xk−2, z, z
′}, e2 = {x1, x2, . . . , xk−2, z, z

′} are
two edges in Hk(R), where z, z′ ∈ Ap, xi ∈ Apl , for some 1 ≤ l ≤ t − k + 1 and hence
z′ − e1 − z − e2 − z′ form a cycle of length two and so gr(Hk(R)) = 2.

Suppose k = t. If |Z(R, k)| ≥ t + 1, then e1 = {x1, x2, . . . , xk−2, z, z
′} and

e2 = {x1, x2, . . . , xk−2, z, z
′} are two edges in Hk(R), where z, z′, xi ∈ Ap and hence z′ −

e1 − z − e2 − z′ form a cycle of length two and so gr(Hk(R)) = 2. If |Z(R, k)| = t, then
e = {x1, x2, . . . , xk−2, xk−1, xk} is the only edge in Hk(R). Hence gr(Hk(R)) =∞.

Note that if R = Zp2 , Z8 or F1 × F2, where p is prime and Fi’s are field, then Z(R, 3) = ∅.
We exclude these rings while studying 3-zero-divisor hypergraph.

Theorem 2.7. Let R = Zpn , where p is prime and n ≥ 3. Then γ(H3(R)) = 1

Proof. For any x ∈ Z(R, 3), {x, y, a} is an edge ofH3(R) for all a ∈ Ap and some y ∈ Z(R, 3).
Hence {a} is a dominating set of H3(R) for some a ∈ Ap and so γ(H3(R)) = 1.
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Theorem 2.8. Let R = Zpn × F be a commutative ring, where p is prime, n ≥ 2, F is a field
and Z(Zpn , 3) 6= ∅. Then γ(H3(R)) = 1.

Proof. Consider the set D = {x = (z, u)} ⊂ Z(R, 3), where u ∈ F ∗ and z ∈ Ap. Suppose that
y ∈ Z(R, 3)rD. If y = (0, v) ∈ Z(R, 3), where v ∈ F ∗, then there exists w = (a, u) ∈ Z(R, 3),
where a ∈ Apn−1 , such that xyw = 0 and none of xy, xw and yw are zero. Hence x dominates
every element of (0)× F ∗.

If y = (z, 0) ∈ Z(R, 3), where z ∈ Z(Zpn , 3), then there exists w = (a, u) ∈ Z(R, 3), where
a ∈ Api , 1 ≤ i ≤ n− 2, such that {x, y, w} is an edge and so x dominates Z(Zpn , 3)× (0).

Consider the cases when y = (z, u′) ∈ Z(R, 3), where u′ ∈ F ∗, z ∈ Z(Zpn)∗, and when
y = (z, u′) ∈ Z(R, 3), where u′ ∈ F ∗, z ∈ Z(Zpn)∗. In the former case, there exists w =
(v, 0) ∈ Z(R, 3), where v ∈ Z×pn , such that {x, y, w} is an edge. In the later case, there exists
w = (a, 0) ∈ Z(R, 3), where a ∈ Z(Zpn , 3), such that the product xyw = 0 and xy, xw, yw
are non-zero. Thus, we conclude that x dominates every element of Z(R, 3). Hence D is a
dominating set of H3(R) and so γ(H3(R)) = 1.

Theorem 2.9. LetR = Zpn1
1
×Zpn2

2
, where p1, p2 are prime and n1, n2 ≥ 2. Then γ(H3(R)) = 2.

Proof. Let a = (a1, a2) ∈ Z(R, 3), where ai ∈ Api for i = 1, 2. Then a dominates Z(R, 3) \B,
where B = {(b1, b2) : bi ∈ Apni−1

i

, for i = 1, 2}. In order to find a vertex which dominates the

set B, let us consider the vertex c = (c1, c2) ∈ Z(R, 3), where c1 ∈ Z(Zpn1
1
)∗ and c2 ∈ Z×pn2

2
.

For each d ∈ B, there exist f = (f1, f2) ∈ Z(R, 3), where f1 ∈ Z×pn1
1

and f2 ∈ Z(Zpn2
2
)∗ such

that the product cdf is zero and none of cd, cf , df are zero and so c dominates the set B. Hence
{a, c} is a dominating set of H3(R) and γ(H3(R)) ≤ 2.

Suppose that γ(H3(R)) = 1. Then there exists a subset S of Z(R, 3) such that S is a domi-
nating set of H3(R) and |S| = 1.

Let z1 ∈ Api1 , z2 ∈ Apj2 for some i ∈ {1, 2, . . . , n1 − 1} and j ∈ {1, 2, . . . , n2 − 1}.
If (z1, z2) ∈ S, then there exists a vertex (a, b) ∈ Z(R, 3), a ∈ A

p
n1−i
1

, b ∈ A
p
n2−j
2

, such that
the product (z1, z2)(a, b) = (0, 0) and so the vertices of this nature do not fall under any edge of
H3(R).

Consider the vertex in S of the form (z, v) ∈ Z(Zpn1
1
) × Z×

p
n2
2

. Then the vertices (z, v) and

(0, v′) are not adjacent in H3(R), for all v′ ∈ Z×
p
n2
2

.

Finally let us consider the vertex in S of the form (z, 0) ∈ Z(R, 3), where z ∈ Z(Zpn1
1
, 3).

Then vertices (z, 0) and (0, v′) are not adjacent in H3(R), for all v′ ∈ Z×
p
n2
2

. Thus there does not

exist a dominating set of cardinality one and so γ(H3(R)) = 2.

Theorem 2.10. Let R = F1 × F2 × F3, where each Fi is a field. Then γ(H3(R)) = 1 if and only
if R ∼= Z2 × Z2 × F3, where F3 is a field.

Proof. Suppose γ(H3(R)) = 1. Let us assume that at least two of F1, F2, F3 are of cardinality
more than 2. Note that Z(R, 3) = B1 ∪B2 ∪B3, where B1 = F ∗1 × F ∗2 × 0, B2 = 0× F ∗2 × F ∗3 ,
B3 = F ∗1 × 0× F ∗3 . Clearly |Bi| ≥ 2 for all i ∈ {1, 2, 3}.

Let x be any element of Z(R, 3). Then x ∈ Bi for some i ∈ {1, 2, 3} and x dominates
every element of Bj for j 6= i and x does not dominate the set Bi, a contradiction. Hence
R ∼= Z2 × Z2 × F3.

Conversely, assume that R = Z2 × Z2 × F3, where F3 is a field. Then Z(R, 3) = {(1, 1, 0),
(0, 1, w), (1, 0, w) : w ∈ F ∗3 }. Consider the set D = {x = (1, 1, 0)}. If y = (0, 1, w) ∈ Z(R, 3),
where w ∈ F ∗3 , then there exists z = (1, 0, w) ∈ Z(R, 3) such that {x, y, z} is an edge. Hence D
is a dominating set of H3(R) and so γ(H3(R)) = 1.

Theorem 2.11. Let R = F1×F2×F3 be a commutative ring and R � Z2×Z2×F3, where each
Fi is a field. Then γ(H3(R)) = 2.

Proof. By Theorem 2.10, γ(H3(R)) ≥ 2. Since R � Z2 × Z2 × F3, at least two Fi’s have
cardinality more than two. Without loss of generality, we assume that |Fi| ≥ 3 for i ∈ {2, 3}.
Note that Z(R, 3) = B1∪B2∪B3, whereB1 = F ∗1 ×F ∗2 ×0,B2 = 0×F ∗2 ×F ∗3 ,B3 = F ∗1 ×0×F ∗3 .
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Consider the set D = {a = (u, v, 0), b = (0, v, w)}, where a ∈ B1 and b ∈ B2. Then a domi-
nates every element of B2 ∪B3 and b dominates every element of B1. Hence D is a domination
set of H3(R) and so γ(H3(R)) = 2.

Theorem 2.12. Let R = F1 × F2 × Zpn be a commutative ring, where each Fi is a field, p is
prime and n ≥ 2. Then γ(H3(R)) = 2.

Proof. Consider D = {x = (u, v, z), y = (0, v, z)}, where u ∈ F ∗1 , v ∈ F ∗2 , z ∈ Ap. Then the
vertex x dominates Z(R, 3) r B where B = {(u, v, 0) : u ∈ F ∗1 , v ∈ F ∗2 }. Also the vertex
y ∈ D dominates B. Hence D is a dominating set of H3(R) and so γ(H3(R)) ≤ 2.

Let g = (1, 1, z) ∈ Z(R, 3), for some z ∈ Z(Zpn)∗. Then the vertex g does not dominate any
element of B. Clearly the vertices (0, 1, 1) and (1, 0, 1) do not dominate any element of the sets
{(0, v, w) : v ∈ F ∗2 , w ∈ Z

×
pn} and {(u, 0, w) : u ∈ F ∗1 , w ∈ Z

×
pn} respectively.

Let z ∈ Z(Zpn)∗ with zd = 0 for some d ∈ Z(Zpn)∗. Then vertices (1, 0, z) and (0, 1, d)
are not adjacent in H3(R). Also the vertex (0, 0, 1) does not dominate any element of the set
{(0, 0, z′) : z′ ∈ Z(Zpn , 3)}. Thus we conclude that any dominating set of H3(R) must contain
more than one element and hence γ(H3(R)) = 2.

Theorem 2.13. Let R = F × Zpn1
1
× Zpn2

2
be a commutative ring, where F is a field, p1, p2 are

prime and n1, n2 ≥ 2. Then γ(H3(R)) = 2.

Proof. Consider D = {x = (u, a, b), y = (u, v, b)}, where u ∈ F ∗, v ∈ Z×
p
n1
1

, a ∈ Ap1 , b ∈ Ap2 .

Then the vertex x is adjacent to every element of the set Z(R, 3) \ {(0, z, w) : z ∈ A
p
n1−1
1

, w ∈
A
p
n2−1
2
}. Also the vertex y dominates the set {(0, p, q) : p ∈ A

p
n1−1
1

, q ∈ A
p
n2−1
2
}. Hence D

is a dominating set of H3(R) and by using similar arguments given in Theorem 2.12, we get
γ(H3(R)) = 2.

Theorem 2.14. Let R = Zpn1
1
× Zpn2

2
× Zpn3

3
be a commutative ring, where each pi’s are prime

and ni ≥ 2 for i = {1, 2, 3}. Then γ(H3(R)) = 2.

Proof. Let D = {x = (u, b, c), y = (a, v, 0)} ⊆ Z(R, 3), where a ∈ Ap1 , b ∈ Ap2 , c ∈ Ap3 ,
u ∈ Z×

p
n1
1

, v ∈ Z×
p
n2
2

. Then the vertex x dominates the set Z(R, 3) \ (P ∪ Q ∪ S), where

P = Z×
p
n1
1
× 0 × 0, Q = Z(Zpn1

1
, 3) × 0 × 0, and S = {(0, b′, c′) : b′ ∈ A

p
n2−1
2

, c′ ∈ A
p
n3−1
3
}.

Also the vertex y dominates the setP ∪Q∪S inH3(R). From this, we get D is a dominating set
of H3(R) and so γ(H3(R)) ≤ 2.

Note that H3(Z3 × Z3 × Z3) is a subhypergraph of H3(R). By Theorem 2.11, γ(H3(Z3 ×
Z3 × Z3)) ≥ 2 and hence γ(H3(R)) = 2.

Theorem 2.15. Let R be an Artinian reduced ring and F be a field and |Max(R)| ≥ 3. If
k = |Max(R)|, then

γ(Hk(R)) =


1 if R = Z2 × · · · × Z2︸ ︷︷ ︸

(n−1) times

×F

2 otherwise.

Proof. Since R is reduced, R ∼= F1 × · · · × Fn, where each Fi is a field and |Max(R)| = n. By

Remark 2.2, Z(R, k) =
n−k+1⋃
`=1

A`.

Case 1: R = Z2 × · · · × Z2︸ ︷︷ ︸
(n−1) times

×F .

Let x = (1, 1, . . . , 1, 0) ∈ Z(R, k). For any y ∈ Z(R, k) and y 6= x, there is an edge e of
Hk(R) such that x, y ∈ e. Hence {x} is a dominating set of Hk(R) and so γ(Hk(R)) = 1.
Case 2: R � Z2 × · · · × Z2︸ ︷︷ ︸

(n−1) times

×F . Then at least two Fi’s have more than two elements. Without

loss of generality, we assume that |F`| ≥ 3 and |Ft| ≥ 3 for some ` 6= t.
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Consider the set D = {x = (1, 1, . . . , 1, 0), y = (0, 1, 1, . . . , 1, 1)}. Then the vertex x dom-
inates the set Z(R, 3) r B where B = {(u1, u2, . . . , un−1, 0) : ui ∈ F ∗i }. Also the vertex y
dominates the set B. Hence D is a dominating set of Hk(R) and so γ(Hk(R)) ≤ 2.

Suppose that γ(Hk(R)) = 1. Then there exists a subset S of Z(R, k) such that S is a
dominating set ofHk(R) and |S| = 1. If x = (u1, . . . , uj−1, 0, uj+1, . . . , un) ∈ S, where ui ∈ F ∗i
for all i 6= j, then the vertices x and (v1, . . . , v`, . . . , vj−1, 0, vj+1, . . . , vt, . . . , vn) ∈ Z(R, k) are
not adjacent in Hk(R), where vi ∈ F ∗i , which is a contradiction. Hence any dominating set of
Hk(R) contains at least two elements. Hence γ(Hk(R)) = 2.

Theorem 2.16. Let R = F1 × F2 × · · · × Fn be a ring, where each Fi is a field and 3 ≤ k < n.
Let D be any dominating set in Hk(R) with minimum cardinality among all dominating sets.
Then, for every 1 ≤ ` ≤ n− k + 1, D must contain at least one vertex from A`, where

A` = {x = (a1, a2, . . . , an) ∈ R : exactly ` components in the n tuples of x are zero}.

Proof. Let x = (u1, . . . , u`, 0, 0, . . . , 0︸ ︷︷ ︸
` terms

, u2`+1, . . . , un) ∈ A`, where ui ∈ F ∗i .

Now B` = {(a1, . . . , a`, b`+1, . . . , b2`︸ ︷︷ ︸
` terms

, a2`+1, . . . , an) ∈ R : as ∈ Fs, bj ∈ Fj} \

{{(0, . . . , 0, b`+1, b`+2, . . . , b2`︸ ︷︷ ︸
` terms

, 0, . . . , 0) ∈ R : bi ∈ Fi}∪ {(a1, . . . , a`, 0, . . . , 0︸ ︷︷ ︸
` terms

, a2`+1, . . . , an) ∈

R : ai ∈ Fi} ∪ {(u1, . . . , u`, b`+1, . . . , b2`︸ ︷︷ ︸
` terms

, u2`+1, . . . , un) ∈ R : ui ∈ F ∗i , bj ∈ Fj}}. Since

n > 3, the vertices in B` contains at least two vertices that are adjacent only to vertices in A`.
Suppose that D does not contain any vertex from At for some t. Since D is a dominating set, D
will contain vertices of Bt. Consider D′ = (D − Bt) ∪ {y} where y is an element of At. Then
|D′| < |D| and D′ is a dominating set of Hk(R), a contradiction. Hence D will contain at least
one element from A` for every `.

Theorem 2.17. Let R be an Artinian reduced ring, F be a field and n = |Max(R)| ≥ 3. If
3 ≤ k < n, then

γ(Hk(R)) =


n− k + 1 if R ∼= Z2 × · · · × Z2︸ ︷︷ ︸

(n−1) times

×F

n− k + 2 if otherwise

Proof. Since R is reduced, R ∼= F1 × · · · × Fn, where each Fi is a field and |Max(R)| = n. By

Remark 2.1 , Z(R, k) =
n−k+1⋃
`=1

A`.

Case 1: R ∼= Z2 × · · · × Z2︸ ︷︷ ︸
(n−1) times

×F .

Consider the set D = {x1, x2, . . . , xn−k+1} ⊆ Z(R, k), where x1 = (1, . . . , 1, 0), x2 =
(1, . . . , 1, 0, 0), . . . , xn−k = (1, . . . , 1︸ ︷︷ ︸

k terms

, 0, . . . , 0), xn−k+1 = ( 1, . . . , 1︸ ︷︷ ︸
k−1 terms

, 0, . . . , 0). Then the ver-

tex x1 dominates the set {(y1, y2, . . . , yn−1, un) ∈ Z(R, k) : yi ∈ Z2, un ∈ F ∗n} and the vertex x1
does not dominate any elements of the set B1, where B1 = {(y1, . . . , yn−1, 0) ∈ Z(R, k) : yi ∈
Z2}. Now the vertex x2 dominates the set {(y1, . . . , yn−2, 1, 0) ∈ Z(R, k) : yi ∈ Z2} and the
vertex x2 does not dominate any vertex in B2 = {(y1, . . . , yn−2, 0, 0) ∈ Z(R, k) : yi ∈ Z2}. Pro-
ceeding like this, finally the vertex xn−k+1 dominates {(y1, . . . , yk−1, 1, 0, . . . , 0) : yi ∈ Z2, yi 6=
0 for all i}. Hence D is the dominating set of Hk(R) and so γ(Hk(R)) ≤ n− k + 1.

In view of Theorem 2.16, we have γ(Hk(R)) ≥ n− k+ 1 and hence γ(Hk(R)) = n− k+ 1.
Case 2: R � Z2 × · · · × Z2︸ ︷︷ ︸

(n−1) times

×F .

Consider the set D = {y1, y2, . . . , yn−k+2}, where y1 = (1, . . . , 1, 0), y2 = (1, . . . , 1, 0, 0), . . .,
yn−k = (1, . . . , 1︸ ︷︷ ︸

k terms

, 0, . . . , 0), yn−k+1 = ( 1, . . . , 1︸ ︷︷ ︸
k−1 terms

, 0, . . . , 0), yn−k+2 = (0, 1, . . . , 1) ∈ Z(R, k).
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Then the vertex y1 dominates the set {(w1, w2, . . . , wn−1, un) ∈ Z(R, k) : wi ∈ Fi, un ∈ F ∗n}
and the vertex y1 does not dominate any elements in the set {(w1, w2, . . . , wn−1, 0) ∈ Z(R, k) :
wi ∈ Fi}. Now the vertex y2 dominates the set {(w1, w2, . . . , wn−2, un−1, 0) ∈ Z(R, k) : wi ∈
Fi, un−1 ∈ F ∗n−1} and the vertex y2 does not dominate any vertex in {(w1, w2, . . . , wn−2, 0, 0) ∈
Z(R, k) : wi ∈ Fi}∪ {(w1, w2, . . . , wn−1, 0) ∈ Z(R, k) : wi ∈ Fi}. Proceeding like this, yn−k+1
dominates the set {(w1, w2, . . . , wk−1, uk, 0, . . . , 0) : wi ∈ Fi, uk ∈ F ∗k , wi 6= 0 for all i} and the
vertex y` does not dominate any elements in the set P , where P = {(w1, . . . , wk−1, 0, . . . , 0) :
wi ∈ Fi and at least two wi’s are non-zero} ∪ . . . ∪
{(w1, . . . , wn−2, 0, 0) : wi ∈ Fi and at least two wi’s are non-zero} ∪ {(w1, . . . , wn−1, 0) : wi ∈
Fi and at least two wi’s are non-zero}, where 1 ≤ ` ≤ n− k + 1. Now the vertex yn−k+2 domi-
nates the set P . Hence D is a dominating set of Hk(R) and so γ(Hk(R)) ≤ n− k + 2.

Suppose that γ(Hk(R)) ≤ n − k + 1. Then by Theorem 2.16, there exists a dominating
set D′ = {x1, x2, . . . , xn−k+1}, where x` = (a1, . . . , a`−1, 0, 0, . . . , 0︸ ︷︷ ︸

` terms

, a`+`−1, . . . , an−1, an) ∈

A` and 1 ≤ ` ≤ n − k + 1. Since |Fi| ≥ 3, vertices in D′ do not dominate vertices in
{(a1, . . . , a`−1, 0, 0, . . . , 0︸ ︷︷ ︸

` terms

, a`+`−1, . . . , an−1, an) : 1 ≤ ` ≤ n − k + 1}, a contradiction. Hence

γ(Hk(R)) = n− k + 2.

Theorem 2.18. Let R = Zpα1
1
× Zpα2

2
× · · · × Zpαnn be a commutative ring with identity, where

each pi is prime and αi ≥ 2, n ≥ 3, pα1
1 ≤ p

α2
2 ≤ · · · ≤ pαnn . Then γ(H3(R)) = n− 1.

Proof. Consider the set D = {x1, . . . , xn−1} where xi = (z1, z2, . . . , zi−1, ui, zi+1, . . . , zn),
zi ∈ Api , ui ∈ Z×pαii for 1 ≤ i ≤ n − 1. Then the vertex x1 dominates the set Z(R, 3) \

(A′ ∪ B′ ∪ C ′), where B′ =
n−1⋃
i=2

{(0, 0, . . . , 0, ai, ai+1, . . . , an−1, an) : ai ∈ A
p
αi−1
i

}, C ′ =

{(a1, 0, . . . , 0, 0) : a1 ∈ Z(Zpα1
1
, 3)} and A′ = {(u1, 0, . . . , 0, 0) : u1 ∈ Z×pα1

1
}. Also the vertex

x2 dominates the set C ′ ∪A′ ∪ {(0, a2, . . . , an−1, an) ∈ B′ : ai ∈ Apαi−1
i

} and {x1, x2} does not

dominate any elements in the set
n−1⋃
i=3

{(0, 0, . . . , 0, ai, ai+1, . . . , an−1, an) : ai ∈ Apαi−1
i

}. Now

the vertex x3 dominates the set {(0, 0, a3, a4, . . . , an−1, an) ∈ B′ : ai ∈ Apαi−1
i

} and {x1, x2, x3}

does not dominate any elements in the set
n−1⋃
i=4

{(0, . . . , 0, ai, ai+1, . . . , an−1, an) : ai ∈ Apαi−1
i

}.

Proceeding like this, the vertex xn−2 dominates the set {(0, 0, . . . , 0, an−2, an−1, an) ∈ B′ :
ai ∈ Apαi−1

i

} and {x1, x2, . . . , xn−2} does not dominate any elements of the set H , where H =

{(0, 0, . . . , 0, an−1, an) ∈ B′ : ai ∈ A
p
αi−1
i

} but xn−1 dominates the set H . Hence D is a
dominating set of H3(R) and so γ(H3(R)) ≤ n− 1.

Since H3(Zn3 ) is a subhypergraph of H3(R) and by Theorem 2.17, γ(H3(Zn3 )) ≥ n − 1.
Hence γ(H3(R)) = n− 1.

Theorem 2.19. Let R = Zpα1
1
×Zpα2

2
× · · ·×Zpαnn ×F1×F2× · · ·×Fm be a finite commutative

non-local ring, where each Fj is field, αi ≥ 2, m ≥ 1, n ≥ 2 and n+m ≥ 3. Then γ(H3(R)) =
n+m− 1.

Proof. Consider the set D = {x1, x2, . . . , xn, y1, y2, . . . , ym−1}, where x1 = (z1, z2, . . . , zn,
u1, u2 . . . , um), x2 = (u1, u2, . . . , un−1, 0, 0, . . . , 0), x3 = (u1, u2, . . . , un−2, 0, 0, . . . , 0), . . . ,
xn−1 = (u1, u2, 0, . . . , 0, 0, . . . , 0), xn = (u1, 0, . . . , 0, 0, . . . , 0), y1 = (0, . . . , 0, zn, u1, u2, . . . ,
um−1, 0), y2 = (0, . . . , 0, zn, u1, u2, . . . , um−2, 0, 0), . . . , ym−2 = (0, . . . , 0, zn, u1, u2, 0, . . . , 0),
ym−1 = (0, . . . , 0, zn, u1, 0, . . . , 0, 0)}, where zi ∈ Api and ui’s are units.

Then the vertex x1 dominates the set Z(R, 3)r (P ′ ∪Q′ ∪S′), where P ′ = {(0, . . . , 0, b1, b2,
. . . , bm−1, bm) : bi = 0 or bi ∈ F×i }, S′ = {(a1, . . . , an−1, an, 0, . . . , 0) : ai ∈ Apαi−1

i

} and Q′ =
{(a1, . . . , an−1, an, 0, . . . , 0) : at least one ai = 0 and at least two a′is ∈ Apαi−1

i

}. Also the vertex
x2 dominates the set S′ ∪ {(a1, a2, . . . , an−1, an, 0, . . . , 0) ∈ Q′ : 0 6= an ∈ Apαn−1

n
} and vertices
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{x1, x2} do not dominate any elements in the set P ′ and {(a1, a2, . . . , an−1, 0, 0, . . . , 0) ∈ Q′ :
ai ∈ Apαi−1

i

}. Proceeding like this, the vertex xn−1 dominates the set {(a1, a2, a3, 0, . . . , 0) ∈
Q′ : 0 6= a3 ∈ Apα3−1

3
} and vertices {x1, x2, . . . , xn−1} do not dominate any elements in the set

P ′ and H , where H = {(a1, a2, 0, 0, . . . , 0) ∈ Q′ : ai ∈ Apαi−1
i

} but xn dominates the set H .
Now the vertex y1 dominates the set {(0, . . . , 0, b1, . . . , bm−1, um) ∈ P ′ : um ∈ F×m} and the ver-
tices {x1, x2, . . . , xn, y1} do not dominate any elements in the set {(0, . . . , 0, b1, b2, . . . , bm−1, 0) ∈
P ′ : bi = 0 or bi ∈ F×i }. The vertex y2 dominates the set {(0, . . . , 0, b1, b2, . . . , um−1, 0) ∈
P ′ : um−1 ∈ F×m−1} and vertices {x1, x2, . . . , xn, y1, y2} do not dominate any elements in
the set {(0, . . . , 0, b1, b2, . . . , bm−2, 0, 0) ∈ P ′ : bi = 0 or bi ∈ F×i }. Proceeding like this,
the vertex ym−2 dominates the set {(0, . . . , 0, b1, b2, u3, 0 . . . , 0) ∈ P ′ : u3 ∈ F×3 } and the
vertices {x1, x2, . . . , xn, y1, y2, . . . , ym−2} do not dominate any elements in the set H ′, where
H ′ = {(0, . . . , 0, b1, b2, 0, . . . , 0, 0) ∈ P ′ : bi ∈ F×i } but ym−1 dominates the set H ′. Hence D is
the dominating set of H3(R) and so γ(H3(R)) ≤ n+m− 1.

Since H3(Zn3 × Zm2 ) is a subhypergraph of H3(R). By Theorem 2.17, γ(H3(Zn3 × Zm2 )) ≥
n+m− 1. Hence γ(H3(R)) = n+m− 1.

Theorem 2.20. Let R = Zpn ×F1×F2×· · ·×Fm be a finite commutative non-local ring, where
each Fj is field, p is prime, n ≥ 2 and m ≥ 3. Then γ(H3(R)) = m− 1.

Proof. Consider the set D = {y1, y2, . . . , ym−1}, where y1 = (z, u1, . . . , um−1, 0),y2 = (z, u1,
. . . , um−2, 0, um), . . ., ym−2 = (z, u1, u2, 0, u4, . . . , um), ym−1 = (z, u1, 0, u3, . . . , um), where
z ∈ Ap and ui’s are units.

Then y1 dominates the set Z(R, 3) r {P ∪ P ′}, where P = {(0, b1, . . . , bm−1, 0) : bi =
0 or bi ∈ F×i } and P ′ = {(v, u1, . . . , um−1, 0) : v ∈ Z×pn ui ∈ F×i } ∪ {(z′, 0 . . . , 0, um) :
z′ ∈ Apn−1 , um ∈ F×m}. Now the vertex y2 dominates the set {(0, b1, . . . , bm−2, um−1, 0) ∈
P : um−1 ∈ F×m−1} ∪ P ′ and the vertices {y1, y2} does not dominate any elements in the
set {(0, b1, . . . , bm−2, 0, 0) ∈ P : bi = 0 or bi ∈ F×i }. The vertex y3 dominates the set
{(0, b1, . . . , bm−3, um−2, 0, 0) ∈ P : um−2 ∈ F×m−2} and {y1, y2, y3} does not dominate any
elements in the set {(0, b1, . . . , bm−3, 0, 0, 0) ∈ P : bi = 0 or bi ∈ F×i }. Proceeding like this, the
vertex ym−2 dominates the set {(0, b1, b2, u3, 0 . . . , 0) ∈ P : u3 ∈ F×3 } and {y1, y2, . . . , ym−2}
does not dominate any elements in the set H , where H = {(0, b1, b2, 0, . . . , 0, 0) ∈ P : bi ∈ F×i }
but ym−1 dominates the set H . Hence D is the dominating set of H3(R) and so γ(H3(R)) ≤
m− 1.

Since H3(Z3 × Zm2 ) is a subhypergraph of H3(R). By Theorem 2.17, γ(H3(Z3 × Zm2 )) ≥
m− 1. Hence γ(H3(R)) = m− 1.
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