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Abstract Computer or communication networks are so designed that they do not get dis-
rupted under external attack and moreover these are easily reconstructed when they do get dis-
rupted. Many graph theoretical parameters are used to describe the stability and reliability of
communication networks. Among the parameters rupture degree is comparatively better param-
eter to measure the vulnerability of networks. In this paper we have determined the exact values
of the rupture degree of the Wheel graph and also that of cartesian product of graphs such as
Pm2Pn and Cm2Cn, where Pn is a path of order n and Cn is a cycle of order n.

1 Introduction

A communication network is composed of processors and communication links. Network de-
signers attach importance the reliability and stability of a network. If the network begins losing
communication then there is a loss in its effectivenesss. This event is called as the vulnerability
of communication networks.In a communication network, vulnerability measures the resistance
of the network after a breakdown of some of its processors or communication links[8].

The vulnerability of communication networks measures the resistance of a network to a dis-
ruption in operation after the failure of certain processors and communication links. Cable cuts,
processors interruptions, software errors, hardware failures or transmission failures at various
points can interrupt service for a long period of time. But network designs require greater degree
of stability and reliability or less vulnerability in communication networks. Thus communication
networks must be constructed to be as stable as possible, not only with respect to the initial dis-
ruption, but also with respect to the possible reconfiguration of the network. A communication
network can be modeled as a graph G whose vertices represent the processors and whose edges
represent the lines of communication. Many graph theoretical parameters have been used in the
past to describe the stability and reliability of communication networks. Among them, two basic
parameters, connectivity and edge connectivity have been extensively used. The higher the con-
nectivity (edge connectivity) ofG, the more stable it is considered to be. The difficulty with these
parameters is that they do not take into account what remains after the graph is disconnected.
Consequently, several other parameters such as toughness, scattering number, integrity, tenacity,
rupture degree, neighbour-integrity, neighbour-scattering number and their edge-analogues have
been introduced to cope with this problem.

In an analysis of the vulnerability of networks to disruption, three important quantities, there
may be others, that are considered seriously are

(i) the number of elements that are not functioning,

(ii) the number of remaining connected sub networks,

(iii) the size of a largest remaining group within which mutual communication can still oc-
cur [10].

The rupture degree takes into account both the number of components left after external attack
and the size of the largest remaining component. A network with minimum rupture degree
performs better under external attack. Thus the less the rupture degree of a network the more
the stable it is considered to be. In [10], Li et al. have obtained some basic results on the
rupture degree and they have proved that the rupture degree is a better parameter to measure the
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vulnerability of a network by using some examples. They have also obtained several bounds and
Nordhous Gaddum-type results for the rupture degree.

The rupture degree for an connected graph G is defined by

r(G) = max {ω(G− S)− |S| −m(G− S) : X ⊂ V (G), ω(G− S) > 1} ,

where ω(G− S) is the number of components of G− S and m(G− S) is the order of a largest
component of G − S. The rupture degree for a complete graph Kn is defined as 1 − n. A set
S ⊆ V (G) is a vertex cut of G, if either G− S is disconnected or G− S has only one vertex. It
is shown that this parameter can be used to measure the vulnerability of networks.

Let G be an connected graph, a set S ⊂ V (G) is called an R-set if it satisfies r(G) =
ω(G− S)− |S| −m(G− S). The cartesian product of the graphs G and H, denoted by G2H,
has the vertex set V (G2H) = V (G)× V (H) and (u, x)(v, y) is an edge of G2H if (i) u = v
and xy ∈ E(H) or, (ii) x = y and uv ∈ E(G). Let Wn denote wheel of order n, Cn denote cycle
of order n and Pn denote path of order n. In this paper we determine the exact values of rupture
degree the wheel Wn (n ≥ 5).

2 Rupture degree of wheel graph

Theorem 2.1. The rupture degree of the wheel Wn (n ≥ 5)

r(Wn) =

{
-3 if n is even,
-2 if n is odd.

Proof. Case 1: n is even.
Let S be an arbitrary vertex cut ofWn and set |S| = t. If t ≤ n

2
, then ω(Wn−S) ≤

n

2
−1 = t−1.

Therefore we have m(Wn − S) ≥
⌈
n− (t− 1)

t− 1

⌉
. Hence

ω(Wn − S)− |S| −m(Wn − S) ≤ t− 1− t−
⌈
(n− (t− 1))

t− 1

⌉
≤ −1−

⌈
(n− t)

t

⌉
≤ −3.

If t >
n

2
, then ω(Wn − S) > n− t. Hence

ω(Wn − S)− |S| −m(Wn − S) ≤ n− 2t− 1 ≤ −3.

From the choice of S, we obtain r(Wn) ≤ −3. It is easy to see that there is a vertex cut S∗ of
Wn such that |S∗| = n

2
, ω(Wn − S∗) =

n

2
− 1 and m(Wn − S∗) = 2. From the definition of

rupture degree, we have

r(Wn) ≥ ω(Wn − S∗)− |S∗| −m(Wn − S∗)

≥ n

2
− 1− n

2
− 2

≥ −3.

This implies that r(Wn) = −3.
Case 2: n is odd.
Let S be an arbitrary vertex cut of Wn and set |S| = t. If t ≤ n+ 1

2
, then ω(Wn−S) ≤

n− 1
2

=

t− 1. Therefore, we have m(Wn − S) ≥
⌈
(n− (t− 1))

t

⌉
= 1. Hence

ω(Wn − S)− |S| −m(Wn − S) ≤ t− 1− t−
⌈
(n− (t− 1))

t

⌉
≤ −1− 1 = −2.
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If t >
n+ 1

2
, then ω(Wn − S) ≤ n− t. Hence

ω(Wn − S)− |S| −m(Wn − S) ≤ n− 2t− 1 ≤ −2.

From the choice of S, we obtain r(Wn) ≤ −2. It is easy to see that there is a vertex cut S∗ of

Wn such that |S∗| = n+ 1
2

,

ω(Wn − S∗) =
n− 1

2
− 1and m(Wn − S∗) = 1.

From the definition of rupture degree, we have

r(Wn) ≥ ω(Wn − S∗)− |S∗| −m(Wn − S∗)

≥ n− 1
2
− 1− n− 1

2
− 1

≥ −2.

This implies that r(Wn) = −2.

3 Rupture degree of Cartesian product of some graphs

3.1 Rupture degree of Pm2Pn

Proposition 3.1. [10] Let G be an incomplete connected graph of order n. Then

2α(G)− n− 1 ≤ r(G) ≤ [α(G)]
2 − κ(G)[α(G)− 1]− n

α(G)
.

Theorem 3.2. The rupture degree of path Pm2Pn, is m,n ≥ 2.

r(Pm2Pn) =

{
0 if m and n are both odd
−1 otherwise.

Proof. Let G = Pm2Pn and S be a vertex cut of G and |S| = t. We distinguish two cases.
Case 1: m and n are odd.

If 2 ≤ t ≤ mn− 1
2

, then we have ω
(
G− S

)
≤ mn+ 1

2
= t+ 1 and m

(
G− S

)
≥ 1.

Thus

ω
(
G− S

)
− |S| −m

(
G− S

)
≤ mn+ 1

2
− mn− 1

2
− 1

r(G) ≤ 0 (3.1)

If t ≥ mn+ 1
2

, then we have ω(G− S) ≤ mn− t and m(G− S) ≥ 1.
Thus

ω(G− S)− |S| −m(G− S) ≤ mn− t− t− 1.

The function f(t) = mn − 2t − 1 is a decreasing function and attains its maximum value at

t =
mn+ 1

2
. Thus

f

(
mn+ 1

2

)
= mn− 2

(
mn+ 1

2

)
− 1 = −2 ≤ 0

we get that

r(G) ≤ 0. (3.2)

By (3.1) and (3.2) we have

r(G) ≤ 0. (3.3)
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On the other hand, it is easily seen that α(G) =
mn+ 1

2
. By Proposition 3.1 we have

r(G) ≥ 2α(G)− n− 1

≥ 2
(
mn+ 1

2

)
−mn− 1

r(G) ≥ 0. (3.4)

By (3.3) and (3.4) we have

r(G) = r(Pm2Pn) = 0.

Case 2: m and n are both even or m is even and n is odd or m is odd and n is even.
If 2 ≤ t ≤ mn

2
, then we have ω(G− S) ≤ t and m(G− S) ≥ 1. Thus

ω(G− S)− |S| −m(G− S) ≤ t− t− 1 = −1.

r(G) ≤ −1 (3.5)

If t ≥ mn+ 2
2

, then we have ω(G− S) ≤ mn− t and m(G− S) ≥ 1. Thus

ω(G− S)− |S| −m(G− S) ≤ mn− t− t− 1 = mn− 2t− 1.

The function f(t) = mn − 2t − 1 is a decreasing function and takes its maximum value at

t =
mn+ 2

2
. Thus

f

(
mn+ 2

2

)
= mn− 2

(
mn+ 2

2

)
− 1 = −3 ≤ −1.

This gives that

r(G) ≤ −1. (3.6)

By (3.5) and (3.6) we have

r(G) ≤ −1. (3.7)

On the other hand, it is easily seen that α(G) =
mn

2
. By Proposition 3.1, we have

r(G) ≥ 2α(G)− n− 1

≥ 2
(mn

2

)
−mn− 1

r(G) ≥ −1. (3.8)

By (3.7) and (3.8), if m and n are even, we have r(G) = r(Pm2Pn) = −1.

3.2 Rupture degree of Cm2Cn

Proposition 3.3. If S is an R-set of Cm2Cn, m,n ≥ 3, then the components of Cm2Cn − S
must be K1 or K2 or both.

Proposition 3.4. Let S be a minimal R-set of Cm2Cn, m, n ≥ 3. Then in Cm2Cn − S,

(i) if m and n are both even there exists at most
⌈mn

2

⌉
number of K1. There is no K2 in both

even cases.

(ii) if m is even and n is odd there exists at most
⌈m

2

⌉
number of K2.
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(iii) if m is odd and n is even there exists at most
⌈n

2

⌉
number of K2.

(iv) if m and n are both odd there exists at most
⌈
m+ n− 2

2

⌉
number of K2.

Proof. Let G = Cm2Cn, V (Cm) = {u1, u2, · · · um} and V (Cn) = {v1, v2, · · · vn} . Let S
be a minimal R-set of G. From the definition of rupture degree, in order to get r(G), S should
satisfy the condition that m(G− S) is small and ω(G− S) is large.

Case 1: m and n are both even. Since the graph G is a hamiltonian ω(G−S) ≤ |S| for every
nonempty proper subset S of V (G). Since S is a minimal R-set, |S| = mn

2
and hence ω(G−S)

consists of isolated vertices and ω(G− S) ≤ mn

2
.

Case 2: m is even and n is odd. If all K2 of G − S are located in cycles Cm and ω(G − S)
is as larger as possible, then it is easy to see that S must contain atleast 4 adjacent vertices to
obtain each K2; S does not satisfy that it is small as possible. So, in G−S all K2 are not located
at cycle Cm. That is all K2 of G−S must be located on cycle Cr

n. If there exist a component K2
which is located at the different position from that of other components K2, we will distinguish
three cases.

Subcase 2(a): If there exist two K2 in G − S which is located on the same cycle Cr
m, we

denote these two K2, as {(ur, vi), (ur, vi+1)} and {(ur, vj), (ur, vj+1)}, 1 < r < n,1 ≤ i ≤ m,
j ≥ (i + 3)mod(n). Among these two K2, we assume that (ur, vi), (ur, vi+1) is located on the
same position of that of other K2. Now let

S
′
= S ∪ {(ur, vi)} − {(ur−1, vi), (ur, vi+1), (ur+1, vi)} ,

or

S
′
= S ∪ {(ur, vi+1)} − {(ur−1, vi+1), (ur, vi+2), (ur+1, vi+1)} ,

then, we have

|S
′
| = |S| − 2,

m(G− S
′
) = m(G− S) = 2

ω(G− S
′
) = ω(G− S) + 2

so we have

ω(G− S
′
)− |S

′
| −m(G− S

′
) = ω(G− S) + 2− |S|+ 2−m(G− S)

> ω(G− S)− |S| −m(G− S).

This contradicts to the minimality of S.
Subcase 2(b): If there exist two K2 in G − S which is located on two adjacent cycles, then

their position must be different from each other. We denote these twoK2 as {(ur, vi), (ur, vi+1)}
and {(ur+1, vj), (ur+1, vj+1)} , 0 < r < m − 1, 1 ≤ i ≤ n, j ≥ (i + 2)mod(n) or j ≤
(i− 2+n)mod(n). Among these two K2, we assume that {(ur, vi), (ur, vi+1)} is located on the
same position of that other K2. Now, let

S
′
= S ∪ {(ur+1, vj)} − {(ur, vj), (ur+1, vj−1), (ur+2, vj)} ,

or

S
′
= S ∪ {(ur+1, vi+1)} − {(ur, vj+1), (ur+1, vj+1), (ur+2, vj+1)} ,

then, we have

|S
′
| = |S| − 2,

m(G− S
′
) = m(G− S) = 2

ω(G− S
′
) = ω(G− S) + 2
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so we have

ω(G− S
′
)− |S

′
| −m(G− S

′
) = ω(G− S) + 2− |S|+ 2−m(G− S)

> ω(G− S)− |S| −m(G− S).

This contradicts to the minimality of S
Subcase 2(c): If all K2 in G − S are located on non-adjacent cycles, and there exist a K2

whose position is different from that of others, we denote this K2 as {(ur, vi), (ur, vi+1)} , 0 <
r < m,1 ≤ i ≤ n. Let the other K2 be {(uh, vj), (uh, vj+1)} for 1 ≤ r ≤ m and h 6= r, 1 ≤ j ≤
n, j 6= i. Now, let

S
′
= S ∪ {(ur, vj)} − {(ur−1, vi), (ur, vi−1), (ur, vj), (ur+1, vi)} ,

or

S
′
= S ∪ {(ur, vi+1)} − {(ur−1, vi+1), (ur, vi+2), (ur, vj), (ur+1, vi+1)} ,

or

S
′
= S ∪ {(ur, vi+1)} − {(ur−1, vi+1), (ur, vi+2), (ur, vj), (ur+1, vi+1)} ,

then we have,

|S
′
| = |S| − 3,

m(G− S
′
) = m(G− S) = 2

ω(G− S
′
) = ω(G− S) + 3

so we have

ω(G− S
′
)− |S

′
| −m(G− S

′
) = ω(G− S) + 6− |S| −m(G− S)

> ω(G− S)− |S| −m(G− S).

This contradicts to the minimality of S. So, by the subcases 2(a),2(b),2(c) we know that all K2 in
G− S must be located in nonadjacent cycles in same positions; hence, there exist at most

⌈m
2

⌉
number of K2 in G− S.

Case 3: m is odd and n is even. The result follows as in Case 2.
Case 4: m is odd and n is odd. If all K2 of G − S are located either only in cycles Cm or

only in Cn and ω(G−S) is as larger as possible, then it is easy to see that S must contain atleast
4 adjacent vertices to obtain each K2; S does not satisfy that it is small as possible. So, all K2 of
G− S must be located on cycle Cs

m and Cr
n.

If there exist a component K2 which is located at the different position from that of other com-
ponents K2, we will distinguish three cases.

Subcase 4(a): If there exist two K2 in G − S which is located on the same cycle Cs
m,Cr

n

we denote these two K2, as {(ur, vi), (ur, vi+1)} and {(ur, vj), (ur, vj+1)}, 1 < r < n,1 ≤
i ≤ m, j ≥ (i + 2)mod(m) and j ≥ (i + 3)mod(n). Among these two K2, we assume that
(ur, vi), (ur, vi+1) is located on the same position of that of other K2. Now let

S
′
= S ∪ {(ur, vi)} − {(ur−1, vi), (ur, vi+1), (ur+1, vi)} ,

or

S
′
= S ∪ {(ur, vi+1)} − {(ur−1, vi+1), (ur, vi+2), (ur+1, vi+1)} ,

then, we have

|S
′
| = |S| − 2,

m(G− S
′
) = m(G− S) = 2

ω(G− S
′
) = ω(G− S) + 2
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so we have

ω(G− S
′
)− |S

′
| −m(G− S

′
) = ω(G− S) + 2− |S|+ 2−m(G− S)

> ω(G− S)− |S| −m(G− S).

This contradicts the minimality of S.
Subcase 4(b): If there exist two K2 in G − S which is located on two adjacent cycles, then

their position must be different from each other. We denote these twoK2 as {(ur, vi), (ur, vi+1)}
and {(ur+1, vj), (ur+1, vj+1)}, 0 < r < m − 1,1 ≤ i ≤ n, j ≥ (i + 2)mod(n) or j ≤ (i − 2 +
n)mod(n).
Among these two K2, we assume that {(ur, vi), (ur, vi+1)} is located on the same position of
that other K2. Now, let

S
′
= S ∪ {(ur+1, vj)} − {(ur, vj), (ur+1, vj−1), (ur+2, vj)} ,

or

S
′
= S ∪ {(ur+1, vi+1)} − {(ur, vj+1), (ur+1, vj+1), (ur+2, vj+1)} ,

then, we have

|S
′
| = |S| − 2,

m(G− S
′
) = m(G− S) = 2

ω(G− S
′
) = ω(G− S) + 2

so we have

ω(G− S
′
)− |S

′
| −m(G− S

′
) = ω(G− S) + 2− |S|+ 2−m(G− S)

> ω(G− S)− |S| −m(G− S).

This contradicts the minimality of S.
Subcase 4(c): If all K2 in G − S are located on non-adjacent cycles, and there exist a K2

whose position is different from that of others, we denote this K2 as {(ur, vi), (ur, vi+1)}, 0 <
r < m,1 ≤ i ≤ n. We let the other K2 be {(uh, vj), (uh, vj+1)}, for 1 ≤ r ≤ m, and h 6= r, 1 ≤
j ≤ n, j 6= i.

Now, let

S
′
= S ∪ {(ur, vj)} − {(ur−1, vi), (ur, vi−1), (ur, vj), (ur+1, vi)} ,

or

S
′
= S ∪ {(ur, vi+1)} − {(ur−1, vi+1), (ur, vi+2), (ur, vj), (ur+1, vi+1)} ,

or

S
′
= S ∪ {(ur, vi+1)} − {(ur−1, vi+1), (ur, vi+2), (ur, vj), (ur+1, vi+1)} ,

then we have,

|S
′
| = |S| − 3,

m(G− S
′
) = m(G− S) = 2

ω(G− S
′
) = ω(G− S) + 3

so we have

ω(G− S
′
)− |S

′
| −m(G− S

′
) = ω(G− S) + 6− |S| −m(G− S)

> ω(G− S)− |S| −m(G− S).

This contradicts the minimality of S.
So, by the subcases 4(a), 4(b), 4(c) we know that all K2 in G− S must be located on nonad-

jacent cycles and in same positions; hence there exist at most
⌈m

2

⌉
number of K2 in G− S.
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Theorem 3.5. The rupture degree of Cm2Cn, m, n ≥ 3 is

r(Cm2Cn) =



−1 if m and n are both even.

−m+ 4
2

if m is even and n is odd.

−n+ 4
2

if m is odd and n is even.

−(m+ n+ 4)
2

if m and n are both odd.

Proof. Let G = Cm2Cn, m,n ≥ 3.
Case 1: m and n are both even. For 1 ≤ i ≤ m and 1 ≤ j ≤ n, let

S = {(ui, vj) | i is even and j is odd or i is odd and j is even.}.

Then |S| = mn

2
, ω(G− S) = mn

2
and m(G− S) = 1.

Hence

r(G) ≥ ω(G− S)− |S| −m(G− S)

≥ mn

2
− mn

2
− 1 ≥ −1.

On the other hand, by Proposition 3.4, we know that there exist at most
⌈mn

2

⌉
=
mn

2
number

of K1, and they are located at the same position of non adjacent cycles in G− S.

We have |S| ≥
⌈
mn− mn+ 1

2

⌉
=

⌈
mn− 1

2

⌉
=
mn

2
,

ω(G− S) ≤
⌊
mn− mn− 1

2

⌋
=

⌊
mn+ 1

2

⌋
=
mn

2
and m(G− S) = 1.

Therefore r(G) ≤ mn

2
− mn

2
− 1 = −1 and hence r(G)=r(Cm2Cn) = −1.

Case 2: m is even and n is odd. For 1 ≤ i ≤ m and 1 ≤ j ≤ n, let

S = {(ui, vj) | i is even and j is even or i is odd andjis odd.} .

Then |S| = mn

2
, ω(G− S) = m(n− 1)

2
and m(G− S) = 2. We have

r(G) ≥ ω(G− S)− |S| −m(G− S)

≥ m(n− 1)
2

− mn

2
− 2.

≥ −m+ 4
2

.

On the other hand, by Proposition 3.4 we know that there exist at most
⌈m

2

⌉
=
m

2
number of

K2 in G− S, and the other components are all K1.

we have |S| ≥


mn− m

2
2

2

 =

⌈
mn−m

2

⌉
.

But, in order to get at most
m

2
number of K2, we must delete atleast

m

2
number of K2 from G

and so we have |S| ≥
⌈
mn−m

2

⌉
+
m

2
=
mn

2
, and

ω(G− S) ≤ m

2
+


mn− m

2
2

2

− m

2
=
mn−m

2
, m(G− S) = 2.

Therefore

r(G) ≤ mn−m
2

− mn

2
− 2 = −m+ 4

2
.
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In this case, r(G)= r(Cm2Cn) = −
m+ 4

2
Case 3: m is odd and n is even. For 1 ≤ i ≤ m and 1 ≤ j ≤ n, let

S = {(ui, vj) | i is odd and j is odd or i is even and j is even.} .

Then |S| = mn

2
, ω(G− S) = (m− 1)n

2
and m(G− S) = 2. We have

r(G) ≥ ω(G− S)− |S| −m(G− S)

≥ (m− 1)n
2

− mn

2
− 2.

≥ −n+ 4
2

.

On the other hand, by Proposition 3.4 we know that there exist atmost
⌈n

2

⌉
=
n

2
number of K2

in G− S, and the other components are all K1. We have

|S| ≥


mn− n

2
2

2

 =

⌈
mn− n

2

⌉

But, in order to get at most
n

2
number of K2, we have must delete atleast

n

2
number of K2 from

G and so we have |S| ≥
⌈
mn− n

2

⌉
+
n

2
=
mn

2
,

ω(G− S) ≤ n

2
+


mn− n

2
2

2

− n

2
=
mn− n

2
and m(G− S) = 2.

Consequently r(G) ≤ mn− n
2

− mn

2
− 2 = −n+ 4

2
. In this case, r(G)=r(Cm2Cn) =

−n+ 4
2

Case 4: m and n are both odd. For 1 ≤ i ≤ m and 1 ≤ j ≤ n, let

S = {(ui, vj)|i is odd andj is odd ori is even andjis even.} .

Then |S| = mn+ 1
2

, ω(G− S) = (m− 1)
(
n− 1

2

)
and m(G) = 2. We have

r(G) ≥ ω(G)− |S| −m(G− S)

≥ mn−m− n+ 1
2

− mn+ 1
2

− 2.

≥ −m+ n+ 4
2

.

On the other hand, by Proposition 3.4 we know that there exist at most
⌈
m+n−2

2

⌉
=m+n−2

2
number of K2 in G− S, and the other components are all K1.

We have

|S| ≥


mn− m+ n− 2

2
2

2

 =

⌈
mn−m− n+ 2

2

⌉

But, in order to get at most
m+ n− 2

2
number ofK2, we must delete atleast

m+ n− 2
2

number

of K2 from G and so we have |S| ≥
⌈
mn−m− n+ 2

2

⌉
+
m+ n− 2

2
=
mn+ 1

2
, and

ω(G) ≤ m+ n− 2
2

+

⌊
mn−m− n+ 2

2

⌋
− m+ n− 2

2
,=

mn−m− n+ 1
2

, m(G) = 2.

Therefore
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r(G) ≤ mn−m− n+ 1
2

− mn+ 1
2

− 2 = −m+ n+ 4
2

.

In this case, r(G)=r(Cm2Cn) = −
m+ n+ 4

2
.
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