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Abstract Let G = (V, E) be a graph. A set S C V is said to be a restrained dominating set
if each vertex in V' — S is adjacent to a vertex in S and to a vertex in V — S. Let D,.(G, 1) be
the collection of restrained dominating sets of G of cardinality ¢ and d,.(G, i) = |D,(G,)|. The

restrained domination polynomial of G is denoted by D, (G, z) and is defined as D,.(G,z) =
V(G ‘

> d.(G,i)z". In this paper we construct D,.(C,, ) and obtain a formula for d,.(C},, 7).
i=7r(G)

1 Introduction

All graphs considered here are simple and undirected. The terms not defined here are taken as in
[4]. Let G = (V, E) be a graph of order |V | = n. A set S C V is said to be a dominating set [5]
of GG if each vertex in V — S'is adjacent to a vertex in S. The domination number of G is denoted
by v(G) and is defined as the minimum cardinality of a dominating set of G. Let D(G,i) be
the collection of dominating sets of G of cardinality 7 and d(G, ) = |D(G,¢)|. The domination

polynomial of a graph G is defined as D(G,x) = Y. d(G,i)x'. The concept of domination
i=v(G)
polynomial was introduced by Arocha and further developed by S.Alikhani [1, 2]. Aset S C V
is said to be a restrained dominating set [3] of G if each vertex in V — S is adjacent to a vertex in
S and to a vertex in V — S. The restrained domination number of a graph G is denoted by v,-(G)
and is defined as the minimum cardinality of a restrained dominating set of G. A restrained dom-
inating set of G of minimum cardinality is called ~,.—set of G. Let D,.(G, i) be the collection of
restrained dominating sets of G of cardinality ¢ and let d,.(G,i) = |D,.(G,i)|. We call the poly-

nomial D,.(G,x) = Y. d,(G,i)z", the restrained domination polynomial of a graph G. The
i=7-(G)

concept of restrained domination polynomial was introduced by K.Kayathri and G.Kokilambal
in 2019. In [6] K.Kayathri and G.Kokilambal gave a recurrence relation for finding the restrained
domination polynomial of cycles which was given by D,.(Cy,,z) = 3D,.(P,_2,2) + D, (P,, )
for n > 3. They constructed the familes of restrained dominating sets of C,, of cardinality ¢
by the families of restrained dominating sets of P, and P,,_, of cardinality 7. In this paper we
construct the families of restrained dominating sets of C,, with cardinality ¢ by the families of
restrained dominating sets of C),_; and C,,_3 with cardinality ¢ — 1.

As usual we use |z, for the greatest integer less than or equal to z. In this paper we use the
notation [n] to denote the set {1,2,...,n}.

2 Restrained Dominating Sets of Cycles

Let C,,, n > 3 be the cycle with n vertices. In this paper we denote the set of all vertices and
edges of C,, by V(C,,) = {1,2,...,n} and E(C,,) = {(4,i + 1)/1 <i <n—-1}U{(l,n)}
respectively. Let D,.(C,,, ) be the collection of restrained dominating sets of C,, of cardinality
i and |D,.(Cy,1)| = d.(Cy,1). We need the following lemmas to prove our main results in the
section:

Lemma 2.1. For any cycle C,, with n > 3, the following results hold:
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(@) [3]'Yr( ﬂ)—n*zt ]

(ii) D, (Cp,i) = ¢ < Any one of the following hold
(a)n —i=1(mod 2)
(b)i>n

(c)i<n—2[%]

(iii) D,(Cn,i) # ¢ & n—2[%] <i<nandn—i=0(mod?2).

Proof. As (ii) and (iii) are contra positive statements, it is enough to prove one among them. We
shall prove (iii).

Assume that D,.(C,,,7) # ¢. Then there exists a restrained dominating set S of C,, of cardinality
i. It is clear that 4, (C),) < < n. First we notice that if n is odd(even), then ~,.(C\,) = n —2[ %]
is odd(even). It is enough to prove that n — i = 0 (mod 2). Suppose that the induced subgraph
of V' — S has a component H of order > 3. Then H contains an induced P : v;v;1v;42 and the
vertex v;41 is not dominated by any other vertex of .S which is a contradiction to S is a restrained
dominating set of C,,. Thus order of each component of (V' — S) is at most 2. Also (V — S)
has no isolated vertices. It follows that (V' — S) is isomorphic to ¢ or mP, for m > 1. Hence
n—1i=0 (mod?2).

Conversely suppose that n — 2| % | < i < nand n —i = 0 (mod 2). It is enough to show
that there exists a restrained dominating set S of C,, of cardinality 7. If |S| = n —2|% ], then
any v,— set of C,, satisfies our requirement. Also if |S| = n, then S = V(C,,). Suppose that
n—2[%] <i<n.LetT bea-,— setof C,. Then each component of (V' — T') is isomorphic to
b. Let S = TJ H where H is the union of some components of (V' — T') chosen in such a way
that |S| = 4. Then S is also a restrained dominating set of C,. Thus n—i = n—(n—2[%] +|H]|)
is even. Hence D,.(C,,, 1) # ¢. i

To find the collection of restrained dominating sets of C,, of cardinality ¢, it is enough to
consider D,.(C,,_1,i — 1) and D,.(C,_3,% — 1) and it is not necessary to consider restrained
dominating sets of C),_s of cardinality < — 1. This is proved in Lemma 2.2 and we do not consider
D, (Cp—7,i — 1) because it is impossible to find Y € D,(C,,—7,7 — 1) such that Y J{z} €
D, (Cy, i) for any z € [n].

Lemma 2.2. Suppose that Y € D, (Cy_s5,1 — 1) with Y |J{z} € D,(C,,i) for some x € [n].
ThenY € D, (Cp_3,i—1).

Proof. Suppose that Y € D, (C,—s,i — 1) and Y J{z} € D,(C,,1) for some z € [n]. It is
clear that {1,n — 5} is a subset of Y. Otherwise Y | J{z} ¢ D, (Cy,%) for any = € [n]. Hence
Y € Dy(Cp_s,i— 1). 0

Lemma 2.3. If D, (C,,, i) # ¢, then we have
(1) Dr( n— 172_1)¢¢andp (Cn737i_ )#¢<:>n_2|_nTilJ S <n -2
(i) Dy(Crszyi— 1) =dpand Dy (Cp_1,i — 1) £ ¢ & i =n.

(iii) D, (Cp—1,t — 1) = ¢ and D,(Cr_3,1 — 1) # ¢ & i = q and n = 3q for some positive
integer q.

Proof. 1t is given that D,.(C,,,1) # ¢. Then by applying (iii) of Lemma 2.1, we have n — i =
O(mod2)andn —2[%] <1 S n.
(i) Assume that DT(Cn_l ,i — 1) # ¢. Then by applying (iii) of Lemma 2.1, we have (n — 1) —
(i—1) =0 (mod2)and n — 2|27 | <i < n. Also D,(Cy,_3,i — 1) # ¢. Again by applying
(iii) of Lemma 2.1, we have (n —3) — (i — 1) = 0 (mod 2) andn — 2 — 2| %52 | < i <n—2.
From these we can conclude that n — L”*IJ <i<n-2.

Conversely assume that n — 2| %5 1j <i<mn-—2andn —1i =0 (mod 2). Then by applying
(iii) of Lemma 2.1, we have D,.(Cy,—1,i — 1) # ¢ and D,.(Cy—3,i — 1) # ¢.
(ii) Assume that DT(Cn,3,z' —1) = ¢. Then by Lemma 2.1 (ii), we have t — 1 > n — 3 or
i—1< (n—3)—2[252] and the condition (n—3) — (i — 1) = 1 (mod 2) is not possible . Since
D, (Cp_1,i — 1) # ¢, by applying (iii) of Lemma 2.1, we have (n —1)—(i—1) =0 (mod 2)
and (n—1)—2[25 | <i—1<n— LI (i—1) < (n—3) —2[ 252, then D, (Cp_1,i—1) = ¢
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which is a contradiction. Hence we have n — 3 < ¢ — 1 and also the possible conditions are
i—1 < (n—1)and (n — 1) — (i — 1) = 0 (mod 2). Other conditions do not hold due to
(n—2) < i. Thus we conclude that n —2 < i < n. Since n =i (mod 2), i = n— 1 is impossible.
Hence i = n.

Conversely assume that 7 = n. Then by applying (ii) of Lemma 2.1, we have D,.(C,_3,) = ¢
and D,.(Cy—1,1) # ¢.
(iii) Assume that D,.(C,,_3,7 — 1) # ¢. Then by applying (ii) of Lemma 2.1, we have n — 3 —
21272 <i—1<n-3and (n—3) — (i — 1) = 0 (mod 2). Also D,(C,,_1,i — 1) = ¢, then
by applying (ii) of Lemma 2.1, we have i — 1 > n—1lorn —1 — ZL%J > ¢ — 1 and the
condition (n — 1) — (i — 1) = 1(mod 2) is not possible. Since i — 1 < n — 3, the condition
i—1 > n—1is not possible. Hence the only possible conditionisi—1 <n—1— 2{’%”. Now
n—3—2L”T*3J <i< n—ZL"T*lJ which gives us n = 3¢ and ¢ = ¢ for some g € N.

Conversely assume that n = 3¢ and i = ¢ for some ¢ € N. Then by applying (ii) of Lemma
2.1, we have D,.(Cp,_1,i — 1) = ¢ and D,.(Cp,_3,7 — 1) # ¢. O

Theorem 2.4. For every n > 3 and i is a positive integer satisfying the condition thatn—2|% | <
i <nandn—i=0 (mod?2), the following are true:

() If Do (Coyyi— 1) = ¢ and D, (Cr—3,i — 1) # ¢, then
D, (Cpyi) = Dp(Coy 2) = {{1,4,7,...,n = 2},{2,5,8,...,n — 1},{3,6,9,...,n}}.

(ii) If D (Cp—3,i— 1) = ¢ and D.(Cy,_1,i — 1) # ¢, then D,.(C,,i) = D,.(Cp,n) = {[n]}.
(i) If Dy (Co1,i— 1) # ¢ and Dy(Cpz,i — 1) # ¢, then Dy (Cy, i) = L6J Ay
k=1

where Ay = {Z\J{n},ZU{n —2}/Z € D, (Cp—1,i — 1) Dy(Cp—3,i — 1)}

Ay ={ZJ{n}/Z € D, (Cpr—1,i— 1) = D, (Crr—3,i— 1) andn—1 € Z}

Ay ={ZU{n—1})Z € D,(Cp_1,i —1) = Dp(Cp_z,i — 1) and I,n— 1 ¢ Z}

Ay ={ZJ{n-2}/Z € D,(C,—3,i— 1) = D,.(Cp—1,i— 1) and 1 € Z, n—3 ¢ Z}
As ={Z\J{n}/Z € D, (Cp—3,i— 1) = D,.(Cp—1,i—1)and 1 ¢ Z, n—3 € Z}

As ={ZU{n—-1}/Z € D,(C,—3,i— 1) = D,(Cp—1,i — 1) and 1,n — 3 ¢ Z}.

Proof. (i) Assume that D,.(C,,_1,i—1) = ¢ and D,.(C,,_3,i— 1) # ¢. Then by Lemma 2.3 (iii),
n = 3gandi = gforsome g € N.SoD,.(Cy,i) = D, (Cp, §) = {{1,4,...,n=2},{2,5,...,n—
1},{3,6,...,n}}.

(ii) Assume that D,.(C,,_3,i — 1) = ¢ and D,.(Cy,_1,% — 1) # ¢. Then by Lemma 2.3 (ii), i = n.
We have D,.(Cy,, i) = D, (Cp,n) = {[n]}.

(iii) Suppose that D,.(C),_1,i — 1) # ¢ and D,.(Cy,_3,7 — 1) # ¢. Let Y € A;. Then either
Y = ZU{n} or Y = Z{J{n — 2} for some Z € D,(C,—_1,i — 1) D;(Cy,—3,% — 1). In
both cases the vertices labeled n — 3 and 1 must belong to Z. Otherwise Z ¢ D,.(Cp—_1,i —
)N D,(Cp_3,i — 1). Hence Y € D,.(C,,i). It follows that Ay C D,(C,,i). Let Y € A,.
Then there exists Z € D,.(Cp—1,i — 1) — D,.(Cp_3,i — 1) such that Y = Z|J{n} and n —
1 € Z. Clearly Y = Z|J{n} € D,(Cy,i). Thus Ay C D,(Cy,1). Suppose Y € As, then
Y = ZU {n — 1} for some Z € D,(Cp_1,i — 1) — Do (Cp_3,i — 1) with I,n — 1 ¢ Z. In this
case Y = Z|J{n — 1} € D,(C,, ). Hence A3 C D,.(Cy,,%). Suppose Y € Ay, then there exists
Z € Dp(Cpz,i—1)—Dp(Cp_1,i— 1) with1 € Z,n—-3 ¢ ZandY = Z|J{n—2} € D,(Cn, ).
Hence A4 C D, (Cl, ). Similarly we can show that As C D,.(C,,,¢) and Ag C D,.(Cy, ). Thus

6
i=1

Let Y € D,(Cy,i). Then at least one of the vertices labeled with 1,n,n — 1,7 — 2 must
belong to Y since otherwise Y ¢ D,.(C,,, ). It is enough to show that for each Y € D,.(C,,, i),
there exists & with 1 < k < 6 such that Y € A;.. Here we consider six cases. Other cases are
similar.

Casel.neYandl,n—1,n—-2¢Y.
Since Y € D,.(C,, i), the vertex n — 2 is dominated by n — 3 and so n — 3 € Y. Then there is an
element Z € D,(Cy,—3,i — 1) = D,(Cp—1,i — 1) with 1 ¢ Z,n —3 € ZsuchthatY = ZJ{n}
and I,n — 1,n—2¢ Z . ThusY € As.
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Case2. l,neYandn—1,n—-2¢Y.

The vertex n — Zis dominated by n—3 and n—3 € Y. In this case we can find Z € D,.(C,,_1,i—
N Dy(Cp—3,i— 1) suchthat Y = Z|J{n}. Inthis case Y € A,.

Case3.n,n—1le€Yandl,n—-2¢Y.

In this case there is an element Z € D,.(C,_1,i — 1) — D,.(Cp_3,7 — 1) withn — 1 € Z and

Y =ZJ{n}. Thus Y € A,.

Case4. l,n—2cYandn,n—1¢Y.

Then there exists Z € D,.(Cy,—3,i—1)—D,(Cp_1,i—1) with 1 € Z such that Y = Z | J{n —2}.

Hence Y € Ay.

Case5.n—1€eYandl,n,n—-2¢Y.

Since Y € D,.(C,, 1), the vertex n — 3 ¢ Y. In this case there is an element Z € D,.(C),_3,% —
1) =D, (Cp—1,i—1)suchthatY = Z|J{n—1}and 1,n —3 ¢ Z. Also 1,n,n —2 ¢ Z. Hence

Y € Ag.

Case6.n—2,n—1€Yandl,n¢Y.

In this case there exists Z € D,.(Cp_1,i — 1) — D,(Cp_3,i — 1) with 1,n — 1 ¢ Z such that

Y=ZU{n—-1}. Hence Y € Aj;.

The following cases are not possible:

(@aleYandn,n—1,n—-2¢Y b)n—2€cYandl,n,n—1¢Y
©ln—leYandnn—2¢Y nn-2cYandl,n—1¢Y
@ln—1,n—2€Yandné¢Y O Lnn—2cYandn—-1¢Y

In this case Y ¢ D,.(C,,, ). From the above argument we can see that if Y e D, (Chy,1), there

exists a positive integer k (1 < k < 6) such that Y € A;. Hence D,.(C,,, i) = U Ap. o
k=1

Theorem 2.5. If D,.(C,,, %) is the collection of restrained dominating sets of cycle Cy, of cardi-
nality i, then |D,.(C), )\_|D( -1, — )|+ |D.(Cp—3,i — 1)|.

Proof. We consider the three cases in Theorem 2.4 and we rewrite in the following form
(i) D (Cp_t1,i—1) = ¢pand D, (Cp_3,i—1) # ¢, then D,.(Cy, i) = {Z1 U{n—-2}, Zo U{n—
1},Z3U{R}/1€Z|,2EZ2,3€Z3 andZ],Zz,Z3ED (Cn 3, 1)}

(ii) If D,(Cp_3,i — 1) = ¢ and D,(Cr_1,i — 1) # ¢, then D,(Cp,i) = {Z U {n}/Z €
D, (Cp_1,i— 1)}

(iii) I D, (Cr_y,i — 1) # ¢ and Dy (Cp_3,i — 1) # ¢, then D, (Cr,i) = U Ay

Where A; = {ZJ{n},ZU{n —2}/Z € D, (Cp—1,i — 1) Dy(Cp—3,i — 1)}
Ay ={ZU{n}/Z € Do(Crr,i— 1) =D (Cps,i— 1) andn— 1 € Z}
As={ZU{n—1}/Z € D,(Cry,i— 1) = D(Cp_3,i— 1) and 1,n — 1 ¢ Z}
As={ZJ{n—-2}/Z € D, (Cp—3,i— 1) = D,.(Cpri—1,i—1)and 1 € Z, n—3 ¢ Z}
As ={Z\J{n}/Z € D, (Cp_3,i— 1) = D.(Cr—1,i—1)and 1 ¢ Z, n—3 € Z}
Ae ={ZU{n—-1}/Z € D,(C,—3,i— 1) = D,(Cp—1,i — 1) and I,n — 3 ¢ Z}.
‘We consider here three cases.
Case 1. Forn = 3q and i = ¢, from (i) we have |D,.(C,,:)| = 3 = |D,(Cp—3,7 — 1)| and
D (Cpsvi— )] = 0. Hence [ D, (Cy, )| = [Dr(Comvi — D] + [D(Cosi — 1)
Case 2. Forz' =n, from(ii)wehave|D (Cpn,i)| =1=1D,(Cp—1,i—1)|and |D,.(Cy,—3,i—1)| =
0. Hence |D,.(Cy,%)| = |Dp(Cr—1,1 1)|+|DT(C’H_3,Z'—1)\.
Case 3. Forn — 2[” 1J <3 <n-—2,since A;ﬁs are pairwise disjoint for 1 < k < 6, from (iii)

we have |D,.(C,,,i)| = Z | Ag|.

Claim 1. |A1| = 2|D ( n— 1,2— 1>ﬂD ( n— 3,’i— 1)‘

For any Z € D, (Cp_3,i — 1) Dy (Cp—1,7 — 1), we have two sets Z | J{n} and Z |J{n — 2}

which are restramed dominating sets of cardinality i. Thus each element in D,.(Cy,— 3,1 -
1) D,(Cy—1,i—1) is counted twice in | A, |. Hence |A;| = 2|D,(Cp—3,i— 1) Dr(Cp—1,1

DI
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Claim 2. |A;| + |A3| = |D,(Chrmtyi — 1) — Dy (Chrmzyi — 1))
For any element Z € D,.(Cy,_1,i — 1) — D,(C,,_3,i — 1) we consider two possibilities:

() IL,n—1¢2.
(i) n—1¢€Z.

For (i), we have the set Z | J{n — 1} which is in A3. For (iz), we have the set Z | J{n} which is in
Aj;. Thus in each of the possibilties, the element Z € D,.(C,,_;,i — 1) is counted exactly once,
either in A, or in A3 and A’s are disjoint. Hence we have |A;| + |A3| = |D(Cp1,i — 1) —
D, (Cp—3,i—1)|.

Claim 3. | Ay| + |As| + |As| = |D-(Cr—3,i — 1) = D (Cpy1,i — 1)].

For Z € D,.(Cy,—3,i — 1) — D,.(C,_1,7 — 1), we consider the following possiblities:

(i) leZbutn—3¢ 2.
() 1¢ Zbutn—3€ Z.
(i) 1,n—3¢ Z.

The case when 1,n — 3 € Z is included as a part of claim 1. For each of the possibility we
have the unique set Z | J{n — 2} (for (7)), Z |J{n}(for (iz)) and Z | J{n — 1} (for(ii)). Thus each
element in D,.(Cy,_3,4 — 1) — D,.(Cp_1,% — 1) is counted exactly once in one of A4, As or As.
Hence we have the result. O

Theorem 2.6. For any cycle Cy, withn > 6, D,.(Cy,,x) = z[D,(Cp_1, ) + D,-(Cp_3, x)| where
D, (C3,x) =3z + 2, D,(Cy,x) = da* + 2* and D,.(Cs, x) = 523 + 2°.

Proof. Follows from Theorem 2.5. O

Theorem 2.7. If D,.(C,,, ) is the restrained domination polynomial of C,, then the following
holds:

(i) Foreveryn € N, d,.(Cp,n) = 1.
Cp,n—2)=n.
C3n,n) = 3.

(i) Foreveryn €N, d,
(iii) Foreveryn € N, d,.

(
(
(
(

(iv) Foreveryn e N, d,.(C3p+1,n+1) =3n+ 1.

(V) For every natural number n > 5, d,.(Cy,,n —4) = n<n275)-

Proof. (i) For any graph G, the only restrained dominating set of G of cardinality n is V(G). It
follows that d,.(C,,,n) = 1.

(ii) Since §(C,,) = 2, for any edge e = ww the set V(G) — {u, v} is a restrained dominating set
of cardinality n — 2. Hence d,.(Cy,,n — 2) = |E(C,,)| = n.

(iii) By Theorem 2.4, D,.(C5,,,n) = {{1,4,7,...,3n—-2},{2,5,8,...,3n—1},{3,6,9,...,3n}}.
Hence d,.(C3,,n) = 3.

(iv) We shall prove this by mathematical induction on n.

Forn =1, D, (C4,2) = {{1,2},{2,3},{3,4}, {4, 1}} and hence d,.(C4,2) = 4. Thus the result
is true for n = 1. Assume that the result is true for all natural numbers less than n. To prove that
the result is true for n. By applying induction hypothesis, (iii) and Theorem 2.5, we have

dr(03n+17 n—+ 1) = dr(CSn) n) + dr'(c3n—27 ’I’L)
=3+ dr(CS(nfl)Jrh (n - 1) + 1)
=34+3n—-1)+1
=3n+1.
(v) We shall prove this result by mathematical induction on n.

Forn =5, D,(Cs,4) = ¢ and d,(Cs,4) = |D,(Cs,4)| = 0. Also @ = 0. The result is true
for n = 5. Forn = 6, D,(Ce,2) = {{1,4},{2,5},{3,6}} and d,.(Cs,2) = 3. Also %62 — 3,
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Thus the result is true for n = 5, 6. Assume that the reult is true for all natural numbers less than
n. By induction hypothesis, (ii) and Theorem 2.5, we have

d-(Cpyn—4)=d.(Cr_1,n—5)+d.(Cp_3,n —3)

(n—1)(n—6)
n(n—S).

2

By using Theorem 2.5 we obtain d,.(C),,¢) for I < n < 10 in Table 1.

n112345678910

3 30 1

4 0 4 0 1

5 005 0 1

6 030 6 0 1

7 007 0 7 0 1

8 000 12 0 8 0 1

9 003 0 18 0 9 0 1

00 [0 0 0 10 0 25 0 10 0 1
Table 1

Theorem 2.8. Suppose that n > 3 and i is a positive integer satisfying the condition that
n — ZL | < i < n. Then the coefficient of u™v* in the expansion of the function f(u,v) =
(4+3u + 0% 4+ uv + u*v?) |

1~ wo — 30 is equal to d,.(Ch, 7).

Proof. Set f(u,v) = Z Z d,(Cp,i)u™v’. By the recursive formula for d,.(C,,,4) in Theorem
n=41i=2
2.5 we can write f (u, v) in the following form

F,0) = 32 S (d(Ciryi— 1) + de(C3, — 1) )ume,

n=41i=2

—uvZ Zd (Cp_1,i— Dur vt l—l—uvz Zd (Cp_3,i— 1ur 3yt
n=4i= n=41i=2
= wv(d,(C3, 1)uv + d,.(C3,3)uv®) + uv f(u,v) + vv(d.(Cy, 1)uv +
d.(Cy,2)u*v? + d,.(C3, )uv + d,.(C3, 3)u*v?) + wvf(u,v)
By substituting the values from Table 1, we have
flu,v)(1 — uv —uPv) = uv(Su v+ uvd) + oluw + v + 3udv + uPvd)
utv? (4 + 3u? + v? +uv+u2v2)
flu,v) = ]

1 —uv —udv

3 Conclusion

In this paper we have found a recurrence relation for the restrained domination polynomial of C,,.
We have also found some properties of the coefficients of the restrained domination polynomial
of cycles. In future we plan to investigate the polynomial for several other graphs.
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