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Abstract Let G = (V, E) be a graph.Fork is a tree obtained by subdividing any edge of a
star of size three exactly once. In this paper, we investigate a necesghsyfficient condition
for the existence of fork-decomposition of some total graphs.

1 Introduction

We consider only simple, finite and undirected graphs. Kgtdenote the complete graph on
n vertices and¥,, ,, denote the complete bipartite graph with parts of sizeandn. Let P
denote the path of length — 1 and S, denote the star of size — 1. A vertex of degree 1 is
called apendant vertexand the vertex adjacent to it is called@apport Terms not defined here
are used in the sense of Bondy and Mudy. [A decomposition of a grapl¥ is a collection

C = {H1,Hy,...,H,} of subgraphs of such that the s€t£( H1), E(H>), ..., E(H,)} forms a
partition of E(G). If each H; is isomorphic to a grapli/, thenC is called aH —decomposition
of G. If a graphG admits aH —decomposition, thetE(H)| divides|E(G)].

Decomposition of arbitrary graphs into subgraphs of small size atemasg importance in
the literature. There are several studies on the isomorphic decompasfitipaphs into paths
[8, 11], cycles P, trees B], stars [L2], sunlet [1] etc. Also there are studies on the isomorphic
decomposition of total graphs infé [6]. The general problem aff -decompositions was proved
to be NP-complete for any H of size greater than 2 by Dor and T&fsi [

A tree F' obtained from the clawk; 3 by subdividing one edge exactly once is callefthik.
Since it resembles the graph model of human body in the stand-at-@siterp the vertices and
edges are named as follows.

a - Head,ab - Neck, b - Throat,bc - Body, ¢ - Hip, cd & ce - Legs,d & e - Feet as given in the
Figurel.

a

Figure 1. Fork

This graph was defined by Simone and Sassano in the nacteofgraphin 1993, when
they studied the stability number of bull and chair-free graghsih 2014, Barat and Gerbner
[3] studied decomposition of 191-edge connected graphs which carcbemgesed into unique
trees of size 4 as a possible attempt to solve the following conjecture.

Conjecture 1 For each tred’, there exists a natural numbkr such that the following holds:
if G is akr -edge-connected simple graph such t#&t7’)| divides|E(G)|, thenG has a T-
decomposition.

The edge-connectivity constants in the solved cases of Conjecturesgemengly far from
best possible. Very little is known about lower bounds. A tree is a forkdfamly if its degree
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sequence i$1,1,1, 2, 3). In this paper, we investigate the existence of fork-decomposition for
some total graphs.
Since|E(F)| = 4, it follows that if G admits a fork-decomposition, then

|E(G)| =0 (mod 4) (1.1)

Definition 1.1. The total graph of7, denoted byT'(G) is defined as follows. The vertex set of
T(G)isV(G) U E(G). Two verticesz, y in the vertex set of (G) are adjacent iff’(G) in case
one of the following holds;

() z,yareinV(G) andz is adjacent tg, in G.
(i) z,y areinE(G) andz, y are adjacent iit.
(i) zisinV(@G),yisin E(G) andz,y are incident inG.

Remark 1.2.The number of edges in the total graph [EQG)| + 3 > (d(v))%
veV(G)

The following results are used in the subsequent sections.

Theorem 1.3.[9] The complete bipartite grapk’,, ,, is fork-decomposable if and onlyritn =
0 (mod 4) exceptK 4,42, (i = 1,2, ...).

Theorem 1.4.[9] The Complete grapli’,, can be decomposed into forks if and only i= 8k
orn=8k+ 1 foral k> 1

Theorem 1.5.[9]
(i) For m > 3, K,,, o K; is fork-decomposable if and onlyrif = 0, 7 (mod 8)
(i) For m > 3, K,,, o K, is fork-decomposable if and onlysif = 0, 5 (mod 8)

2 Total graph of paths, cycles and wheels

In this section, we investigate a necessary and sufficient condition fextbience of decompo-
sition of Total graph of paths, cycles and wheel into forks.

Example 2.1.The fork-decomposition 6f (K7 3) is given in Figure2.

Figure 2. Fork-decomposition of'( K3 3)

Observation 2.2.7(P,) is not fork-decomposable, since the number of edgd¥in,) is odd.
Theorem 2.3.7(C,,) is fork-decomposable for all values of> 3.

Proof. Let the vertices of’,, be vy, vs,...,v, and let the edges af,, beey, ey, ..., e, where
ei = vvi+1, 1 <i < n—1ande, = v,v;. Then the vertices af' (C,,) is given by{vi, vz, . . ., vy,
€1,€2,...,e,} ANAE(T(C,)) = {eieir1, vivi11, vie;, vie; 1y Where 1< ¢ < n and the subscripts
are taken modula.

The number of edges if(C,,) is 4n and it satisfies the equatioh. () for all values ofn. Then
a fork-decomposition of (C,,) is given by{e;v;, e;vi11, €;€;11, vi11v;42} Where 1< 7 < n and
the subscripts are taken modulo O

Theorem 2.4.The graphT'(W,,) is fork-decomposable if and onlysif = 0 (mod 8) or n =
7 (mod 8).
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Proof. The number of edges (W) is 2(2n) + 1(n.3 + 1n?) = 221 |f T(WW,) is fork-

decomposable@ is a multiple of 4. Them(n + 17) = 0 (mod 8) which impliesn =
0 (mod 8) orn = —17 (mod 8). Hencen = 0 (mod 8) or n = 7 (mod 8).
Now let us prove the converse part. Let the vertice®lqfbe {u,v1, vy, ..., v, } whereu is
the central vertex ang;’s are the vertices of’,, in W,,. Let the edges ofV,, be {e;, f;} where
e; = vvir1, fi = vyufor 1 <4 < n and the subscripts are taken modulo
Assume thak = 0 (mod 8). Consider the set of fork81 = {{v;vi11,viei, vifi, fiu}/1 <
i < n}andF, = {{e;v;i11, €41, €ifir1, vivau}/1 < i < n}. Here the subscripts are taken
modulon. The induced subgrapl{ f1, f2, ..., fn,€1,€2,...,€,}) Obtained after removing;
and F, from T'(W,,) is isomorphic tok,, o K3 which is fork-decomposable by Theorenb.
Assume thak = 7 (mod 8). Consider the set of fork8s = {{v;v;11,viei, vi fi, fiu}/1 <
i < n}andFy = {{e;vi11, €11, €ifir1, vivau}/1 < i < n}. Here the subscripts are taken
modulon. The induced subgrapl{ f1, f2, ..., fn,€1,€2,...,€,}) Obtained after removing?;
andF, from T'(W,,) is isomorphic toK,, o K; which is fork-decomposable by Theorenb. O

3 Total graphs of Star and its subdivision graph

In this section, we investigate a necessary and sufficient condition foexiseence of fork-
decomposition of total graphs of star and its subdivision graph.

Theorem 3.1.7(K3,,,) is fork-decomposable if and onlyrif= 0 (mod 8) or n = 3 (mod 8).

Proof. The number of edges i(K1,) is 20 + 3(1.n? 4 n.12) = 23 |f 7(K,,,) is fork-
decomposable, then(n+5) = 0 (mod 8) which impliesn = 0 (mod 8) orn+5= 0 (mod 8).
Hencen = 0 (mod 8) orn = 3 (mod 8).

Conversely, assume that= 0 (mod 8) or n = 3 (mod 8). Let the vertices ofky,, be
{vo, v1,v2,...,v,} and letvg be the vertex of degree Let the edges af(y ,, be{ey, e, ..., en}.
Then the vertex set df (K1) is given by{uvg, v1,...,vn,€1,€2, ..., e,} and the edge set of
T(K1,,) is given by{v;vg, vie;, e;v0, e;e;} Where 1< i, j < n andi # j.

Forn = 3, the fork decomposition of'( K 3) is given in Figure2. Forn = 8, the induced
subgraph obtained by removing the cyele; . . . ege; from the induced subgraglas, ey, . . . , eg)
is isomorphic taCg which is fork-decomposable by Figuge

Figure 3. Fork-decomposition of’g

The fork-decomposition of the subgraph obtained after remo@inffom 7'( Ky g) is given
by {e;vo, e;v;, e;ec11, vovi41} for 1 < i < 8 and the subscripts are taken modulo 8

Assume thatn = 0 (mod 8). Then the induced subgrapfuvo,e;,eii1,€it1,--.,€i+7,
Vi, Vit1, - ., Vitg}) Wherei = 1 (mod 8) is isomorphic tog copies ofT'(K7yg) which is fork-
decomposable. After removing copies ofT'(Kyg), the induced subgrapf{e;/1 < i < n}) is
decomposable int@;) copies ofKg g which is fork-decomposable by Theorein8. Thus,
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E(T(Klyn)) = E(T(KLg)) U...u E(T(KLg)) U E(Kg}g) U...uU E(K&g) . HenCGT(K]_’n)

g times (727) times
is fork-decomposable.

Assume that: = 3 (mod 8). Then the induced subgragfwo, v1, v2, vs, 1, €2, e3}) IS isomor-
phic to T'(K1 3) and the induced subgragiwo, va, vs, . .., v,, €a, €5, .., e,}) iS isomorphic to
T (K1,,—3) Which is fork-decomposable. After removifiy K1, 3) andT'(K1,,—3), the induced
subgraph({e1, ez, ...,e,}) is isomorphic toK3,_3 which is fork-decomposable by Theorem
1.3 Thus,

E(T(Klyn)) = E(T(KLg)) U E(T(Klynfg))U K3 p_3.

HenceT' (K3 ,) is fork-decomposable. |

Definition 3.2. A subdivision graph of a grapf¥, denoted byS(G) is the graph obtained from
G by subdividing each edge exactly once.

Theorem 3.3.7(S(K1,,)) is fork-decomposable if and onlyrif= 0 (mod 8) or n = 3 (mod 8).

Proof. LetG,, be the grapt$(K1,,). The number of edges ifi(G,,) is 2(2n) + 3 (1.n?+n.22+

n.12). If T(G,,) is fork-decomposable, thelhz+21—3" is a multiple of 4 This impliesn(n + 13) =
0 (mod 8). Hencen = 0 (mod 8) or n = 3 (mod 8).

Now let us prove the converse part. Let the vertice&pfbe vg, vy, ..., vn, ug, uz, ..., Un,
whereu;’s are the pendant vertices and(: # 0) are the support vertices to the corresponding
u;'s. Heredeg(vg) = n. Let the edges of7,, bee;, f; wheree; = vov;, fi = uv; and 1< i < n.
Then the vertex set af(G.,) IS {vo, v1, V2, - -+, U, UL, U2y -« -y Un,y €1,€2, -+ s €ny f1, f2, oy [}
and the edge set af(G,,) is {voe;, vovi, €;vs, €; fi, €iej, v fi, viu,, fiu;} where 1<, j < n and
i 7.

Forn = 3, a fork-decomposition of (G3) is given by {v;vo, viu;, vie;, e;esra} and { fiug,
fivi, fieq, evo} for L < i < n and the subscripts are taken moduloFor n = 8, the in-
duced subgrapt{ey, ey, . .., eg}) after removing the cycley, e, . . ., eg, 1 is isomorphic taCg
which is fork-decomposable by Figue Then a fork-decomposition af(Gs) — Cg is given by
{viei, vivo, viug, u; fi } and{e;vo, e;e,41, € fi, fivi} fori = 1,2...,8 and the subscripts are taken
modulo 8

Assume that = 0 (mod 8). The induced subgraplvo, vi, vit1, - - - Vit7, Wiy Uitdy - -« Uit T
€ir€itly- - €it7s fir firt,- .., fir7}) IS isomorphic tog copies ofT'(Gs) for i = 1 (mod 8).
After removingg copies of7'(Gg), the induced subgrapf{e;/1 < i < n}) is decomposable
into (%) copies ofi(g g which is fork-decomposable by Theoren8. Thus,

E(T(Klm)) = E(T(S(KLB))) Uu...u E(T(S(K178))) U E(K&g) u...u E(K&g) . Hence

g times (TZL) times
T(S(K1.,)) is fork-decomposable.

Assume thak = 3 (mod 8). The induced subgrapf{vo, v1, vz, v3, u1, u, ug, €1, €2, €3, f1,
f2, f3}) is isomorphic toI'(S(K1 3)) and the induced subgragfivo, va, vs, . . ., vy, ua, us, . . .,
Un, €a,€5,... 6y, fa,f5,..., fn}) IS isomorphic toT(S(K1,-3)). Hence T'(S(K13)) and
T(S(K1,,-3)) are fork-decomposable, sinee= 3 (mod 8). After removingT (S(K1,3)) and
T(S(K1,,-3)), the induced subgrapf{es, e, ..., e,}) is isomorphic toK3 ,,_3 which is fork-
decomposable by Theorein3. ThusE(T'(S(K1,))) = E(T(S(K13))) U E(T(K1,-3)) U
K3,—3. HenceT'(S(K1,)) is fork-decomposable. i

4 Total graphs of Bi-stars

In this section, we investigate a necessary and sufficient condition foexiseence of fork-
decomposition of Total graph of Bi-stars.

Definition 4.1. Bi-star B,, ,, is the graph obtained by joining the center verticessaf,, and
K, , by an edge.

Remark 4.2.Number of edges in Total graph &%, ,, is 2(m +n+ 1) + 3(m +m?+ 14 2m +
n+n2+142n) = 3(4m+4an+4+m?+n?+3m+3n+2) = 3(m(m+7)+n(n+7)+6).
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Theorem 4.3.7(B,, ) is fork-decomposable if and only if it satisfies any one of the following
conditions:

(i) m=2,7(mod8) andn =0,1

( ) mod 8
(i) m = 3,6 (mod 8) andn = 4,5
( )
)

)
mod 8)
mod 8)
mod 8).

(i) m=0,1(mod 8) andn = 2,7
(iv) m =4,5 (mod 8) andn = 3,6

o~ o~ o~ o~

Proof. LetV (B,,.n) = {vo, v1,v2, ..., Un, ug, u1,u2, . . ., Un, } Wherevis(1 < i < n) are pendant
vertices wit supporto andu’;s(1 < j < m) are pendant vertices with suppagt Let E(B,, ) =
{ei, [j,91/1<i<n,1<j<m}wheree, =vov;;1<i<mn, f; =uou; where 1< j <m
andgl = VoUQ-

ThenV(T(Bm,n)) = {voavivu0a Uj, €4, fjvgl / 1<i<n1<j< m} andE(T(Bm,n)) =
{vovi, voe;,vie; / L <i < n}U{ee; /i#j,1<ij<ntU{fif;/i#51<1ij<m}
U{vag1, uogs, vouo} U{uouj, uof, fiu; / 1< j <m} U{giei,g1f; /1 <i<n,1<j<m}

The number of edges (B ) is 3[m(m + 7) + n(n + 7) + 6] If the graphT'(B,, ,,) is
fork-decomposable, then(m + 7) + n(n + 7) + 6 = 0 (mod 8).

If m = 0 (mod 8), thenm = 8a, whereaq is any arbitrary integer. Hence:@a + 7) +
n(n +7) + 6 = 0 (mod 8). Since &(8a + 7) = 0 (mod 8), n> + 7n + 6 = 0 (mod 8). Thus
(n+1)(n+ 6) = 0 (mod 8) which implies that. = 7 (mod 8) orn = 2 (mod 8).

If m = 1 (mod 8), thenm = 8a+ 1, wherea is any arbitrary integer. The{8a+1)(8a+ 1+
7)+n(n+7)+6 = 0 (mod 8) which implies tha{8a)(8a+8) +8a+8+n?+7n+6 = 0 (mod 8).
Thus(n + 1)(n + 6) = 0 (mod 8), which implies that. = 7 (mod 8) orn = 2 (mod 8).

If m = 2 (mod 8), thenm = 8a+ 2, whereq is any arbitrary integer. Thef8a +2)(8a +2+
7) +n(n+7) + 6 = 0 (mod 8) which implies that8a)(8a + 9) + 2(8a) + 18+ n?+ 7n + 6 =
0 (mod 8). Thusn(n + 7) = 0 (mod 8), which implies that: = 0 (mod 8) orn = 1 (mod 8).

If m = 3 (mod 8), thenm = 8a+ 3, whereq is any arbitrary integer. Thef8a + 3)(8a + 3+
7) +n(n+7) + 6 = 0 (mod 8) which implies tha{8a)(8a + 10) + 3(8a) + 30+ n? + 7n+ 6 =
0 (mod 8). Thusn? + 7n + 12+ 24 = 0 (mod 8) which implies that{n + 3)(n+4) = 0 (mod 8).
Hencen = 5 (mod 8) orn = 4 (mod 8).

If m = 4 (mod 8), thenm = 8a+ 4, wherea is any arbitrary integer. The(8a +4)(8a+4+
7) +n(n+7) + 6 = 0 (mod 8) which implies tha{8a)(8a + 11) + 4(8a) + 44+ n? +Tn+6 =
0 (mod 8). Thusn? + 7n + 10 = 0 (mod 8) which implies that(n + 2)(n + 5) = 0 (mod 8).
Hencen = 6 (mod 8) orn = 3 (mod 8).

If m =5 (mod 8), thenm = 8a+ 5, whereq is any arbitrary integer. Thef8a +5)(8a +5+
7) +n(n+7) + 6 = 0 (mod 8) which implies tha{8a)(8a + 12) + 5(8a) + 60+ n? + 7n+ 6 =
0 (mod 8). Thusn? + 7n + 10 = 0 (mod 8) which implies thatn + 2)(n + 5) = 0 (mod 8).
Hencen = 6 (mod 8) orn = 3 (mod 8).

If m = 6 (mod 8), thenm = 8a+ 6, whereq is any arbitrary integer. The8a + 6)(8a + 6+
7) +n(n+7) + 6 = 0 (mod 8) which implies tha{8a)(8a + 13) + 6(8a) + 78+ n? + Tn+6 =
0 (mod 8). Thusn? + 7n + 12 = 0 (mod 8) which implies that(n + 3)(n + 4) = 0 (mod 8).
Hencen = 5 (mod 8) orn = 4 (mod 8).

If m =7 (mod 8), thenm = 8a+ 7, wherea is any arbitrary integer. The{8a+7)(8a+7+
7) +n(n+7) + 6 = 0 (mod 8) which implies tha{8a)(8a + 14) + 7(8a) + 98+ n? + 7n+6 =
0 (mod 8). Thusn? + 7n = 0 (mod 8) which implies thatn(n + 7) = 0 (mod 8). Hence
n =0 (mod 8) orn =1 (mod 8).

Now let us prove the converse part. Since the grafh,, ,) is same as the gragh( B, ,..),
it is enough to prove the result for the first two cases alone.

Case 1.m = 2,7 (mod 8) andn = 0,1 (mod 8).

Sub case lam = 2 (mod 8) andn = 0 (mod 8).

Firstlet us prove the result far = 2 andn = 8. The induced subgraplie; /i =1,2,...,8})
is isomorphic toKg which is fork-decomposable by Theoretd. The fork-decomposition
of the subgraph obtained after removing the above induced subgrapreis by { f2g1, fouo,
faf1, wour}, { fius, fiuo, f191, grvo}, {uovo, uog1, uouz, uzf2}, {eivo, €ivi, €ig1, vovi+1} where
1 < ¢ < 8 and the subscripts are taken modulo 8

Form > 2 andn > 8, the induced subgrapt{wo, fm; fim—1, Vm; Vm—1, 91,00, Ens €n—1, - - - s
€n—7, Un,VUn_1,-..,Un_7}) IS isomorphic toT’(Bzg) which is fork-decomposable. The edge
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induced subgrapk{e;ex, e;v;}) wherei # k, andi,k = 1,2,...,n — 8 and the edge induced
subgraph{ f; fi, f;u;}) wherej # [, andj,l = 1,2,..., m — 2 is isomorphic tak,,_g o K1 and
K,,_» o K7 respectively which are fork-decomposable by Theofefn Consider the induced
subgraph obtained after removing the above forks. The inducedaptg{e;/i = 1,2,...,n—
8}) and({f;/j =1,2,...,m—2}) are respectively isomorphic g ,,_g and K ,,,_» which are
fork-decomposable by Theorein3. The remaining subgraph can be decomposed %ﬁw
m=2 — mtn=10 copies ofH, given in figure4.

(wi)  (wir1)  (wir2)  (wit3)  (wira) (wirs) (wite) (wis7)
Vi Vit+1 Vi+2 Vi+3 Vi+4 Vi+5 Vi+6 Vit+7

€ €it+1 €i42 €i43 €it4 €i45 €i+6 €i47
(fi)  (firr)  (fiva)  (fizs)  (fira)  (fizs)  (five)  (fis7)
Figure 4. H;

The fork-decomposition of the grag, is given by
{vovi, vovits5, voes, e;91} Wherei = 1,23, {vov;, voei, voeit2, €ig1} Wherei = 4.5, {gjes,
9167, gaes, egvo} {uous, uouits, Uofi, figr} Wherei = 1,2, 3, {uou;, uofi, uofit2, figr} where
i =4,5{01fs, 91f7, 918, fauo}. HenceT(B,, ) is fork-decomposable.

Sub case 1bn = 2 (mod 8) andn = 1 (mod 8).

Let us prove the result for. = 2 andn = 9. The induced subgrapf{e;}) is isomorphic
to K9 which is fork-decomposable by Theorelmd. The fork-decomposition of the subgraph
obtained after removing the above induced subgraph is givetiday, fouo, f2/f1, vous}, {frug,
f1uo, f191, g1vo}, {uovo, uog, uouz, uzf2}, {eivo, €;v;, €;g1, vovi+1} Where 1< i < 9 and the
subscripts are taken modulo 9

Now assume that = 2 (mod 8) andn = 1 (mod 8). The induced subgrap{uo, fim, fin—1,
Ums Um—15 91,00, €ns€n—1s---3€n—8, Un,Un_1,-.-,Un_g}) IS iSOMorphic toT'(Bzg) which is
fork-decomposable. The edge induced subgrdple, e;v; }) wherei # k, andi, k = 1,2, ...,

n — 9 and the edge induced subgraflf; fi, fju;}) wherej # [, andj,l = 1,2,...,m — 2
are respecitvely isomorphic t&,,_g o K; and K,,,_» o K1 which are fork - decomposable by
Theoreml1.5. Consider the induced subgraph obtained after removing the abdk&e fdihe
induced subgrapt{e;/i = 1,2,...,n—9}) and{{f;/j = 1,2,...,m—2}) are respectively iso-
morphic toKgy,,_¢ and K> ,,_» which are fork-decomposable by Theorén3. The remaining
subgraph can be decomposed iﬁ@‘2 + % = %‘“ copies ofH; given in figured, which

is fork-decomposable. Hen@g B,, ,,) is fork-decomposable.

Sub case 1lan = 7 (mod 8) andn = 0,1 (mod 8).

First let us prove the result fon = 7 andn = 0,1 (mod 8). The induced subgraph
({uo, f7, f6, v7, V6, g1, V0, €1, €2, . . ., €n, V1,V2,. ..,V }) IS isomorphic tdl'( By, ,) which is fork-
decomposable. The induced subgrafby, f3, f4, f5, us, us, us}) is isomorphic ta'( K1 3) which
is fork-decomposable by Theorednl. Consider the induced subgraph obtained after removing
the above subgraph8(B;,,,) andT' (K, 3). Consider the collection of fork§fig1, fife, f1f7,
91fs}, {91f2, 913, g1fa, fafr}, {f2fa, fofs, fauz, uauo}, {uous, uofz, uofi, frfa}, {fius, f1fs,
f1fs, faf2}. Consider the induced subgraph obtained after removing above ghisgrad collec-
tion of forks. The induced subgraph thus obtaifég fs, ..., f7} is isomorphic toK> 4 which
is fork-decomposable by Theorelr8. HenceT'(By,,) is fork-decomposable.

For m > 7, the induced subgrapt{uo, fm, fm—1,--- fm—6 UmsUm—1,---,Vm—6 91, V0,
€1,€2,...,6n, V1,02, ...,0U,}) IS iSOmMorphic tal'(By ) which is fork-decomposable. The edge
induced subgraph{ f; fi, f;u;}) wherej # [, andj,l = 1,2,...,m — 7 is isomorphic to
K,,_7 o K1 which is fork-decomposable by Theorelhb. Consider the induced subgraph ob-
tained after removing the above forks. The induced subgtéply; = 1,2,...,m — 7}) is
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isomorphic toK7 ,,,—7 which is fork-decomposable by Theorelr8. The remaining subgraph
can be decomposed ini@gl copies ofH; given in figure4, which is fork-decomposable. Hence
T(B,,») is fork-decomposable.

Case 2.m = 3,6 (mod 8) andn = 4,5 (mod 8).

First we shall prove the result faf(Bs4), T'(Bss), T(Bsa), T'(Bss). After proving these
cases, the general case can be proved by repeating the abovespr@omsidefl’(Bs4). The
induced subgraph§ug, u1, uz, us, f1, f2, f3}) and {{vo, v1,v2, vs, e1, e, e3}) are isomorphic to
2 copies of'( K3 3) which is fork-decomposable by Theore8rL The remaining subgraph is
fork—decomposable as fO”OWgﬁglfl, glfz, giuo, ’UJo’Uo}7 {glel, gie2, gies, 6164}, {Uogl, Vo€4,
V0V4, €4e3}, {eavs, eses, eag1, g1f3}.

ConsiderT'(Bs5). The induced subgraph$uo, u1, uz, us, f1, f2, fa}) and({vo, v1, v2, v3, e1,
ez, e3}) are isomorphic to 2 copies @f( K1 3) which is fork-decomposable by Theorél. The
remaining subgraph is fork-decomposable as follof¥ses, e;es, e;g1, g1fi}, wherei = 1,2, 3
{eavs, eavo, eag1, vouo}, {esea, esvs, esvo, vovat, {g1uo, gies, givo, vous}.

ConsidefT'(Bg 4). The induced subgraplgs, uo, u1, uz, us, f1, f2, f3, vo, v1,v2, v3, va, €1, €2,
es, e4}) is isomorphic tdl'(Bs 4) which is fork-decomposable. The induced subgréply, fa.
5. f6, ua, us, ug}) is isomorphic tol'( K4 3) which is fork-decomposable by TheorerL The
induced subgrapk{gi, f1, fo, ..., fe}) obtained after removing above subgraff(d3;4) and
T(K13) is isomorphic taK3 4 which is fork-decomposable by Theoren8.

COI”ISidEI’T(BQ5). The induced subgrap({gl, ug, U1, U2, U3, f1, f2, f3, vo,v1, V2, V3, V4, Us
e1, e, €3, €a, es}) IS isomorphic tal'(Bs 5) which is fork-decomposable. The induced subgraph
({uo, fa, fs5, f6,ua, us, ug}) is isomorphic toI'(K4 3) which is fork-decomposable by Theorem
3.1 The induced subgrapW{gi, f1, f2,.-., fe}) obtained after removing above subgraphs
T(Bss) andT (K, 3) is isomorphic taks 4 which is fork-decomposable by Theoren. O

5 Conclusion

In this paper, we have investigated the existence of fork-decompositeonee total graphs. A
study on the fork-decomposition of product graphs and some moletagzhs is finalized and
will appear as a separate paper.
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