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Abstract Let G = (V,E) be a graph.Fork is a tree obtained by subdividing any edge of a
star of size three exactly once. In this paper, we investigate a necessaryand sufficient condition
for the existence of fork-decomposition of some total graphs.

1 Introduction

We consider only simple, finite and undirected graphs. LetKn denote the complete graph on
n vertices andKm,n denote the complete bipartite graph with parts of sizesm andn. Let Pk

denote the path of lengthk − 1 andSk denote the star of sizek − 1. A vertex of degree 1 is
called apendant vertexand the vertex adjacent to it is called asupport. Terms not defined here
are used in the sense of Bondy and Murty [4]. A decomposition of a graphG is a collection
C = {H1, H2, . . . , Hr} of subgraphs ofG such that the set{E(H1), E(H2), . . . , E(Hr)} forms a
partition ofE(G). If eachHi is isomorphic to a graphH, thenC is called aH−decomposition
of G. If a graphG admits aH−decomposition, then|E(H)| divides|E(G)|.

Decomposition of arbitrary graphs into subgraphs of small size are assuming importance in
the literature. There are several studies on the isomorphic decompositionof graphs into paths
[8, 11], cycles [2], trees [3], stars [12], sunlet [1] etc. Also there are studies on the isomorphic
decomposition of total graphs intoP4 [6]. The general problem ofH-decompositions was proved
to be NP-complete for any H of size greater than 2 by Dor and Tarsi [7].

A treeF obtained from the clawK1,3 by subdividing one edge exactly once is called afork.
Since it resembles the graph model of human body in the stand-at-ease position, the vertices and
edges are named as follows.
a - Head,ab - Neck,b - Throat,bc - Body, c - Hip, cd & ce - Legs,d & e - Feet as given in the
Figure1.
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Figure 1. Fork

This graph was defined by Simone and Sassano in the name ofchair graph in 1993, when
they studied the stability number of bull and chair-free graphs [5]. In 2014, Barat and Gerbner
[3] studied decomposition of 191-edge connected graphs which can be decomposed into unique
trees of size 4 as a possible attempt to solve the following conjecture.
Conjecture 1 For each treeT , there exists a natural numberkT such that the following holds:
if G is a kT -edge-connected simple graph such that|E(T )| divides |E(G)|, thenG has a T-
decomposition.

The edge-connectivity constants in the solved cases of Conjecture 1 areseemingly far from
best possible. Very little is known about lower bounds. A tree is a fork if and only if its degree
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sequence is(1,1,1,2,3). In this paper, we investigate the existence of fork-decomposition for
some total graphs.

Since|E(F )| = 4, it follows that if G admits a fork-decomposition, then

|E(G)| ≡ 0 (mod 4) (1.1)

Definition 1.1.The total graph ofG, denoted byT (G) is defined as follows. The vertex set of
T (G) is V (G) ∪ E(G). Two verticesx, y in the vertex set ofT (G) are adjacent inT (G) in case
one of the following holds;

(i) x, y are inV (G) andx is adjacent toy in G.

(ii) x, y are inE(G) andx, y are adjacent inG.

(iii) x is in V (G), y is in E(G) andx, y are incident inG.

Remark 1.2.The number of edges in the total graph is 2|E(G)|+ 1
2

∑

v∈V (G)

(d(v))2.

The following results are used in the subsequent sections.

Theorem 1.3.[9] The complete bipartite graphKm,n is fork-decomposable if and only ifmn ≡
0 (mod 4) exceptK2,4i+2, (i = 1,2, ...).

Theorem 1.4.[9] The Complete graphKn can be decomposed into forks if and only ifn = 8k
or n = 8k + 1, for all k ≥ 1

Theorem 1.5.[9]

(i) For m ≥ 3, Km ◦K1 is fork-decomposable if and only ifm ≡ 0, 7 (mod 8)

(ii) For m ≥ 3, Km ◦K2 is fork-decomposable if and only ifm ≡ 0, 5 (mod 8)

2 Total graph of paths, cycles and wheels

In this section, we investigate a necessary and sufficient condition for theexistence of decompo-
sition of Total graph of paths, cycles and wheel into forks.

Example 2.1.The fork-decomposition ofT (K1,3) is given in Figure2.
v0

v1 v2 v3

e1 e2 e3

Figure 2. Fork-decomposition ofT (K1,3)

Observation 2.2.T (Pn) is not fork-decomposable, since the number of edges inT (Pn) is odd.

Theorem 2.3.T (Cn) is fork-decomposable for all values ofn ≥ 3.

Proof. Let the vertices ofCn be v1, v2, . . . , vn and let the edges ofCn be e1, e2, . . . , en where
ei = vivi+1, 1 ≤ i ≤ n−1 anden = vnv1. Then the vertices ofT (Cn) is given by{v1, v2, . . . , vn,
e1, e2, . . . , en} andE(T (Cn)) = {eiei+1, vivi+1, viei, viei−1} where 1≤ i ≤ n and the subscripts
are taken modulon.

The number of edges inT (Cn) is 4n and it satisfies the equation (1.1) for all values ofn. Then
a fork-decomposition ofT (Cn) is given by{eivi, eivi+1, eiei+1, vi+1vi+2} where 1≤ i ≤ n and
the subscripts are taken modulon.

Theorem 2.4.The graphT (Wn) is fork-decomposable if and only ifn ≡ 0 (mod 8) or n ≡
7 (mod 8).
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Proof. The number of edges inT (Wn) is 2(2n) + 1
2(n.3

2 + 1.n2) = n2+17n
2 . If T (Wn) is fork-

decomposable,n
2+17n

2 is a multiple of 4. Thenn(n + 17) ≡ 0 (mod 8) which impliesn ≡
0 (mod 8) or n ≡ −17 (mod 8). Hencen ≡ 0 (mod 8) or n ≡ 7 (mod 8).

Now let us prove the converse part. Let the vertices ofWn be{u, v1, v2, . . . , vn} whereu is
the central vertex andvi’s are the vertices ofCn in Wn. Let the edges ofWn be{ei, fi} where
ei = vivi+1, fi = viu for 1 ≤ i ≤ n and the subscripts are taken modulon.

Assume thatn ≡ 0 (mod 8). Consider the set of forksF1 = {{vivi+1, viei, vifi, fiu}/1 ≤
i ≤ n} andF2 = {{eivi+1, eiei+1, eifi+1, vi+1u}/1 ≤ i ≤ n}. Here the subscripts are taken
modulon. The induced subgraph〈{f1, f2, . . . , fn, e1, e2, . . . , en}〉 obtained after removingF1

andF2 from T (Wn) is isomorphic toKn ◦K1 which is fork-decomposable by Theorem1.5.
Assume thatn ≡ 7 (mod 8). Consider the set of forksF3 = {{vivi+1, viei, vifi, fiu}/1 ≤

i ≤ n} andF4 = {{eivi+1, eiei+1, eifi+1, vi+1u}/1 ≤ i ≤ n}. Here the subscripts are taken
modulon. The induced subgraph〈{f1, f2, . . . , fn, e1, e2, . . . , en}〉 obtained after removingF3

andF4 from T (Wn) is isomorphic toKn ◦K1 which is fork-decomposable by Theorem1.5.

3 Total graphs of Star and its subdivision graph

In this section, we investigate a necessary and sufficient condition for theexistence of fork-
decomposition of total graphs of star and its subdivision graph.

Theorem 3.1.T (K1,n) is fork-decomposable if and only ifn ≡ 0 (mod 8) or n ≡ 3 (mod 8).

Proof. The number of edges inT (K1,n) is 2n + 1
2(1.n

2 + n.12) = n(n+5)
2 . If T (K1,n) is fork-

decomposable, thenn(n+5) ≡ 0 (mod 8) which impliesn ≡ 0 (mod 8) orn+5 ≡ 0 (mod 8).
Hencen ≡ 0 (mod 8) or n ≡ 3 (mod 8).

Conversely, assume thatn ≡ 0 (mod 8) or n ≡ 3 (mod 8). Let the vertices ofK1,n be
{v0, v1, v2, . . . , vn} and letv0 be the vertex of degreen. Let the edges ofK1,n be{e1, e2, . . . , en}.
Then the vertex set ofT (K1,n) is given by{v0, v1, . . . , vn, e1, e2, . . . , en} and the edge set of
T (K1,n) is given by{viv0, viei, eiv0, eiej} where 1≤ i, j ≤ n andi 6= j.

Forn = 3, the fork decomposition ofT (K1,3) is given in Figure2. Forn = 8, the induced
subgraph obtained by removing the cyclee1e2 . . . e8e1 from the induced subgraph〈e1, e2, . . . , e8〉
is isomorphic toC8 which is fork-decomposable by Figure3.

Figure 3. Fork-decomposition ofC8

The fork-decomposition of the subgraph obtained after removingC8 from T (K1,8) is given
by {eiv0, eivi, eiee+1, v0vi+1} for 1 ≤ i ≤ 8 and the subscripts are taken modulo 8.

Assume thatn ≡ 0 (mod 8). Then the induced subgraph〈{v0, ei, ei+1, ei+1, . . . , ei+7,
vi, vi+1, . . . , vi+8}〉 wherei ≡ 1 (mod 8) is isomorphic ton

8 copies ofT (K1,8) which is fork-
decomposable. After removingn8 copies ofT (K1,8), the induced subgraph〈{ei/1 ≤ i ≤ n}〉 is
decomposable into(n2) copies ofK8,8 which is fork-decomposable by Theorem1.3. Thus,
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E(T (K1,n)) = E(T (K1,8)) ∪ . . . ∪ E(T (K1,8))
︸ ︷︷ ︸

n

8 times

∪ E(K8,8) ∪ . . . ∪E(K8,8)
︸ ︷︷ ︸

(n2) times

. HenceT (K1,n)

is fork-decomposable.
Assume thatn ≡ 3 (mod 8). Then the induced subgraph〈{v0, v1, v2, v3, e1, e2, e3}〉 is isomor-

phic toT (K1,3) and the induced subgraph〈{v0, v4, v5, . . . , vn, e4, e5, . . . , en}〉 is isomorphic to
T (K1,n−3) which is fork-decomposable. After removingT (K1,3) andT (K1,n−3), the induced
subgraph〈{e1, e2, . . . , en}〉 is isomorphic toK3,n−3 which is fork-decomposable by Theorem
1.3. Thus,

E(T (K1,n)) = E(T (K1,3)) ∪ E(T (K1,n−3))∪K3,n−3.
HenceT (K1,n) is fork-decomposable.

Definition 3.2.A subdivision graph of a graphG, denoted byS(G) is the graph obtained from
G by subdividing each edge exactly once.

Theorem 3.3.T (S(K1,n)) is fork-decomposable if and only ifn ≡ 0 (mod 8) or n ≡ 3 (mod 8).

Proof. LetGn be the graphS(K1,n). The number of edges inT (Gn) is 2(2n)+ 1
2 (1.n2+n.22+

n.12). If T (Gn) is fork-decomposable, thenn
2+13n

2 is a multiple of 4. This impliesn(n+ 13) ≡
0 (mod 8). Hencen ≡ 0 (mod 8) or n ≡ 3 (mod 8).

Now let us prove the converse part. Let the vertices ofGn bev0, v1, . . . , vn, u1, u2, . . . , un,
whereui’s are the pendant vertices andvi (i 6= 0) are the support vertices to the corresponding
ui’s. Heredeg(v0) = n. Let the edges ofGn beei, fi whereei = v0vi, fi = uivi and 1≤ i ≤ n.
Then the vertex set ofT (Gn) is {vo, v1, v2, . . . , vn, u1, u2, . . . , un, e1, e2, . . . , en, f1, f2, . . . , fn}
and the edge set ofT (Gn) is {v0ei, v0vi, eivi, eifi, eiej , vifi, viui, fiui} where 1≤ i, j ≤ n and
i 6= j.

For n = 3, a fork-decomposition ofT (G3) is given by{viv0, viui, viei, eiei+1} and{fiui,
fivi, fiei, eiv0} for 1 ≤ i ≤ n and the subscripts are taken modulon. For n = 8, the in-
duced subgraph〈{e1, e2, . . . , e8}〉 after removing the cyclee1, e2, . . . , e8, e1 is isomorphic toC8

which is fork-decomposable by Figure3. Then a fork-decomposition ofT (G8)−C8 is given by
{viei, viv0, viui, uifi} and{eiv0, eiei+1, eifi, fivi} for i = 1,2 . . . ,8 and the subscripts are taken
modulo 8.

Assume thatn ≡ 0 (mod 8). The induced subgraph〈{v0, vi, vi+1, . . . vi+7, ui, ui+1, . . . , ui+7,
ei, ei+1, . . . , ei+7, fi, fi+1, . . . , fi+7}〉 is isomorphic ton

8 copies ofT (G8) for i ≡ 1 (mod 8).
After removing n

8 copies ofT (G8), the induced subgraph〈{ei/1 ≤ i ≤ n}〉 is decomposable
into (n2) copies ofK8,8 which is fork-decomposable by Theorem1.3. Thus,

E(T (K1,n)) = E(T (S(K1,8)))∪ . . . ∪E(T (S(K1,8)))
︸ ︷︷ ︸

n

8 times

∪ E(K8,8) ∪ . . . ∪ E(K8,8)
︸ ︷︷ ︸

(n2) times

. Hence

T (S(K1,n)) is fork-decomposable.
Assume thatn ≡ 3 (mod 8). The induced subgraph〈{v0, v1, v2, v3, u1, u2, u3, e1, e2, e3, f1,

f2, f3}〉 is isomorphic toT (S(K1,3)) and the induced subgraph〈{v0, v4, v5, . . . , vn, u4, u5, . . . ,
un, e4, e5, . . . , en, f4, f5, . . . , fn}〉 is isomorphic toT (S(K1,n−3)). Hence T (S(K1,3)) and
T (S(K1,n−3)) are fork-decomposable, sincen ≡ 3 (mod 8). After removingT (S(K1,3)) and
T (S(K1,n−3)), the induced subgraph〈{e1, e2, . . . , en}〉 is isomorphic toK3,n−3 which is fork-
decomposable by Theorem1.3. ThusE(T (S(K1,n))) = E(T (S(K1,3))) ∪ E(T (K1,n−3)) ∪
K3,n−3. HenceT (S(K1,n)) is fork-decomposable.

4 Total graphs of Bi-stars

In this section, we investigate a necessary and sufficient condition for theexistence of fork-
decomposition of Total graph of Bi-stars.

Definition 4.1.Bi-starBm,n is the graph obtained by joining the center vertices ofK1,m and
K1,n by an edge.

Remark 4.2.Number of edges in Total graph ofBm,n is 2(m+n+1)+ 1
2(m+m2+1+2m+

n+n2 +1+2n) = 1
2(4m+4n+4+m2 +n2+3m+3n+2) = 1

2(m(m+7)+n(n+7)+6).
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Theorem 4.3.T (Bm,n) is fork-decomposable if and only if it satisfies any one of the following
conditions:

(i) m ≡ 2,7 (mod 8) andn ≡ 0,1 (mod 8)

(ii) m ≡ 3,6 (mod 8) andn ≡ 4,5 (mod 8)

(iii) m ≡ 0,1 (mod 8) andn ≡ 2,7 (mod 8)

(iv) m ≡ 4,5 (mod 8) andn ≡ 3,6 (mod 8).

Proof. LetV (Bm,n) = {v0, v1, v2, . . . , vn, u0, u1, u2, . . . , um} wherev′is(1 ≤ i ≤ n) are pendant
vertices wit supportv0 andu′

js(1 ≤ j ≤ m) are pendant vertices with supportu0. LetE(Bm,n) =
{ei, fj , g1 / 1 ≤ i ≤ n, 1 ≤ j ≤ m} whereei = v0vi; 1 ≤ i ≤ n, fj = u0uj where 1≤ j ≤ m
andg1 = v0u0.

ThenV (T (Bm,n)) = {v0, vi, u0, uj , ei, fj , g1 / 1 ≤ i ≤ n, 1 ≤ j ≤ m} andE(T (Bm,n)) =
{v0vi, v0ei, viei / 1 ≤ i ≤ n} ∪ {eiej / i 6= j,1 ≤ i, j ≤ n} ∪ {fifj / i 6= j,1 ≤ i, j ≤ m}
∪{v0g1, u0g1, v0u0} ∪{u0uj, u0fj , fjuj / 1 ≤ j ≤ m} ∪{g1ei, g1fj / 1 ≤ i ≤ n,1 ≤ j ≤ m}.

The number of edges inT (Bm,n) is 1
2[m(m+ 7) + n(n + 7) + 6] If the graphT (Bm,n) is

fork-decomposable, thenm(m+ 7) + n(n+ 7) + 6 ≡ 0 (mod 8).
If m ≡ 0 (mod 8), thenm = 8a, wherea is any arbitrary integer. Hence 8a(8a + 7) +

n(n + 7) + 6 ≡ 0 (mod 8). Since 8a(8a + 7) ≡ 0 (mod 8), n2 + 7n + 6 ≡ 0 (mod 8). Thus
(n+ 1)(n+ 6) ≡ 0 (mod 8) which implies thatn ≡ 7 (mod 8) or n ≡ 2 (mod 8).

If m ≡ 1 (mod 8), thenm = 8a+1, wherea is any arbitrary integer. Then(8a+1)(8a+1+
7)+n(n+7)+6 ≡ 0 (mod 8) which implies that(8a)(8a+8)+8a+8+n2+7n+6 ≡ 0 (mod 8).
Thus(n+ 1)(n+ 6) ≡ 0 (mod 8), which implies thatn ≡ 7 (mod 8) or n ≡ 2 (mod 8).

If m ≡ 2 (mod 8), thenm = 8a+2, wherea is any arbitrary integer. Then(8a+2)(8a+2+
7) + n(n+ 7) + 6 ≡ 0 (mod 8) which implies that(8a)(8a+ 9) + 2(8a) + 18+ n2 + 7n+ 6 ≡
0 (mod 8). Thusn(n+ 7) ≡ 0 (mod 8), which implies thatn ≡ 0 (mod 8) or n ≡ 1 (mod 8).

If m ≡ 3 (mod 8), thenm = 8a+3, wherea is any arbitrary integer. Then(8a+3)(8a+3+
7)+n(n+7)+6 ≡ 0 (mod 8) which implies that(8a)(8a+10)+3(8a)+30+n2+7n+6 ≡
0 (mod 8). Thusn2+7n+12+24≡ 0 (mod 8) which implies that(n+3)(n+4) ≡ 0 (mod 8).
Hencen ≡ 5 (mod 8) or n ≡ 4 (mod 8).

If m ≡ 4 (mod 8), thenm = 8a+4, wherea is any arbitrary integer. Then(8a+4)(8a+4+
7)+n(n+7)+6 ≡ 0 (mod 8) which implies that(8a)(8a+11)+4(8a)+44+n2+7n+6 ≡
0 (mod 8). Thusn2 + 7n + 10 ≡ 0 (mod 8) which implies that(n + 2)(n + 5) ≡ 0 (mod 8).
Hencen ≡ 6 (mod 8) or n ≡ 3 (mod 8).

If m ≡ 5 (mod 8), thenm = 8a+5, wherea is any arbitrary integer. Then(8a+5)(8a+5+
7)+n(n+7)+6 ≡ 0 (mod 8) which implies that(8a)(8a+12)+5(8a)+60+n2+7n+6 ≡
0 (mod 8). Thusn2 + 7n + 10 ≡ 0 (mod 8) which implies that(n + 2)(n + 5) ≡ 0 (mod 8).
Hencen ≡ 6 (mod 8) or n ≡ 3 (mod 8).

If m ≡ 6 (mod 8), thenm = 8a+6, wherea is any arbitrary integer. Then(8a+6)(8a+6+
7)+n(n+7)+6 ≡ 0 (mod 8) which implies that(8a)(8a+13)+6(8a)+78+n2+7n+6 ≡
0 (mod 8). Thusn2 + 7n + 12 ≡ 0 (mod 8) which implies that(n + 3)(n + 4) ≡ 0 (mod 8).
Hencen ≡ 5 (mod 8) or n ≡ 4 (mod 8).

If m ≡ 7 (mod 8), thenm = 8a+7, wherea is any arbitrary integer. Then(8a+7)(8a+7+
7)+n(n+7)+6 ≡ 0 (mod 8) which implies that(8a)(8a+14)+7(8a)+98+n2+7n+6 ≡
0 (mod 8). Thusn2 + 7n ≡ 0 (mod 8) which implies thatn(n + 7) ≡ 0 (mod 8). Hence
n ≡ 0 (mod 8) or n ≡ 1 (mod 8).

Now let us prove the converse part. Since the graphT (Bm,n) is same as the graphT (Bn,m),
it is enough to prove the result for the first two cases alone.

Case 1.m ≡ 2,7 (mod 8) andn ≡ 0,1 (mod 8).
Sub case 1a.m ≡ 2 (mod 8) andn ≡ 0 (mod 8).
First let us prove the result form = 2 andn = 8. The induced subgraph〈{ei/i = 1,2, . . . ,8}〉

is isomorphic toK8 which is fork-decomposable by Theorem1.4. The fork-decomposition
of the subgraph obtained after removing the above induced subgraph isgiven by{f2g1, f2u0,
f2f1, u0u1}, {f1u1, f1u0, f1g1, g1v0}, {u0v0, u0g1, u0u2, u2f2}, {eiv0, eivi, eig1, v0vi+1} where
1 ≤ i ≤ 8 and the subscripts are taken modulo 8.

Form > 2 andn > 8, the induced subgraph〈{u0, fm, fm−1, vm, vm−1, g1, v0, en, en−1, . . . ,
en−7, vn, vn−1, . . . , vn−7}〉 is isomorphic toT (B2,8) which is fork-decomposable. The edge
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induced subgraph〈{eiek, eivi}〉 wherei 6= k, andi, k = 1,2, . . . , n − 8 and the edge induced
subgraph〈{fjfl, fjuj}〉 wherej 6= l, andj, l = 1,2, . . . ,m− 2 is isomorphic toKn−8 ◦K1 and
Km−2 ◦ K1 respectively which are fork-decomposable by Theorem1.5. Consider the induced
subgraph obtained after removing the above forks. The induced subgraphs〈{ei/i = 1,2, . . . , n−
8}〉 and〈{fj/j = 1,2, . . . ,m−2}〉 are respectively isomorphic toK8,n−8 andK2,m−2 which are
fork-decomposable by Theorem1.3. The remaining subgraph can be decomposed inton−8

8 +
m−2

8 = m+n−10
8 copies ofH1 given in figure4.

ei ei+1 ei+2 ei+3 ei+4 ei+5 ei+6 ei+7

(fi) (fi+1) (fi+2) (fi+3) (fi+4) (fi+5) (fi+6) (fi+7)

vi vi+1 vi+2 vi+3 vi+4 vi+5 vi+6 vi+7
(ui) (ui+1) (ui+2) (ui+3) (ui+4) (ui+5) (ui+6) (ui+7)

v0(u0)
g1

Figure 4. H1

The fork-decomposition of the graphH1 is given by
{v0vi, v0vi+5, v0ei, eig1} wherei = 1,2,3, {v0vi, v0ei, v0ei+2, eig1} wherei = 4,5, {g1e6,
g1e7, g1e8, e8v0} {u0ui, u0ui+5, u0fi, fig1} wherei = 1,2,3, {u0ui, u0fi, u0fi+2, fig1} where
i = 4,5, {g1f6, g1f7, g1f8, f8u0}. HenceT (Bm,n) is fork-decomposable.

Sub case 1b.m ≡ 2 (mod 8) andn ≡ 1 (mod 8).
Let us prove the result form = 2 andn = 9. The induced subgraph〈{ei}〉 is isomorphic

to K9 which is fork-decomposable by Theorem1.4. The fork-decomposition of the subgraph
obtained after removing the above induced subgraph is given by{f2g1, f2u0, f2f1, u0u1}, {f1u1,
f1u0, f1g1, g1v0}, {u0v0, u0g1, u0u2, u2f2}, {eiv0, eivi, eig1, v0vi+1} where 1≤ i ≤ 9 and the
subscripts are taken modulo 9.

Now assume thatm ≡ 2 (mod 8) andn ≡ 1 (mod 8). The induced subgraph〈{u0, fm, fm−1,
vm, vm−1, g1, v0, en, en−1, . . . , en−8, vn, vn−1, . . . , vn−8}〉 is isomorphic toT (B2,9) which is
fork-decomposable. The edge induced subgraph〈{eiek, eivi}〉 wherei 6= k, andi, k = 1,2, . . . ,
n − 9 and the edge induced subgraph〈{fjfl, fjuj}〉 wherej 6= l, and j, l = 1,2, . . . ,m − 2
are respecitvely isomorphic toKn−9 ◦ K1 andKm−2 ◦ K1 which are fork - decomposable by
Theorem1.5. Consider the induced subgraph obtained after removing the above forks. The
induced subgraph〈{ei/i = 1,2, . . . , n−9}〉 and〈{fj/j = 1,2, . . . ,m−2}〉 are respectively iso-
morphic toK9,n−9 andK2,m−2 which are fork-decomposable by Theorem1.3. The remaining
subgraph can be decomposed inton−9

8 + m−2
8 = m+n−11

8 copies ofH1 given in figure4, which
is fork-decomposable. HenceT (Bm,n) is fork-decomposable.

Sub case 1c.m ≡ 7 (mod 8) andn ≡ 0,1 (mod 8).
First let us prove the result form = 7 andn ≡ 0,1 (mod 8). The induced subgraph

〈{u0, f7, f6, v7, v6, g1, v0, e1, e2, . . . , en, v1, v2, . . . , vn}〉 is isomorphic toT (B2,n) which is fork-
decomposable. The induced subgraph〈{u0, f3, f4, f5, u3, u4, u5}〉 is isomorphic toT (K1,3)which
is fork-decomposable by Theorem3.1. Consider the induced subgraph obtained after removing
the above subgraphsT (B2,n) andT (K1,3). Consider the collection of forks{f1g1, f1f6, f1f7,
g1f5}, {g1f2, g1f3, g1f4, f2f1}, {f2f4, f2f5, f2u2, u2u0}, {u0u1, u0f2, u0f1, f1f4}, {f1u1, f1f3,
f1f5, f3f2}. Consider the induced subgraph obtained after removing above subgraphs and collec-
tion of forks. The induced subgraph thus obtained{f2, f3, . . . , f7} is isomorphic toK2,4 which
is fork-decomposable by Theorem1.3. HenceT (B7,n) is fork-decomposable.

For m > 7, the induced subgraph〈{u0, fm, fm−1, . . . , fm−6 vm, vm−1, . . . , vm−6 g1, v0,
e1, e2, . . . , en, v1, v2, . . . , vn}〉 is isomorphic toT (B7,n) which is fork-decomposable. The edge
induced subgraph〈{fjfl, fjuj}〉 where j 6= l, and j, l = 1,2, . . . ,m − 7 is isomorphic to
Km−7 ◦ K1 which is fork-decomposable by Theorem1.5. Consider the induced subgraph ob-
tained after removing the above forks. The induced subgraph〈{fj/j = 1,2, . . . ,m − 7}〉 is
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isomorphic toK7,m−7 which is fork-decomposable by Theorem1.3. The remaining subgraph
can be decomposed intom−7

8 copies ofH1 given in figure4, which is fork-decomposable. Hence
T (Bm,n) is fork-decomposable.

Case 2.m ≡ 3,6 (mod 8) andn ≡ 4,5 (mod 8).
First we shall prove the result forT (B3,4), T (B3,5), T (B6,4), T (B6,5). After proving these

cases, the general case can be proved by repeating the above process. ConsiderT (B3,4). The
induced subgraphs〈{u0, u1, u2, u3, f1, f2, f3}〉 and〈{v0, v1, v2, v3, e1, e2, e3}〉 are isomorphic to
2 copies ofT (K1,3) which is fork-decomposable by Theorem3.1. The remaining subgraph is
fork-decomposable as follows:{g1f1, g1f2, g1u0, u0v0}, {g1e1, g1e2, g1e3, e1e4}, {v0g1, v0e4,
v0v4, e4e3}, {e4v4, e4e3, e4g1, g1f3}.

ConsiderT (B3,5). The induced subgraphs〈{u0, u1, u2, u3, f1, f2, f3}〉 and〈{v0, v1, v2, v3, e1,
e2, e3}〉 are isomorphic to 2 copies ofT (K1,3) which is fork-decomposable by Theorem3.1. The
remaining subgraph is fork-decomposable as follows:{eie4, eie5, eig1, g1fi}, wherei = 1,2,3,
{e4v4, e4v0, e4g1, v0u0}, {e5e4, e5v5, e5v0, v0v4}, {g1u0, g1e5, g1v0, v0v5}.

ConsiderT (B6,4). The induced subgraph〈{g1, u0, u1, u2, u3, f1, f2, f3, v0, v1, v2, v3, v4, e1, e2,
e3, e4}〉 is isomorphic toT (B3,4) which is fork-decomposable. The induced subgraph〈{u0, f4,
f5, f6, u4, u5, u6}〉 is isomorphic toT (K1,3) which is fork-decomposable by Theorem3.1. The
induced subgraph〈{g1, f1, f2, . . . , f6}〉 obtained after removing above subgraphsT (B3,4) and
T (K1,3) is isomorphic toK3,4 which is fork-decomposable by Theorem1.3.

ConsiderT (B6,5). The induced subgraph〈{g1, u0, u1, u2, u3, f1, f2, f3, v0, v1, v2, v3, v4, v5

e1, e2, e3, e4, e5}〉 is isomorphic toT (B3,5) which is fork-decomposable. The induced subgraph
〈{u0, f4, f5, f6, u4, u5, u6}〉 is isomorphic toT (K1,3) which is fork-decomposable by Theorem
3.1. The induced subgraph〈{g1, f1, f2, . . . , f6}〉 obtained after removing above subgraphs
T (B3,5) andT (K1,3) is isomorphic toK3,4 which is fork-decomposable by Theorem1.3.

5 Conclusion

In this paper, we have investigated the existence of fork-decomposition of some total graphs. A
study on the fork-decomposition of product graphs and some more total graphs is finalized and
will appear as a separate paper.
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