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Abstract Let G = (V, F) be a simple graph wit vertices. The strong split domina-
tion polynomial ofG of ordern is the polynomialD,, (G, z) = > 72 () dss(Gi)a", where

1=Yss

dss(G, 1) is the number of strong split dominating setsbf cardinality:. In this paper, we
obtain the strong split domination polynomial of some graphs.

1 Introduction

Let G = (V, E) be a simple undirected graph with vertex Beand edge seE. AsetD C V is

a dominating set if every vertex i — D is adjacent to a vertex if. The domination number
~(G) is the minimum cardinality of a dominating set@ A dominating set with cardinality
~v(G) is called ay-set. For a detailed treatment of this parameter, the reader is referféd to
A dominating setD C V(G) is a strong split dominating set if the induced subgréph- D)

is totally disconnected with at least two vertices. The strong split dominatiotbeuis the
minimum size of a strong split dominating set @fand is denoted by;;(G). Strong split
domination in graph was introduced by Kulli and Janakiran@n [For more details on strong
split domination, we referl[Q].

A graphG is said to be complete, if every pair of distinct vertices are adjacent. A ledenp
graph onn vertices is denoted b¥,,. The unionG = G1 U G, of graphsG; and G, with
disjoint vertex setd; andV; and edge set&; and E» is the graph withV = V; U V, and
E = E; U E,. The corona of two graph§; andG, was defined by Frucht and Harary if] [
as the graplt: = G o G obtained by taking one copy ¢}, and|V (G1)| copies ofG», where
the ith vertex of Gy is adjacent to every vertex in thégh copy of G,. The join of two graphs
G1 and G, denoted byG; Vv Gy, is the graph with vertex sat(G1) U V(G2) and edge set
E(G1) U E(G2) U{uv/u € V(G1) andv € V(G2)}. So the join is obtained fror¥; andG, by
joining every vertex of7; to each vertex o7, by an edgef]. The Jelly fish graph€] J(m,n)
is obtained from a 4-cycle, v, z, y by joining z andy with an edge and appending pendent
edges ta; andn pendent edges ta

Graph polynomials are powerful and well-developed tools to expresthgrarameters. Dom-
ination polynomial in graphs was first introduced by Arocha and Llajon 2000. Later in
2014, Alikhani and Peng made a slight modification of that definition anestiyated its prop-
erties in B]. The definition that we follow for domination polynomial is that of Alikhamica
Peng.

Definition 1.1.[3] Given a graphG, the domination polynomial af of ordern is the polynomial

D(G,z) = Z d(G, i)z’
i=v(G)

whered(G, 7) is the number of dominating sets Gfof cardinality:.

Definition 1.2.[11] For a graphG, a strong split domination polynomial ¢f of ordern is the
polynomial
n—2
D (G, z) = Z dss(G, i)

T=Yss (G)
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whered,; (G, 1) is the number of strong split dominating sets®»bf cardinality:.

Alikhani and others have contributed a lot to domination polynomial by tcockng dom-
inating sets for paths and cycles using the recursive relation. Using thissiee formula, the
domination polynomial of paths and cycles and their properties were elf&]ij 2].

Motivated by the concept of domination polynomial by Alikhani and Pergintroduced the
concept of Strong split domination polynomial ibd] for some special classes of graphs. Also
by using the recursive relation, the strong split domination polynomiaatifgpand cycles were
obtained inlL2]. In this paper, strong split domination polynomial of various grapksgaren.

2 Main Result
In this section, we obtain the strong split domination polynomial for certaplug.
Lemma 2.1.For any graphG with n vertices,y;s(G o K1) = n.

Proof. Let G be any graph with vertex sét(G) = {v1,v2,...,v,}. Letu;(1 < i < n) be the
corresponding pendant vertices adjacent;im G o K. The set{vy, vy, ..., v, } is a strong split
dominating set as they domingte;, uy, . . ., un }. Hencey,s(Go K1) < n. Alsov;s(GoKjy) > n
and soyss (G o K;) = n. O O

Theorem 2.2.For a complete graplhk’,, with n > 2 verices,
Dys(KnoKy,z) =a" (14 )" + n(1+z)" ! — 2na"t —2").

Proof. Let K,, be a complete graph with vertex 3at= {v1, v, ...,v,}. Letu; be the pendant
vertices adjacent to vertex(1 < i < n). ThenKk, o K; has the vertex set = V; U 1,
with 2n vertices. The seV; = {v1,vy,...,v,} dominates the vertices df,, and the vertices
{u1,uz,...,u,} Whereas the sét, = {u1,uz,...,u,} iS not a strong split dominating set as
< V —V, > is acomplete graph. Consider the BetFor everyv;,(V1 —v;) Uw; is a strong split
dominating set. Thus the number of minimum strong split dominating sets-i4¢. The strong
split dominating sets of cardinality + 1 can be of the following two types.

() Viu{u;}
(i) (Vi —wi) U{ui, us}(i # 5)
The number of strong split dominating sets of the first typg jsand the number of strong split

dominating sets of the second typenjé’[l). Proceeding like this, we gets(K,, o K1,i) =
(") +n(-hforn+1<i<2n—2andd (K, o Ki,n)=n+1.

s = e 51 ((2) ()

i=n+1
n—2 n n—1 ,
= o (e B (1) (177)7).
ThUSDSS(Kn ¢} K]_’(L') =" ((1+ x)" + n(l + l’)n_l _ ann—l _ xn) ) O

Example 2.3.Consider the grapti = K, o K; and is shown in Figur&. HereG has 8 vertices
and’yss (G) =4 The’yss sets aquL V2, U3, U4}; {UL V2, V3, ’04}, {Ulv u2,v3, 1}4}, {vlv V2, U3, 1}4},
{’U;]_7 v2, U3, U4}.

There are 16 strong split dominating sets of cardinality 5¥@nd they are
{v1,v2,v3,v4, u1}, {v1, v2, 03, v4, U2}, {v1, V2, V3, Va, Uz}, {v1, V2, V3, V4, ua}, {1, v2, V3, v4, U2},
{’LLJ_, V2, U3, V4, 7_1,3}, {ulv V2, V3, V4, 7.L4}, {'U]_, u2,v3, V4, ’LLj_}, {’Uj_, U2, v3, v4, 7_1,3}, {’Uj_, u2,v3, V4, ’LL4},
{’Uj_, V2, U3, V4, Ul}, {’Uj_, U2, U3, V4, U’Z}a {'U]_, V2, U3, V4, ’LL4}, {’Uj_, U2, U3, U4, Ul}, {’Uj_, V2, V3, U4, u2}a
{’U;]_7 V2, U3, U4, U3}.

Similarly, one can check that there are 18 strong split dominating sets witinality 6.
Thus D, (G, x) = 182° + 162 + 524
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Figure 1.

Theorem 2.4.Let G; and G, be two graphs witlh; andn;, vertices respectively. Then
DSS(Gl V G, {E) = Dss(Gl; x)x”z + DSS(Gz, l’)xnl.

Proof. Let (G1, V1) and (G, V2) be two graphs withVi| = ny and|V2| = nz. Now by the
definition of G1 vV G, every vertex in the séf; is adjacent to every vertex in the détand every
vertex in the set’ is adjacent to every vertex in the 96t Any strong split dominating set of
G1 V G should contain eithel; or V5. For any strong split dominating set 6f of cardinality

i say.S, S UV, will be a strong split dominating set ¢f; v G, of cardinalityn, + i. Similarly,
for any strong split dominating set @f, of cardinality: sayT’, T U V4 will be a strong split
dominating set of7; v G of cardinalityn; + i. HenceD,;(G1 V G2,z) = Dss(G1,x)x™ +
Dys(Go,x)z™. O

Example 2.5.The illustration for the join grapl =2 Ps v P, is shown in Figure.

Figure 2.

We observe that,: (G) = 6 and{us, uz, ug, usg, v2, v4} is the onlyy,s set. There are 9 strong
split dominating sets of cardinality 7 namely,
{1, u, uz, ug, v, va, v1}, {us, uz, uz, g, v2, v4, v3}, {ur, uz, uz, u4, v2, V4, vs},
{u1, u2, u, ug, v1,v3, vs}, {u1, u2, us, ug, v2, v3, vs}, {u1, u2, uz, ug, v1,v2, Vs },
{vlv V2, VU3, V4, Us, U1, U3}, {vlv V2, U3, V4, Us, U2, Ug}, {vlv V2, U3, V4, Us, U2, 7_L4}.
ThusD,.(G,z) = 92" + 25

Theorem 2.6.Let G; and G, be any two graphs with; and n, vertices respectively and let
G = G1UG>. Then

Dss(G;x) = Dss(Glax)Dss(GZ;x) +xnl(Dss(G2;x)) +xn2(Dss(Gl;x)) (21)
+ 2™ (Do (G2, ) + npz™ (D, (Ga, z)) + (nany) z™MT"2=2 (2.2)

Proof. Let G = G1 U Gy and|Vi| = n1, |V2| = np. If D is any strong split dominating set
G with cardinality k,thenk < nj + np, — 2. Letk = k1 + k», wherek; = |D N V(G1)| and

ko = |D n V(G2)|.

Case liki1 <np—2andk; <np,—2

Any strong split dominating set @fvertices inG arises by choosing a strong split dominating set
of j vertices inG1(for somey;s(G1) < n;—2}) and a strong split dominating set/of j vertices
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in Gy(for somey,s(G2) < ny — 2). This accounts for the expressi@n(G1,z)Dss(G2, ) in
(2.2).

Case 2:k1 = nqandky; < np — 2

Any strong split dominating set df vertices inG arises by choosing; vertices inG; and a
strong split dominating set &f — n; vertices inGx(for somev;;(G2) < n, — 2). This accounts
for the expression™ (D, (G2, z)) in (2.1).

Case 3:k1 < nj — 2 andky = ny

This case is analogous to case 2 and this accounts for the expregsitn, (G, z)) in (2.1).
Cased:ki=n1—1andk <np,—2

Any strong split dominating set df vertices inG arises by choosing; — 1 vertices inG; and
a strong split dominating set &f— (ny — 1) vertices inGa(for somevy,;(G2) < np — 2). This
accounts for the expressionz™ (D, (G2, x)) in (2.2).

Casebiki<ni—2andky=ny,—1

This case is analogous to case 4 and this accounts for the expression®(D.,(G1,z)) in
(2.2).

Case6:k1=n1—llandky, =ny, — 1

Any strong split dominating set df vertices inG arises by choosing; — 1 vertices inG;
and a strong split dominating set of — 1 vertices inG,. This accounts for the expression
ninpz™2=21in (2.2).

Hence

Dys(G,x) = Dss(G1,7)Dss(Ga,z) + 2™ (Dss(G2, 1)) + "2 (Dss(G1, 2))
—i—nlx"l*l(Dss(Gz, x)) + nzxnzfl(Dss(Gg, z)) + (nin2) gmtne—2,

O

Example 2.7.The illustration for the graplr = C4 U K4 3 is shown in Figure8. HereG has 8
vertices andys;(G) = 3. Thens, sets ardvy, vs, ui} and{vz, vg, ug }.
The following are all the 10 strong split dominating sets of cardinality 4 namely
{1, v3, w1, v2}, {v1, v3, u1, va}, {v1, v, us, uz}, {v1, v3, u1, uz}, {v1, vs, ua, uat,
{v2,va,u1,v1}, {v2, va, us, v3}, {v2, v4, u1, uz}, {v2, va, u1, us}, {vo, v4, w1, us}.
Similarly, one can find that there are 21 strong split dominating sets oineditgd 5 and
another 21 strong split dominating sets of cardinality6. TAUSG, =) = 212° 42125+ 102 +
3
2x°. " " 712

U1

Ugq usz
V4 V3

Figure 3.

Theorem 2.8.The strong split domination polynomial of the Jelly fish graph is given by
DSS(J(m,n),:z:) — 1‘3(1+ZL‘)77L+H($+2)+$3(ZL‘”L(1+ZL‘)H+Z‘H(1+$)m)—$m+n+3($+m+n+4).

Proof. The Jelly fish graph/(m,n) hasm + n + 4 vertices. The minimum strong split dom-
inating sets aré; = {u,v,z} and D, = {u,v,y} and so the strong split domination number
vss(J(m,n)) = 3. Any strong split dominating se? will be of the following types:

() we Dandv e D.
(i) we Dandv ¢ D (or)u ¢ D andv € D.
(i) w¢ Dandv ¢ D.

The strong split dominating sef3 of the first type can be the following three cases.
Case 1.1:{u,v,2} C D,y ¢ D
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Every subseD c V(J(m,n)) —{y} with |D| > 3 containing{u, v, z} is a strong split dominat-
ing set. Any strong split dominating set of cardinalitis obtained by choosing— 3 elements
from the remainingn + n elements. Let be a natural number such that3i < m +n + 2.
Hence for 3< i < m+ n+ 2,ds(J(m,n),i) = (773)
Case 1.2:{u,v,y} C D,z & D
Asin case 1.1, (J(m,n),i) = (773) for3<i<m+n+2
Case 1.3{u,v,z,y} C D
Let i be a natural number, 4 i < m + n + 2. Every subseD C V(J(m,n)) with |D| > 4
containing{u, v, z, y} is a strong split dominating set. Any strong split dominating set of cardi-
nality 4 is obtained by choosing— 4 elements from the remaining + n elements. Hence for
4<i<m+n+2dy(J(m,n),i)=(T"7).

The strong split dominating sef3 of the second type will be the following two cases.
Case 2.1 e Dandv & D
Let: be a natural numben, + 3 < i < m + n + 2. Every subseD C V(J(m,n)) — {v} with
|D| > n + 3 containing{vy, vy, ..., vy, u,x,y} IS @ strong split dominating set. Any sgtsuch
thatD C S,|S| = |D|+ i(n+ 3 < i < m+n+ 2) is a strong split dominating set. Hence for
n+3<i<m+n+2,dss(J(m,n),i)= (1:—(7:;3))
Case2.2u ¢ Dandv e D
As in case 2.1¢ss(J(m,n),i) = (;_(,g), fOrm +3 <i < m+n+ 2. Among the subsets
of the third type,V(J(m,n)) — {u,v} there is only one strong split dominating set namely,
{u1,u2, . .« U, V1,02, ..., Uny T, Y
Hencedss(J(m,n),m+n+2) = 1.

m+n+2 m+n ‘ m+n+2 m+n ‘
Das(J(myn),z) = 2 Z ( > . (i—4>xl

=4

m+n+2 m+n+2
1 m+n+2
up> ( n+3>x+ Z ( m+3)>x i

i=n+3

m+n—1 m+n—2
=0 L
m—1

n+3 Z ( ).2? + xnhL z_: ( ).2? + an+n+2
=0

= 223 ((142)™™" —2™™) + 2 (14 2)™" — (m +n)z™ L — gmtn)
+2m 3 (L4 2)" —2™) + 2" B3 (L4 2)™ — 2™) 4 g™ +2
Dys(J(myn),z) = 23(1+2)" " (x+2) + 23 (@™ (L+z)" + 2" (1 + z)™) + 2™ "2
—(m+n-+ 4):cm+"+3 — gmtnta
O

Example 2.9.The illustration for the Jelly fish grapfl = J(3, 2) is shown in Figuret. HereG
has 9 verticesy,;(G) = 3 and they,,sets argu, v, 2}, {u, v, y}.

The following are all the 11 strong split dominating sets of cardinality 4 namely
{u,v,z,u1}, {u, v, z,uz}, {u, v, z,uz}, {u, v, z, 01}, {u,v,x,v2}, {u,v,y, us}, {u, v, y, uz},
{ua v, Y, U3}, {ua v, Y, vl}v {ua v, Y, vZ}a {uv v, T, y}

Similarly, one can find that there are 26 strong split dominating sets arardinality 5,
34 strong split dominating sets with cardinality 6 and 26 strong split dominagtgyase of
cardinality 7. ThusD (G, ) = 26z’ + 342 + 260° + 112* + 223,
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