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Abstract Let G = (V,E) be a simple graph withn vertices. The strong split domina-
tion polynomial ofG of ordern is the polynomialDss(G, x) =

∑n−2
i=γss(G) dss(G, i)xi, where

dss(G, i) is the number of strong split dominating sets ofG of cardinalityi. In this paper, we
obtain the strong split domination polynomial of some graphs.

1 Introduction

Let G = (V,E) be a simple undirected graph with vertex setV and edge setE. A setD ⊆ V is
a dominating set if every vertex inV −D is adjacent to a vertex inD. The domination number
γ(G) is the minimum cardinality of a dominating set inG. A dominating set with cardinality
γ(G) is called aγ-set. For a detailed treatment of this parameter, the reader is referred to[8].
A dominating setD ⊆ V (G) is a strong split dominating set if the induced subgraph〈V −D〉
is totally disconnected with at least two vertices. The strong split domination number is the
minimum size of a strong split dominating set ofG and is denoted byγss(G). Strong split
domination in graph was introduced by Kulli and Janakiraman [9]. For more details on strong
split domination, we refer [10].

A graphG is said to be complete, if every pair of distinct vertices are adjacent. A complete
graph onn vertices is denoted byKn. The unionG = G1 ∪ G2 of graphsG1 andG2 with
disjoint vertex setsV1 andV2 and edge setsE1 andE2 is the graph withV = V1 ∪ V2 and
E = E1 ∪ E2. The corona of two graphsG1 andG2 was defined by Frucht and Harary in [5]
as the graphG = G1 ◦ G2 obtained by taking one copy ofG1 and|V (G1)| copies ofG2, where
the ith vertex ofG1 is adjacent to every vertex in theith copy ofG2. The join of two graphs
G1 andG2, denoted byG1 ∨ G2, is the graph with vertex setV (G1) ∪ V (G2) and edge set
E(G1) ∪ E(G2) ∪ {uv/u ∈ V (G1) andv ∈ V (G2)}. So the join is obtained fromG1 andG2 by
joining every vertex ofG1 to each vertex ofG2 by an edge[7]. The Jelly fish graph [6] J(m,n)
is obtained from a 4-cycleu, v, x, y by joining x andy with an edge and appendingm pendent
edges tou andn pendent edges tov.

Graph polynomials are powerful and well-developed tools to express graph parameters. Dom-
ination polynomial in graphs was first introduced by Arocha and Llano [4] in 2000. Later in
2014, Alikhani and Peng made a slight modification of that definition and investigated its prop-
erties in [3]. The definition that we follow for domination polynomial is that of Alikhani and
Peng.

Definition 1.1. [3] Given a graphG, the domination polynomial ofG of ordern is the polynomial

D(G, x) =
n
∑

i=γ(G)

d(G, i)xi

whered(G, i) is the number of dominating sets ofG of cardinalityi.

Definition 1.2. [11] For a graphG, a strong split domination polynomial ofG of ordern is the
polynomial

Dss(G, x) =
n−2
∑

i=γss(G)

dss(G, i)xi
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wheredss(G, i) is the number of strong split dominating sets ofG of cardinalityi.

Alikhani and others have contributed a lot to domination polynomial by constructing dom-
inating sets for paths and cycles using the recursive relation. Using this recursive formula, the
domination polynomial of paths and cycles and their properties were obtained[1],[2].

Motivated by the concept of domination polynomial by Alikhani and Peng,we introduced the
concept of Strong split domination polynomial in [11] for some special classes of graphs. Also
by using the recursive relation, the strong split domination polynomial of paths and cycles were
obtained in[12]. In this paper, strong split domination polynomial of various graphs are given.

2 Main Result

In this section, we obtain the strong split domination polynomial for certain graphs.

Lemma 2.1.For any graphG with n vertices,γss(G ◦K1) = n.

Proof. Let G be any graph with vertex setV (G) = {v1, v2, . . . , vn}. Let ui(1 ≤ i ≤ n) be the
corresponding pendant vertices adjacent tovi in G ◦K1. The set{v1, v2, . . . , vn} is a strong split
dominating set as they dominate{u1, u2, . . . , un}. Henceγss(G◦K1) ≤ n. Alsoγss(G◦K1) ≥ n
and soγss(G ◦K1) = n. ✷

Theorem 2.2.For a complete graphKn with n ≥ 2 verices,

Dss(Kn ◦K1, x) = xn
(

(1+ x)n + n(1+ x)n−1 − 2nxn−1 − xn
)

.

Proof. Let Kn be a complete graph with vertex setV1 = {v1, v2, . . . , vn}. Let ui be the pendant
vertices adjacent to vertexvi(1 ≤ i ≤ n). ThenKn ◦ K1 has the vertex setV = V1 ∪ V2

with 2n vertices. The setV1 = {v1, v2, . . . , vn} dominates the vertices ofKn and the vertices
{u1, u2, . . . , un} whereas the setV2 = {u1, u2, . . . , un} is not a strong split dominating set as
< V −V2 > is a complete graph. Consider the setV1. For everyvi,(V1− vi)∪ui is a strong split
dominating set. Thus the number of minimum strong split dominating sets isn+ 1. The strong
split dominating sets of cardinalityn+ 1 can be of the following two types.

(i) V1 ∪ {ui}

(ii) (V1 − vi) ∪ {ui, uj}(i 6= j)

The number of strong split dominating sets of the first type is(n1) and the number of strong split
dominating sets of the second type isn(n−1

1 ). Proceeding like this, we getdss(Kn ◦ K1, i) =

( n
i−n

) + n(n−1
i−n

) for n+ 1 ≤ i ≤ 2n− 2 anddss(Kn ◦K1, n) = n+ 1.

Dss(Kn ◦K1, x) = (n+ 1)xn +
2n−2
∑

i=n+1

((

n

i− n

)

+ n

(

n− 1
i− n

))

xi.

= xn

(

n+ 1+
n−2
∑

i=1

((

n

i

)

+ n

(

n− 1
i

))

xi

)

.

ThusDss(Kn ◦K1, x) = xn
(

(1+ x)n + n(1+ x)n−1 − 2nxn−1 − xn
)

.

Example 2.3.Consider the graphG ∼= K4 ◦K1 and is shown in Figure1. HereG has 8 vertices
andγss(G) = 4. Theγss sets are{v1, v2, v3, v4}, {u1, v2, v3, v4}, {v1, u2, v3, v4}, {v1, v2, u3, v4},
{v1, v2, v3, u4}.

There are 16 strong split dominating sets of cardinality 5 forG and they are
{v1, v2, v3, v4, u1}, {v1, v2, v3, v4, u2}, {v1, v2, v3, v4, u3}, {v1, v2, v3, v4, u4}, {u1, v2, v3, v4, u2},
{u1, v2, v3, v4, u3}, {u1, v2, v3, v4, u4}, {v1, u2, v3, v4, u1}, {v1, u2, v3, v4, u3}, {v1, u2, v3, v4, u4},
{v1, v2, u3, v4, u1}, {v1, v2, u3, v4, u2}, {v1, v2, u3, v4, u4}, {v1, v2, v3, u4, u1}, {v1, v2, v3, u4, u2},
{v1, v2, v3, u4, u3}.

Similarly, one can check that there are 18 strong split dominating sets with cardinality 6.
ThusDss(G, x) = 18x6 + 16x5 + 5x4
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Figure 1.

Theorem 2.4.LetG1 andG2 be two graphs withn1 andn2 vertices respectively. Then

Dss(G1 ∨G2, x) = Dss(G1, x)x
n2 +Dss(G2, x)x

n1.

Proof. Let (G1, V1) and (G2, V2) be two graphs with|V1| = n1 and |V2| = n2. Now by the
definition ofG1∨G2, every vertex in the setV1 is adjacent to every vertex in the setV2 and every
vertex in the setV2 is adjacent to every vertex in the setV1. Any strong split dominating set of
G1 ∨ G2 should contain eitherV1 or V2. For any strong split dominating set ofG1 of cardinality
i sayS, S ∪ V2 will be a strong split dominating set ofG1 ∨G2 of cardinalityn2 + i. Similarly,
for any strong split dominating set ofG2 of cardinality i sayT , T ∪ V1 will be a strong split
dominating set ofG1 ∨ G2 of cardinalityn1 + i. HenceDss(G1 ∨ G2, x) = Dss(G1, x)xn2 +
Dss(G2, x)xn1.

Example 2.5.The illustration for the join graphG ∼= P5 ∨ P4 is shown in Figure2.
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Figure 2.

We observe thatγss(G) = 6 and{u1, u2, u3, u4, v2, v4} is the onlyγss set. There are 9 strong
split dominating sets of cardinality 7 namely,
{u1, u2, u3, u4, v2, v4, v1}, {u1, u2, u3, u4, v2, v4, v3}, {u1, u2, u3, u4, v2, v4, v5},
{u1, u2, u3, u4, v1, v3, v5}, {u1, u2, u3, u4, v2, v3, v5}, {u1, u2, u3, u4, v1, v2, v5},
{v1, v2, v3, v4, v5, u1, u3}, {v1, v2, v3, v4, v5, u2, u3}, {v1, v2, v3, v4, v5, u2, u4}.
ThusDss(G, x) = 9x7 + x6

Theorem 2.6.Let G1 andG2 be any two graphs withn1 and n2 vertices respectively and let
G = G1 ∪G2. Then

Dss(G, x) = Dss(G1, x)Dss(G2, x) + xn1(Dss(G2, x)) + xn2(Dss(G1, x)) (2.1)

+ n1x
n1−1(Dss(G2, x)) + n2x

n2−1(Dss(G2, x)) + (n1n2)x
n1+n2−2. (2.2)

Proof. Let G = G1 ∪ G2 and |V1| = n1, |V2| = n2. If D is any strong split dominating set
G with cardinalityk,thenk ≤ n1 + n2 − 2. Let k = k1 + k2, wherek1 = |D ∩ V (G1)| and
k2 = |D ∩ V (G2)|.
Case 1:k1 ≤ n1 − 2 andk2 ≤ n2 − 2
Any strong split dominating set ofk vertices inG arises by choosing a strong split dominating set
of j vertices inG1(for someγss(G1) ≤ n1−2}) and a strong split dominating set ofk−j vertices
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in G2(for someγss(G2) ≤ n2 − 2). This accounts for the expressionDss(G1, x)Dss(G2, x) in
(2.1).
Case 2:k1 = n1 andk2 ≤ n2 − 2
Any strong split dominating set ofk vertices inG arises by choosingn1 vertices inG1 and a
strong split dominating set ofk − n1 vertices inG2(for someγss(G2) ≤ n2 − 2). This accounts
for the expressionxn1(Dss(G2, x)) in (2.1).
Case 3:k1 ≤ n1 − 2 andk2 = n2

This case is analogous to case 2 and this accounts for the expressionxn2(Dss(G1, x)) in (2.1).
Case 4:k1 = n1 − 1 andk ≤ n2 − 2
Any strong split dominating set ofk vertices inG arises by choosingn1 − 1 vertices inG1 and
a strong split dominating set ofk − (n1 − 1) vertices inG2(for someγss(G2) ≤ n2 − 2). This
accounts for the expressionn1x

n1−1(Dss(G2, x)) in (2.2).
Case 5:k1 ≤ n1 − 2 andk2 = n2 − 1
This case is analogous to case 4 and this accounts for the expressionn2x

n2−1(Dss(G1, x)) in
(2.2).
Case 6:k1 = n1 − 1 andk2 = n2 − 1
Any strong split dominating set ofk vertices inG arises by choosingn1 − 1 vertices inG1

and a strong split dominating set ofn2 − 1 vertices inG2. This accounts for the expression
n1n2x

n1+n2−2 in (2.2).
Hence

Dss(G, x) = Dss(G1, x)Dss(G2, x) + xn1(Dss(G2, x)) + xn2(Dss(G1, x))

+n1x
n1−1(Dss(G2, x)) + n2x

n2−1(Dss(G2, x)) + (n1n2)x
n1+n2−2.

Example 2.7.The illustration for the graphG ∼= C4 ∪K1,3 is shown in Figure3. HereG has 8
vertices andγss(G) = 3. Theγss sets are{v1, v3, u1} and{v2, v4, u1}.

The following are all the 10 strong split dominating sets of cardinality 4 namely,
{v1, v3, u1, v2}, {v1, v3, u1, v4}, {v1, v3, u1, u2}, {v1, v3, u1, u3}, {v1, v3, u1, u4},
{v2, v4, u1, v1}, {v2, v4, u1, v3}, {v2, v4, u1, u2}, {v2, v4, u1, u3}, {v2, v4, u1, u4}.

Similarly, one can find that there are 21 strong split dominating sets of cardinality 5 and
another 21 strong split dominating sets of cardinality6. ThusDss(G, x) = 21x6+21x5+10x4+
2x3.
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Figure 3.

Theorem 2.8.The strong split domination polynomial of the Jelly fish graph is given by

Dss(J(m,n), x) = x3(1+x)m+n(x+2)+x3(xm(1+x)n+xn(1+x)m)−xm+n+3(x+m+n+4).

Proof. The Jelly fish graphJ(m,n) hasm + n + 4 vertices. The minimum strong split dom-
inating sets areD1 = {u, v, x} andD2 = {u, v, y} and so the strong split domination number
γss(J(m,n)) = 3. Any strong split dominating setD will be of the following types:

(i) u ∈ D andv ∈ D.

(ii) u ∈ D andv 6∈ D (or) u 6∈ D andv ∈ D.

(iii) u 6∈ D andv 6∈ D.

The strong split dominating setsD of the first type can be the following three cases.
Case 1.1:{u, v, x} ⊆ D, y 6∈ D
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Every subsetD ⊂ V (J(m,n))−{y} with |D| ≥ 3 containing{u, v, x} is a strong split dominat-
ing set. Any strong split dominating set of cardinalityi is obtained by choosingi − 3 elements
from the remainingm + n elements. Leti be a natural number such that 3≤ i ≤ m + n + 2.
Hence for 3≤ i ≤ m+ n+ 2, dss(J(m,n), i) = (m+n

i−3 )
Case 1.2:{u, v, y} ⊆ D, x 6∈ D
As in case 1.1,dss(J(m,n), i) = (m+n

i−3 ) for 3 ≤ i ≤ m+ n+ 2
Case 1.3:{u, v, x, y} ⊆ D
Let i be a natural number, 4≤ i ≤ m + n + 2. Every subsetD ⊆ V (J(m,n)) with |D| ≥ 4
containing{u, v, x, y} is a strong split dominating set. Any strong split dominating set of cardi-
nality i is obtained by choosingi − 4 elements from the remainingm+ n elements. Hence for
4 ≤ i ≤ m+ n+ 2, dss(J(m,n), i) = (m+n

i−4 ).
The strong split dominating setsD of the second type will be the following two cases.

Case 2.1:u ∈ D andv 6∈ D
Let i be a natural number,n + 3 ≤ i ≤ m+ n + 2. Every subsetD ⊆ V (J(m,n))− {v} with
|D| ≥ n + 3 containing{v1, v2, . . . , vn, u, x, y} is a strong split dominating set. Any setS such
thatD ⊆ S, |S| = |D|+ i(n+ 3 ≤ i ≤ m+ n + 2) is a strong split dominating set. Hence for
n+ 3 ≤ i ≤ m+ n+ 2, dss(J(m,n), i) = ( m

i−(n+3))

Case 2.2:u 6∈ D andv ∈ D
As in case 2.1,dss(J(m,n), i) = ( n

i−(m+3)), for m + 3 ≤ i ≤ m + n + 2. Among the subsets
of the third type,V (J(m,n)) − {u, v} there is only one strong split dominating set namely,
{u1, u2, . . . , um, v1, v2, . . . , vn, x, y}.
Hencedss(J(m,n),m+ n+ 2) = 1.

Dss(J(m,n), x) = 2
m+n+2
∑

i=3

(

m+ n

i− 3

)

xi +
m+n+2
∑

i=4

(

m+ n

i− 4

)

xi

+
m+n+2
∑

i=n+3

(

m

i− (n+ 3)

)

xi +
m+n+2
∑

i=m+3

(

n

i− (m+ 3)

)

xi + xm+n+2

= 2x3
m+n−1
∑

i=0

(

m+ n

i

)

xi + x4
m+n−2
∑

i=0

(

m+ n

i

)

xi

+xn+3
m−1
∑

i=0

(

m

i

)

xi + xm+3
n−1
∑

i=0

(

n

i

)

xi + xm+n+2

= 2x3 ((1+ x)m+n − xm+n
)

+ x4 ((1+ x)m+n − (m+ n)xm+n−1 − xm+n
)

+xm+3 ((1+ x)n − xn) + xn+3 ((1+ x)m − xm) + xm+n+2

Dss(J(m,n), x) = x3(1+ x)m+n(x+ 2) + x3 (xm(1+ x)n + xn(1+ x)m) + xm+n+2

−(m+ n+ 4)xm+n+3 − xm+n+4.

Example 2.9.The illustration for the Jelly fish graphG ∼= J(3,2) is shown in Figure4. HereG
has 9 vertices,γss(G) = 3 and theγsssets are{u, v, x}, {u, v, y}.

The following are all the 11 strong split dominating sets of cardinality 4 namely,
{u, v, x, u1}, {u, v, x, u2}, {u, v, x, u3}, {u, v, x, v1}, {u, v, x, v2}, {u, v, y, u1}, {u, v, y, u2},
{u, v, y, u3}, {u, v, y, v1}, {u, v, y, v2}, {u, v, x, y}.

Similarly, one can find that there are 26 strong split dominating sets are of cardinality 5,
34 strong split dominating sets with cardinality 6 and 26 strong split dominating sets are of
cardinality 7. ThusDss(G, x) = 26x7 + 34x6 + 26x5 + 11x4 + 2x3.
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