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Abstract Let G = (V, E) be a finite, simple, connected and undirected graph witbrtices
and g edges. Consider a labeling functigh: V' — {1,2,...,q + 1} and the induced edge

labeling f* : E — {1,2,...,q + 1} is defined byf*(e = uv) = [““)*V“?“”)”(ﬂ or

fty f(?f(”)*f(”)J for e € E. Thenf is said to be a Heronian mean labeling if induced edge

labelsf*(e) are distinct. An anti-magic labeling is a bijection from the set of edges to tref set
integers{1, 2, ..., q} such that the weights are pairwise distinct, where the weight at one vertex
is the sum of all labels of the edges incident to such vertex. A Heroniam ilabaling f is

said to be Heronian mean anti-magicauifv;) # w(v;) for all distinct verticesy;, v; € V(G),

wherew(v) = . f*(uv). A graph is called Heronian mean anti-magic graph if it admits a
u€N (v)

Heronian mean anti-magic labeling. In this paper, we investigate certaomidermean anti-

magic graphs.

1 Introduction

Throughout this paper, bg we mean a simple, connected and undirected graph with vertex
setV, edge set, p vertices and; edges. An assignment of integers to the vertices or edges
or both, subject to certain conditions is called a graph labeling. The mealinigtof graphs
was introduced by Somasundaram and Porfaj[ 2004. The concept of Heronian mean was
introduced and briefly studied by Sandhgja[ Further Power-3 Heronian mean labeling was
studied by Kaaviya Shree and SharmilgaHartsfield and Ringef] introduced the concept of
anti-magic labeling of graphs. Further, several variations of anti-nlabading such as vertex
anti-magic and edge anti-magic were also defined and studied by Martnedad.fi],[6]. In
combining the latter two concepts, we introduced the concept of Herongam ranti-magic
labeling of graphg]], and studied the existence of Heronian mean anti-magic graphs. In this
paper, we continue our study on Heronian mean anti-magic graphsarficytar, we prove
that certain special classes of snakes and their generalizations amgidflemean anti-magic.

A useful survey of graph labeling can be found in Gallgn[We follow Hararyp] for other
notations and standard terminologies.

2 Préliminaries

In this section, we recall certain basic definitions which are needed forefueference. An
assignment of integers to the vertices or edges or both, subject to ceutaditions is called
graph labeling. Recall that, there are so many labelings studied on vatasses of graphs.
An anti-magic labeling is a bijection from the set of edges to the set of intdde?s3, ..., ¢}
such that the weights are pairwise distinct, where the weight at one vertbg sum of all
labels of the edges incident to such vertex. A functfan” — {1,2,3,...,¢+ 1} issaidto be a
Heronian mean labeling if the induced edge labelfhg E(G) — {1,2,3,...,¢+1} defined by

frle = wv) = P(“HV f(“)f(”)”(“)] or V(“)” f(“)f(”)”(”)J gives distinct labels for distinct

3 3
edges.
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A Heronian mean labeling is said to be Heronian mean anti-magiaifv;) # w(v,) for all

distinct verticesy;,v; € V(G), wherew(v) = Y~ f*(uv). A graph is called Heronian mean
u€N (v)

anti-magic graph if it admits Heronian mean anti-magic labeling. Let us sexample for

Heronian mean anti-magic graph.

Example 2.1. Consider the grapy given in Figure 1. The vertices of areu, up, us, u4, us, ug
and it contains 5 edges. Defing: vV — {1,2,3,...,6} by f(u1) =1, f(uz) = 2, f(uz) =
3, f(ug) = 4, f(us) = 5, f(ug) = 6. Then the induced edge labels atquiup) = 1,
F(uguz) = 2, f*(ugug) = 3, f*(uaus) = 4, f*(usug) = 5. Note that the induced edge labels
are all distinct and so the labelinfgsatisfies the Heronian mean labeling condition.

Now, we have to show that(v) = Y f*(uwv) are distinct for all the vertices i&. In

u€N (v)

fact, w(ug) = Lw(uz) = 7,w(uz) = 2,w(ug) = 3, w(us) = 9,w(ug) = 5 and therefore, for
every vertex in V(G) the sum of the resulting edge labels incident witre distinct and so the
labeling f graph satisfies the Heronian mean anti-magic labeling condition. HenagrableG
is a Heronian mean anti-magic graph.

Figurel.

In order to substantiate our concept of Heronian mean anti-magic grégitus see below
that a complete bipartite graghy ,,, » > 5 is not a Heronian mean anti-magic graph.

Theorem 2.2. For any positive integer n > 5, the complete bipartite graph K ,, is not a Hero-
nian mean anti-magic graph.

Proof. letG = K1 ,,, n > 5with V(G) = {u,u;/1 < i < n} andE(G) = {uu;/1 < i < n}.
Here|V(G)| = p = n+ 1 and|E(G)| = ¢ = n. Let the apex vertex be. Sincep = ¢ + 1,
1 must be label for some vertex in any Heronian mean labelirg &¥ithout loss of generality,
one can take the vertex labelifig V' — {1,2,3,...,q + 1} as,

Casel: f(u) =1

Sincep = q + 1, the remaining: vertices will receive labels,3,...,n + 1. Let f(u1) =
2, f(uz) =3, f(ug) = 4,..., f(u,) = n+ 1. Then the induced Heronian mean edge label for
uuy Will be 1 or 2. Similarly, the edge label faru, will be either 1 or 2, the edge label fafi3
will be either 2 or 3 and the edge label foi, will be either 2 or 3. Thus, at least two of these
four edges will receive the same edge labels. Therefore, in this ttesgraph does not satisfy
the Heronian mean condition.

Case2: f(u)=2.

Sincep = ¢ + 1, the labels for remaining vertices will be 13,4,...,n + 1. Without loss
of generality, one can tak&(ui) = 1, f(u2) =3, f(u3z) =4,..., f(u,) =n + 1. The induced
Heronian mean edge labels fot, will be either 1 or 2. Similarly, the edgeu, will receive 2
or 3, the edge:us will receive 2 or 3, the edgeus will receive 3 or 4 and the edgeus will
receive 3 or 4 as Heronian mean labels. Thus we note that at least tvesef five edges will
receive the same edge labels. Therefore, in this case the graph atosstisfy the Heronian
mean condition.

Case3: f(u)=a, 3<a<5.
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Similar to cases 1 and 2, two edges will receive the same Heronian mganaxtls and
hence the Heronian mean condition is not satisfied.

Case4: f(u) > 5.

By calculating Heronian mean edge labels, one can see that no edgeeshalé 1 or 2 as
their edge labels. Since we can never labdistinct edges witm — 1 values{3,4,...,n + 1},
the graph does not satisfy the Heronian mean condition.

Thus, there is no Heronian mean labeling #1,,,n» > 5. HenceKy,,n > 5is not a
Heronian mean anti-magic graph. O

Now, let us see the structure of certain classes of graphs, whicharedos Heronian mean
anti-magic.

For every positive integet > 2, a triple triangular snaké'(7,,) consists of three triangu-
lar snakes that have a common path. Thus, a triple triangular snake iseabfeom a path
uy, Uy, . .., Uy By joining u; andu;,, to three new vertices;, y; andz; fori = 1,2,...,n — 1.
Assume that for i< : < n — 1, the vertices lying below the path ageand the vertices above
the path are;; andz;, where in addition; lies belowz;. One can refer Figure 2 far(7s).

The double quadrilateral snali®(QS,,) is obtained from two quadrilateral snakes with a
common pathP,, where the vertices of the path amg for 1 < i < n. The vertices of the
guadrilaterals lying above the common path are denoted hy wherei is odd in order and the
guadrilaterals lying below the common path are denoted;by; wheres is even in order. We
have givenD(Q.S7) in Figure 3.

An irregular triangular snakéT,, is obtained from a patlP, with consecutive vertices
ug, up, ..., u, Whose vertex set’ = V(P,) U {v;/1 < i < n — 2} and the edge set i =
E(P,) U{uwvi, uzov;/1 < i < n —2}. The verticesy;, i is odd lie above the path and the
verticesu; lie below the path. We have givdiTy in Figure 4.

An alternate double triangular snaké)(T,,) is obtained from two alternate triangular snakes
with a common path and the vertices of the path are given,;byrhe vertices of the triangles
lying above the path are denoted byand the vertices of the triangles lying below the path are
denoted byy;. We have giverdD(Ty) in Figure 5.

3 Main Results

In this section, we prove that grapii§T’,), D(QS,), IT,, AD(T,) are Heronian mean anti-
magic.

Theorem 3.1. For every integer n > 2, the triple triangular snake graph 7'(T;,) is a Heronian
mean anti-magic graph.

Proof. Let G = T(T,) for n > 2. As described above, the vertex set@f= T7(7,) is
V(G) = {uw,zjyj,z; / 1 < i < n, 1 < j < n— 1} and the edge set is
E(G) = {uwmuir1/1 < i < n — 1} U {wims, wiyi, wizi, Uis1%i, Win1¥i, Y12/l < i < n — 1}
Here|V(G)| = 4n — 3 and|E(G)| = Tn — 7. Definef : V(G) — {1,2,3,...,7n — 6} by

Flug) = 7i -5 fori=1,
Y| 7i—6 for 2<i<n.

7i—4 fori=1;
f(xi):{z or 2 ;

7i—2 for 2<i<n-1
7i—2 for i=1;
f(yi)_{n for 2<i<n—1
: 7i—6 for:=1;
f(zl)_{7i—4 for 2<i<n—1
Then the induced edge labels are
7i —2 for i=1,;
7i—3 for 2<i<n-1
f(ujz;)) =715 1<i<n-—1,
f*(u727)27l—6,1§Z§n—1,

fr(usuip1) =
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[fuiys)) =7i—4, 1<i<n-1,
[*(uipaz) =7i—1,1<i<n-—1
7i—3 fori=1,
7i—2 for 2<i<n-—1.
f(wivay) =7i,1<i<n-—1.
Thus, the obtained edge labels are all distinct and so the labglsadisfies the Heronian
mean condition.

f*(ui+lzi) =

Now, we have to show that(v) = > f*(uv) are distinct for all the vertices if'(T},).
u€N (v)
Note that
w(ug) = 11.
w(u;) =414 —13), 2<i<n-1.

(
w(uy,) = 2(1dn — 17).
w(z;)) =14 -6, 1 <i<n-1
w(y) =14 -4, 1<i<n-1
(21) = 14; — 9 for i =1;

' 14i —8 for 2<i<n-—1

Therefore, for every vertexin V(G), the sum of the resulting edge labels incident witire
distinct and the labeling satisfies the Heronian mean anti-magic condition. Hence, the graph
T(T,,) admits Heronian mean anti-magic labeling. |

g
)

As described in the proof of Theorednl, a Heronian mean anti-magic label is obtained for
T(Ts) and the same is exhibited in Figure 2 below.

Figure2. T(Ts)

Theorem 3.2. For every integer n > 2, the double quadrilateral snake graph D(QS,) is a
Heronian mean anti-magic graph.

Proof. LetG = D(QS,,) forn > 2. LetV(G) = {w;, z;,y;/1 <i<n,1<j<2n -2} bethe
vertex set and?(G) = {u;uip1/1 < i < n— 1} U {uze1, w2, Uip1y2i—1, uir1y2;/1 < i <
n—1} U {z;y;}/1 <i < 2n— 2} be the edge set. Hef€ (G)| = 5n — 4 and|E(G)| = Tn — 7.
Definef : V(G) — {1,2,3,7n — 6} by,

flur) =1,
flui))=7i—8,2<i<n.
fla1) =2
fly) =3;

For2<i<2n-2,

B % for i =0 (mod 2);
flzi) = { 7 (mod 2).

For2<i<2n-2,

132 for =0 (mod 2);
i) =\ 2 for i=1
= i =1 (mod 2).
Then the induced edge labels are,
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f*(u1u2) =4,
fr(uivip) =7i—5,2<i<n-1
f*(uq;:lizl',l) =71—-6,1<i<n-1
f*(’u,q;il,‘zl‘) =7 —47 1 S ) S n—1.
fr(uipayzio1) =7 -2, 1<i<n—1
f*(quyZi) =7i-1 1<i<n-1
[ () = 2.
For2<i<2n-2,
% for i =0 (mod 2);
* — 2
f*wi) = {% for i =1 (mod 2).
Thus, the obtained edge labels are all distinct and so the labgkagisfies the Heronian mean
condition. Now, we have to show thatv) = > f*(uv) are distinct for all the vertices in
u€EN (v)
D(QSy).
w(ug) = 8;

( ;
(UZ) =42;
wlu) =2(2L —22), 3<i<n—1;
(
(
(

) = 13 for n = 2;
") 21n — 29, otherwise.

7i — 4 for i = 0 (mod 2);

7i — 2 for i =1 (mod 2).

For2<i<2n-2,

7i — 1 for i = 0 (mod 2);

7i+2 for i =1 (mod 2).

Therefore, for every vertex in V(G), the sum of the resulting edge labels incident witare
distinct and the labeling satisfies the Heronian mean anti-magic condition. Hence, the graph
D(QS,,) admits Heronian mean anti-magic labeling. O

w(z;) =

w(y;) =

As described in the proof of Theoredi2, a Heronian mean anti-magic label is obtained for
D(QS7) and the same is exhibited in Figure 3 below.

xr1 9 x3 Y3 5 Ys x7 y7 xg Yo xr11 Y11
2 3 100 11 17 18 24 25 31 32 38 39
o o) o) o o) o o o Q

O O O O O O O
7 8 14 15 21 22 28 29 35 36 42 43
x2 Y2 x4 Ya e Y6 g Y8 Z10 Yo  T12 Y12

Figure 3. D(QS7)

Theorem 3.3. For every integer n > 3, the irregular triangular snake graph G = IT, isa
Heronian mean anti-magic graph.

Proof. LetG = IT,,n > 3 and letV(G) = {u;,v;/1 <i < n,1<j <n-—2} bethe vertex
set andE(G) = {uui+1/1 < i < n — 1} U {uv;,ui0v;/1 < i < n — 2} be the edge set.
Here|V(G)| = 2n — 2 and|E(G)| = 3n — 5.

Definef : V(G) — {1,2,3,...,3n — 4} by,
flu) =1,
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_J3i -3 for 2<i <3
JW) =3 _4for a<i<n
fv1) =2, f(v2) =7, f(v3) = 9;
flvi)=3i+1 4<i<n-—2.
Then the induced edge labels are,

. 3i—1for 1<:<2
fHluiin) = {3¢-3 for 3<i<n— 1

. _)3i—-2for 1<i<2
F ) =g 1 for 3<i<n-2
[*(uzvy) = 3;
Fupon) =341, 2<i<n-2.
Thus, the obtained edge labels are all distinct and so the labgkadjsfies the Heronian mean
condition.
Now, we have to show thaiw(v) = > f*(uv) are distinct for all the vertices

ueN (v
inG =1IT,,n> 3. e
w(uy) = 3;
)11 —11 for 2<i < 4
@) =112 _15 for 5<i<n-2
7 for n=3;

w(up—1) = ¢ I — 22 for n =4,5;

9n — 23, otherwise
3n—1 for n=3;
6n — 11, otherwise
w(vy) = 4, w(vp) = 11;
w(v) =6i, 3<i<n-—2.
Therefore, for every vertex in V(G), the sum of the resulting edge labels incident witare
distinct and the labeling satisfies the Heronian mean anti-magic condition. Hence, the graph
IT,, admits Heronian mean anti-magic labeling. O

w(up) =

As described in the proof of Theoredi3, a Heronian mean anti-magic label is obtained for
ITy and the same is exhibited in Figure 4 below.

v1 v3 Us v7

22

Figure4. 1Ty

Theorem 3.4. For every integer n > 2, an alternate double triangular snake graph AD(T,,) isa
Heronian mean anti-magic graph.

Proof. ConsiderAD(T,,) as an alternate double triangular snake graph.
Case1l: The alternate double triangular snak®(T;,),n > 2 alternatively begins from the first
vertex.

Let the vertex set b& (G) = {u;,zj,y;/1 < i < n,1 < j < [251]} and the edge set be
E(G) = {ujuiz1/1 < i < n— 1} U {ugim12i, upizi, uzi—1yi, uziyi /1 < i < [252]}.
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2n ifnis even;

Here|V(G)| = { —1 ifnisodd

3n—1 ifniseven;
E —
E(G)] 3n — 3 ifnis odd
Definef : V(G) — {1,2,...,q+ 1} by,

flug) =2;
flu;))=3i—2,2<i<n.
flz) =1,

f(x;) = 6i — 4, 2<z‘<[ =
fy) =60, 1<i< [252 }

Then the mduced edge labels are,
Fuuig) =3, 1<i<n-—1.
f*(u2i,1x7):6fi—5, 1<i< n;]

2
flugiz) =6i—4, 1<i< "%1
[*(ugi—1yi) =6i— 2, 1 <i < [n_—l]

= 2
frluzy) =6i—1, 1<i <[22,
Thus, the obtained edge labels are all distinct and so the labgkagisfies the Heronian mean
condition.
Now, we have to show thaw(v) = Y f*(uwv) are distinct for all the vertices

u€N (v)
in AD(T,),n > 2.
Forl<i:<n-1,
L J4@Bi—1) for i =1 (mod 2),
w(ul)—{ 4(3i — 2) for i =0 (mod 2).

w(tey) = { (n—1) for n=1 (mod 2);

9n — 8 for n =0 (mod 2).
w(z;) =34 —3), 1<i< [27].
w(y) =3(4i - 1), 1< < [251].
Therefore, for every vertexin V(G), the sum of the resulting edge labels incident witare
distinct and the labeling satisfies the Heronian mean anti-magic condition. Hence the graph
AD(T,),n > 2is a Heronian mean anti-magic graph.

As described in the case 1 of Theor8m, a Heronian mean anti-magic label is obtained for
AD(Ty) and the same is exhibited in Figure 5 below.

1 x2 z3 T4
1 8 14 20
4 10 13 16 9 22 25
U1 u U3 ug U5 ueg U7z usg OUQ
6 12 18 24
Y1 Y2 Y3 Ya

Figure5. AD(Ty)

Case 2. The alternate double triangular snakeé(T,,),n > 3 alternatively begins from
the second vertex.
Let the vertex set b& (G) = {u;, z;,y;/1 < i < n,1 < j < |23%]|} and the edge set be

E( ) = {Uf1uz+l/1 <i<n-— 1} U {u21+lxuu21x1;u2l+lyza u2zy7/l <1< TlJ .
— 2 ifniseven;
Here|V(G)| = {

—1 ifnisodd

3n—5 ifnis even;
E
B(G)] = 3n—3 ifnis odd
Definef : V(G) — {1,2,...,q+ 1} by,
Forl1<i:<mn,
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Flus) = gz 2 for i =1 (mod 2);
i — 4 for i =0 (mod 2).

f(xi) = 6i — 31<1<L%J.

flyi) =6i—2 1<i<|252].

Then the mduced edge labels are,

3i — 2 for i =1 (mod 2);

a 3i — 1 for i =0 (mod 2).

f (u2¢+1mi)=6i—2, 1<i< L = J

[lugm;) =6i—4,1<i< anlJ

f(qulyl) 6i, 1<Z<L == J

Flugy) =6i—3,1<i < L;lJ

Thus, the obtained edge labels are all distinct and so the labgkadisfies the Heronian mean

condition.

Now, we have to show thatw(v) = > f*(uv) are distinct for all the vertices
u€N (v)

in AD(T,),n > 3.

w(ug) =1;

w(ug) = 11;

Forl<i<n-2,

12; — 14 for ¢ = 1 (mod 2);

W) =112~ 13 for i = 0 (mod 2).
If n isodd,

w(up_1) = 12n — 25 w(u,) = 9n — 12.
If n iseven,

w(up_1) = 12n — 26, w(uy)
w(z;) =12 -6, 1<i < [ 254
w(y) =121 -3, 1 <i < LT .
Therefore, for every vertex in V(G), the sum of the resulting edge labels incident witare

distinct and the labeling satisfies the Heronian mean anti-magic condition. Hence the graph

AD(T,),n > 3 is a Heronian mean anti-magic graph.

I—‘H
I_

As described in the case 2 of Theor8m, a Heronian mean anti-magic label is obtained for
AD(Tg) and the same is exhibited in Figure 6 below.

x1 T2 xr3
3 9 15
1 7 13 4 19 20
O O
w1 U2 us U4 us U6 uz ug
4 10 16
Y1 Y2 Y3

Figure 6. AD(T3)

Thus, in both the cases the graph satisfies the Heronian mean anti-migjitioroand so an
alternate double triangular snake grapb(7,,) is a Heronian mean anti-magic graph. O

4 Conclusion

In this paper, we proved that the Triple triangular snake, Double queatelasnake, Irregular
triangular snake and Alternate double triangular snake are all Heroréam @nti-magic. In
future, we plan to investigate the labeling for several graph products.
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