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Abstract Our research is related to the projective space over the finite field. The aim of this
paper is to construct new arcs of various degrees in the three-dimensional projective space over
the Galois field of order 2, 3,4, 5. In PG(3,q),q = 2,3,4 and 5, an arc of degree n and order
k + 1,k + 2 has found from incomplete (k;n)— arc. Also, two geometrical methods are used to
formed (k + 1;n)-arc and (k + 2; n)-arcs from incomplete (k; n)-arc. Many other properties of
these arcs are given as 7; distributions and ¢; distributions. The MATLAB programing is used
to do all calculations.

1 Introduction

A projective 3-space PG(3, q) over Galois field GF(q), where ¢ = p™ for some prime number
P and some integer m is a 3-dimensional projective space which consists of points, lines and
planes with incidence relation between them. PG(3, ¢) is satisfying the following axioms:

(a) Any three distinct non-collinear points, also any line and point not on it are contained in a
unique plane.

(b) Any two distinct coplanar lines intersect in a unique point.
(c) Any line not on a given plane intersects the plane in a unique point.
(d) Any two distinct planes intersection in a unique line.

Any point in PG(3, ¢) has the form of a quadrable (1, z2, 3, z4), where x1,x,, T3, T4 are
elements in GF(q) with the exception of the quadrable consisting of four zero elements. Two
quadrables (x1, x2, x3, z4) and (y1, ¥2, Y3, ya) represent the same point if there exists A in GF(g)\{0}
such that (z1,z2, 23, 24) = A(y1, 2,3, ya), Similarly, any plane in PG(3, q) has the form of a
quadrable [z}, x2, %3, x4], Where z1, 22, 23, 74 are elements in GF(q) with the exception of the
quadrable consisting of four zero elements.

Two quadrables [x1, z2, 23, z4] and [y1, y2, y3, ya] represent the same plane if there exists A in
GF(q)\{0} such that [z, z2, 3, 4] = Ay1, y2, Y3, Ya).

A point P(x1,x2,x3,x4) is incident with the plane w[ay, az, a3, as4] iff 121 + axz2 + azzs +
asx4 = 0. As a historical background, the construct new arcs of various degrees in the two-
dimensional projective space over the Galois field of order 2,3....,etc. are constructed by Hirschfeld

[6]-[8].

2 Basic Concepts

Definition 2.1. [3],[7] A plane 7 in PG(3, q) is a set of all points P(x1,x2,x3,z4) satisfying a
linear equation w;z1 +u222 + u3x3 + ugrs = 0. This plane is denoted by 7[uy, uz, u3, us], where
x1, T2, T3, T4 are elements in GF(q) with the exception of the quadrable consisting of four zero
elements.

Theorem 2.2. [3],[7] The points of PG(3, q) have unique forms which are (1,0,0,0), (z,1,0,0), (z,y, 1,0)
and (z,y, z, 1)for all x,y, z in GF(q). which are (1,0,0,0) is one point, (x,1,0,0) are q points,
(x,y,1,0) are ¢* points, and (z,y, 2, 1) are ¢* points, for all z,y,z in GF(3,q).
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Theorem 2.3. [3],[7] The planes of PG (3, q) have unique forms which are [1,0,0,0], [z, 1,0,0], [z,y, 1, 0],
[%,y,2,1] for all z,y,z in GF(q). which are [1,0,0,0] is one plane, [x,1,0,0] are q planes,
[z, v, 1,0] are ¢* planes, and [z, y, z, 1] are ¢* planes, for all x,y, z in GF (3, q).

Theorem 2.4. [3],[7] There exists ¢* + ¢* + q + 1 of points in PG(3,q) .
Theorem 2.5. [3],[7] There exist ¢* + q> + q + 1 planes in PG(3,q).

Theorem 2.6. [3],[7] Every plane in PG(3,q) contains exactly ¢* + q + 1 points (lines) and
every point is on exactly ¢* + q + 1 planes.

Theorem 2.7. [3],[7] Every line in PG(3, q) contains exactly q + 1 points and every point is on
exactly q + 1 lines.”

Theorem 2.8. [3],[7] Any two points in PG(3, q) are on exactly q + 1 planes.
Theorem 2.9. [3],[7] Any two planes in PG(3, q) intersect in exactly q + 1 points.
Theorem 2.10. [3],[7] there exist (¢*> + 1)(¢* + q + 1) lines in PG(3, q).
Theorem 2.11. [3],/7] Any line in PG(3, q) is on exactly q + 1 planes.

Definition 2.12. [3],[7] A (k;n)-arcA in PG(3, q) is a set of k points such that at most n points
of which lie in any plane, n > 3. n is called degree of the (k; n)-arc.

Definition 2.13. [3],[7] In PG(3,q) if k is any k-set, then an n-secant of % is a line (a plane) ¢
such that |¢ N k| = n. A O-secant is called an external line (plane) of k, a 1-secant is called a
unisecant line (plane), a 2-secant is called a bisecant line and 3-secant is called a trisecant line.

Definition 2.14. [8] Let 7; be the total number of the i-secants of a (k;n)-arc A, then the type
of A denoted by (T},, Tr—1, Tn—2, - - -, To).

Definition 2.15. [8] A point R not on a (k;n)-arc A has index 4 if there exists exactly i (n-
secant) of A through R, one can denoted the number of points R of index ¢ by c;.

It is concluded that the (k;n)-arc set is complete iff ¢p = 0. Thus the k-set is complete iff
every points of PG(3, q) lies on som n-secant of the (k;n)-set.

Definition 2.16. [8] (k;n)-arc A is complete if it is not contained in (k + 1; n)-arc.

Remark 2.17. [8] A (k;n)-arc is complete iff ¢y = 0, in other words the (k; n)-arc is complete
iff every point of PG(3, ¢) lies on some n-secant of the (k;n)-arc.

Theorem 2.18. [8] Let ¢; be the number of points of index i in PG(3,q) which are not on a
(k;n)-arc A, then the constants c; of A satisfy the following equations:

D) ei=@+P+q+1—k
(i) S Pic; = Ek=lelbont) o2 4 g 41 —p)

n!

where « is the smallest i for which c¢; # 0, 3 be the largest i for which ¢; # 0.

Theorem 2.19. [8] Let t(p) represents the number of unsecants (planes) through a point P of
a (k;n)-arc A in PG(3,q), and let T; represent the numbers of i-secants (planes)for the arc A,
then:

(i) t=t(p) = +q+2—k— =Dl T

(ii) Ty = kt

(iii) Ty = EEZL)

(iv) Ty = k(k713)!(k72)

i) Ty =+ @+ q+1—kt— k(k;l) _ k(k713)!(k72) o k= D(h=2) (b))

n!
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Table 1. points and plaens in PG(3,2).

i P T

1o 2 | 3 4 [ 6 [ 7 ]1w0] 12
2 0,00 1 3 4 7 9 14 15
3ol 1 | 2 | 4 |5 8 | 10 | 15
4looonl 1 | 2 | 3 5 6 9 | 11
slaiomf 3 [ 4 | 5| 7 | 8 | 11 |13
sloLtol 1 | 4 6 | 1 | 2 [ 3] 15
Tlootnol 1 2 | 5[ 7 [ 23] 14
8 1(1,L,o,H] 3 5 10 11 12 14 15
9 1(1,0,1.00] 2 4 9 10 11 13 14
101(0,1,0,1H} 1 3 8 9 10 12 13
111(1,1,1,0)] 4 5 6 8 9 12 14
121(0,L1,DH] 1 6 7 8 10 11 14
13(LLLDH] 5 6 7 9 10 13 15
141(1.,0,1,1H| 2 7 8 9 11 12 15
slaoon] 2 | 3 6 s | 13| 14| 15

3 The construction (k + 1; n)-arcs from incomplete (k, n)-arc

We can construct (k + 1;n)-arcs from any incomplete arc with the same dgree as follows:
(i) we define the (k;n)-arc points in the table of points and planes for PG(3, q).
(ii) we delete all points which lie in n-secant from the projective space PG(3, q).
(iii) we add in each time 1 point of the remaining points to (k;n)-arc to obtain (k + 1;n)- arcs.

To illustrate this method, we take the following examples:

3.1 Construction (8;5)-arcs from incomplete (7,5)-arc in PG(3,2)

A projective space PG(3,2) over Galois field GF(2) contains 15 points and 15 planes, each
plane contain 7 points and every 2 planes intersct in three points. since a (k;n)-arc is a set of k
points there is no n + 1 of them are coplener, we can construct arc by choosing a set of k points
such that there are no n + 1 of them in the same plane for example let A = {1,2,3,4,5,6,13}
is a (7,5)-arc, now we define points of A on the table 1.

We cancel out the points which lie in 5-secant from the space which are 9, 11. now we add on
each time one point from the remaining poins to the (7;5)-arc A, we get the following incomplete
(8;5)-arc:

A, A =1{1,2,3,4,5,6,7,13}, A, ={1,2,3,4,5,6,8,13},4; = {1,2,3,4,5,6,10, 13},
Ay ={1,2,3,4,5,6,12,13}, As={1,2,3,4,5,6,13,14} A¢ = {1,2,3,4,5,6,13, 15}.

3.2 Construction of (9,5)-arcs from Incomplete (8;5)-arc in PG(3,3)

PG(3,3) consists of 40 points and 40 plane, every points is on exactly 13 planes, every two
plane intersect in to four points, so as to constract (k,n)-arc in PG(3,3) we choose any set of
space points such that lie on n-secant and there is no n + 1 of them are coplenar for example let
B =1{1,2,3,6,9,19,27,33} where B incomplete (8;5)- arc, now to construct (9;5)-arcs from B
define points of B in table 2.
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Table 2. points and planes in PG(3,3).

i Points Planes
1 (1,0,0,0) 2 5 8 9 14 17 20 23 26 29 32 35 38
2 | (0,1,00) 1 9 10 11 14 15 16 23 24 25 32 33 34
3 ] (1,1,00) 4 7 9 12 14 19 21 23 28 30 32 37 39
4 | (2,1,0,0) 3 6 9 13 14 18 22 23 20 31 32 36 40
5 1 (0,1,1,0) 1 8 12 13 14 15 16 29 30 31 35 36 37
6 | (1,1,1,0) 4 6 8 11 14 19 21 25 27 29 33 35 40
71 (21,10 3 7 8 10 14 18 22 24 28 29 34 35 39
8 | (0,2,1,0) 1 5 [ 7/ 14 15 16 26 ol 28 38 39 40
9 | (0,0,1,0) 1 2 3 4 14 15 16 17 18 19 20 21 22
10 | (1,0,1,0) ?) 7 11 13 14 17 20 25 28 31 33 36 39
11 | (2,0,1,0) 2 6 10 12 14 17 20 24 27 30 34 37 40
12 ] (1,2,1,0) 3 5 11 12 14 18 22 25 26 30 33 37 38
13 | (2,2,1.0) 4 5 10 13 14 19 21 24 26 31 34 36 38
14 | (0,0,0.1) 1 D) 3 4 5 6 7 8 9 10 11 12 13
15 | (1,0,0,1) 2 5 8 9 16 19 22 25 28 31 34 37 40
16 | (2,0,0.1) ?) 5 8 9 15 18 21 24 i 30 33 36 39
17 | (0,1,0,1) 1 9 10 11 20 21 22 29 30 31 38 39 40
18 | (1,1,0,1) 4 7 9 12 16 18 20 25 27 29 34 36 38
191 (2,1,0,1) 3 6 9 13 15 19 20 24 28 29 33 37 38
20 | (0,2,0.1) 1 9 10 11 17 18 19 26 ol 28 35 36 37
21 | (1,2,0,1) 3 6 9 13 16 17 21 25 26 30 34 35 39
22 | (2,2,0,1) 4 7 9 12 15 17 22 24 26 31 33 35 40
23 | (0,0,1,1) 1 2 3 4 32 33 34 35 36 37 38 39 40
241 (1,0,1,1) 2 7 11 13 16 19 22 24 27 30 32 35 38
251 (2,0,1,1) 2 6 10 12 15 18 21 25 28 31 32 35 38
26 | (0,1,1.1) 1 8 12 13 20 21 22 26 ol 28 32 33 34
27 | (1,1,1,1) 4 6 8 11 16 18 20 24 26 31 32 37 39
28 | (2,1,1,1) 3 7 8 10 15 19 20 25 26 30 32 36 40
290 1 (0,2,1.1) 1 5 6 7 17 18 19 29 30 31 32 33 34
30 (1,2,1,1) 3 5 11 12 16 17 21 24 28 29 32 36 40
31 | @22.1.1) 4 5 10 13 15 17 22 25 e 29 32 37 39
32 | (0,0,2.1) 1 D) 3 4 23 24 25 26 Dl 28 29 30 31
33 | (1,0,2,1) 2 6 10 12 16 19 22 23 26 29 33 36 39
34 | (2,021 ?) 7 11 13 15 18 21 23 26 29 34 37 40
351 (0,1,2.1) 1 5 6 7 20 21 22 23 24 25 35 36 37
36| (1,1,2,1) 4 5 10 13 16 18 20 23 28 30 33 35 40
371 (2,1,2.1) 3 5 11 12 15 19 20 23 e 31 34 35 39
38 | (0,2,2.1) 1 8 12 13 17 18 19 23 24 25 38 39 40
39| (1,2,21) 3 7 8 10 16 17 21 23 AT 31 33 37 38
40| (2,2,2,1) 4 6 8 11 15 17 22 23 28 30 34 36 38
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We delete all points that lie into 5-secant from the space and add in each time one point from
the remaining points of the space to the (8;5)-arc B, the resulting arcs is:

B1{1,2,3,6,9,14,19,27,33},  B»{1,2,3,6,9,16,19,27,33},B:{1,2,3,6,9,17,19,27,33},
B4{1,2,3,6,9,18,19,27,33},  Bs{1,2,3,6,9,19,21,27,33},B¢{1,2,3,6,9,19,22,27,33},
B;{1,2,3,6,9,19,23,27,33},  Bs{1,2,3,6,9,19,25,27,33},B4{1,2,3,6,9,19,26,27,33},
B10{1,2,3,6,9,19,27,30,33}, B;1{1,2,3,6,9,19,27,31,33},B1»{1,2,3,6,9,19,27, 32,33},
B13{1,2,3,6,9,19,27,33,34}, B4, =1,2,3,6,9,19,27,33,35,B5{1,2,3,6,9,19,27,33,36},
B16{1,2,3,6,9,19,27,33,39},  By;{1,2,3,6,9,19,27,33,40}.

3.3 Construction of (7,4)-arcs

From Incomplete (6,4)-arc in PG(3,4) : PG(3,4) consist of (85) points and 85 plane, every
points is on exactly 21 planes, every two plane intersect in five points, let C= {1,2,3,6,22,43}
is incomplete (6;4)-arc in PG(3,4), now to construct (7;4)-arcs from C define points of C in the
following table:

We cancel out all points that lie into 4-secant from the space and add in each time one point
from the remaining points of the space to the (6;4)-arc ?, we get (7;4)- arcs which are:

C1 =1{1,2,3,6,22,31,43}. C, ={1,2,3,6,22,32,43}.Cs = {1,2,3,6,22,33,43}.
Cy =1{1,2,3,6,22,35,43}. (s ={1,2,3,6,22,36,43}.Cs = {1,2,3,6,22,37,43}.
Gy =1{1,2,3,6,22,43,46}. (s ={1,2,3,6,22,43,48}.Cy = {1,2,3,6,22,43,49}.
Cio={1,2,3,6,22,43,50}. Cy; ={1,2,3,6,22,43,52}.C}» = {1,2,3,6,22,43,53}.
Ci3 ={1,2,3,6,22,43,62}. (14 ={1,2,3,6,22,43,63}.Cs = {1,2,3,6,22,43,65}.
Cis = {1,2,3,6,22,43,66}. Cy7=1{1,2,3,6,22,43,67}.C15 = {1,2,3,6,22,43,69}.
Cro ={1,2,3,6,22,43,78}. (s = {1,2,3,6,22,43,79}.Cy, = {1,2,3,6,22,43,80}.
Cy ={1,2,3,6,22,43,82}. (o ={1,2,3,6,22,43,83}.C4 = {1,2,3,6,22,43,84}.

3.4 Construction (8,4)-arcs from Incomplete (7;4)-arc in PG(3,5)

A projective space PG(3,5) consists of 156 points and 156 planes every plane contains 31 points
and every point is on 31 plane, any two planes from this space intersct in five points, we will
construct (8;4)-arcs from incomplete (7;4)-arc.

Let D = {1,2,7,32,63,100, 101} where D is an arc in PG(3,5), the first step define points
of D in table 4.

We delete all points that lie on 4- secant from the projective space , the remaining points of
the space are: 12, 14, 15, 16, 22, 23, 24, 26, 37, 39, 40, 41, 42, 43, 45, 46, 58, 59, 60, 61, 67,
68, 70, 71, 114, 115, 116, 127, 128, 129, 130, 133, 134, 135, 136, 152, 153, 154, 155, add one
of the remaining points in each time to incomplete (14;7)-arc D,then we get (15;7)-arc D, where
i=1,2,..,40:

Dy = {1,2,7,12,32,63,100, 101}, D, = {1,2,7,14,32,63, 100, 101},
Dy = {1,2,7,15,32,63, 100, 101}, Dy = {1,2,7,16,32,63, 100, 101},
Ds ={1,2,7,22,32,63,100, 101}, De = {1,2,7,23,32,63,100, 101},

D, = {1,2,7,24,32,63,100, 101}, Ds = {1,2,7,26,32,63,100, 101}
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Table 3. Points and planes in PG(3,2).

i P; T;

L0002 6 |10]14]18]22] 26 |30 34|38 |42 (4650|5458 |62|66|70]74]78]82
2101000116 | 78912223 |24]25]26]2728]29]30]31]32(33]34|35]36]37
31(,1,00131 6 |11]16]|21 22| 26 |30]34]139]43|47|51|56]|60|64|68|73|77]81]85
4 121000516 |13]15]20]122] 26 3034414514953 ]55]|59]|63(67]|72|75]|80] 84
51GL00 416 | 121719122 26 |30]|34]140]44 4852|5761 |65]|69|71|75]79]83
6 JOOLOFLT 23] 4| 512223 |24]25)138]39[40)41|54|55|56|57|70|71]72]73
T1AOLOE2 7| 111519122 27 |32|37)38 43|48 |53|54|59|64|69|70|75]80]85
812010 2] 9 |13)17]21]22] 29 (3136384547 |52]54|61|63|68]|70|77]|79]84
9 130,102 8 |12] 162022 28 |33|35]138 4449|151 |54|60]|65]|67|70|76]81]83
0JOLILOET 10111211322 23 |24 2542143 | 444562 |63 |64 [65]|82]|83|84]85
1AL 3] 7 | 101712022 27 |32]37)39 4249525661 |62|67]|73|76]|79]82
21CLLM5] 910116119122 29 |31 3641|4248 5155|6062 (69] 7275|8182
1I31GLLO)|4] 8 101521122 28 |3335]40|42|47 5357596268 71|77]|80]82
14 102,10 1| 1819202122 23 |24 |25]|46|47 |48 |49 66|67 |68 (69| 74|75 76|77
151,210 4] 7 | 131611822 27 |32]37|40|45]|46|51|57|60]|63(66] 7174|8184
161221003 9 [12]15]18]22] 29 [31]|36]39|44|46|53|56|59]|65(66]73|74]|80]83
171(G21L0|5] 8 [ 1111711822 28 [33 35|41 |43 |46|52]55]|61|64(66]|72|74]|79]85
IBJO3ILM LT |14 15116117122 23 |24 |25]50 515253585960 (61]78]|79]80] 81
191315 7 | 12114121122 27 [32]37 |41 |44 |47 |50|55|58 65|68 7277|7883
2001(23,1,00| 4] 9 |11]14120]22] 29 (31364043 |49|50|57 5864|067 7176|7885
21 133,00 3] 8 | 131411922 28 [33 3539|4548 5056|5863 |69 7375|7884
2210000 1021345 6] 7 (8910112131415 16]17[18]19]20]21
23 10,0,01) 2 6 | 101411823 27 [31]35]39])43|47|51|55|59]63|67|71|75]79]83
24 12,0010 2] 6 |10]14]18]25] 29 [33]37|41]45]|49|53]|57|61|65|69]|73]|77]81]8>
25 133,000 2] 6 | 101411824 28 [32]36|40 |44 |48 |52]|56|60]|64|68]72]|75]80] 84
26 10,0, L 112 3] 452627 [28]29]42]43|44]|45]58|59]|60(61|74]|75]76]77
271,01, 2] 7 |11]15]119]23] 26 (3336394249 |52]|55|58|65|68|71|74]81]84
28 12,0, 1) 2] 9 | 131721 |25] 26 (3235414248 |51 |57 |58]|64|67]|73]|74]80]83
291G,0,1,H) 2] 8 [12]16]20|24] 26 (3137|4042 |47 |53]|56|58]|63 69| 7274|7985
010020 112345 ]|34]35(36]37]50]|51]52]|53]66|67]|68|69]|82]|83]84]85
3102012 8 [12]16120]23] 29 (3234394548 |50]55|61|64(66]71|77]80]82
321202012 7 |11)15]119]25] 28 (3134|4144 |47|50]57|060]63(66]73|76]79]82
33)1GBO2D 2] 9 | 1311712124 27 (333440143 |49|50]56|59]65(66]72]75]81]82
341003012345 |30]31(32]33]46]47]48[49]62|63]|64]|65[78]79]80]81
351,031 2] 9 | 131712123 ] 28 [30]37]39]44|46|53|55|00]|62|69] 7176|7885
361203112 8 |12]16]120]25] 27 (3036|4143 |46 |52]|57|59]|62 (68| 73|75]78]84
371GB03,0 2] 7 |11]15]119]24] 29 [30]35]40]45]46|51 56|61l |62 67| 72]|77]78]83
3BJO1,0D 16| 7189|3839 (404114243 |44|45]46|47]48[49]50]51]52]53
3910,1,010 3] 6 | 111612123 27 [31]35]|38|42|46|50]57|61|65[69]72]|75]80] 84
40 12,1,001)| 516 |13]15]20]25] 29 [33]37]|38]|42|46]|50]|356|60]|64|68]|71]|75]79]83
41 1(3,1,01) 416 | 121711924 28 [32]36]38|42|46|50]55|59]|63|67|73]|77]81]85
2101, 1|10 11 12113 |26] 27 [28]29]38]39|40[41]665|67]68 69| 78798081
43 1,1, 3] 7 |10]17]120]23] 26 [33]|36]38]43|48|53]|57|60]|63|66]|72|77]78]83
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i P; o
A412LLD51 9 1101619 ]25] 26 |32]35|38 454752565965 066|71|76]78]85
451G LLD4 ) 8 |10 1521124 26 |31]|37]|38]44 4951|5501 64|06 T73|75]78]84
A 1012011411516 17134 35 |36]37|38 3940416263 64|65 747576177
471,102,101 3| 8 |13 14]19]23] 29 | 32|34 384449515759 |62]|68|72]74]79]85
483 1 (2,125 7 [ 121421 |25] 28 |31 |34|38 43|48 |53]|56]|61 6267711748184
491(3,1,210]4] 9 | 11142024 27 |33]34 |38 45|47 |52]|55]|60]62]69]|73]|74]|80]83
010,131 181192021 130] 31 |32]33|38|39]|40]41]|58|59]|60]61|82|83]84]385
SUNLL3D3) 9 | 121518123 28 |30]37 384547525758 ]64|67|72|75]81]82
S212,130]5] 8 |11 17]18]25] 27 |30]36]38]44]49|51]|56]|58]63|69|71|77]|80]382
531(3,1,30]4) 7|13 16]18 124 29 |30]35]|38)43|48|53]|55|58]|65]|68|73|76]79]82
Slo200) 116 | 789 |70 71 |72|73|74|75|76| 77787918081 |82|83]|84]85
51,2004 6 | 121719123 27 |31]35]41|45]49|53]|50|0c0]64]|68| 7074|7882
36 122003 6 |11 16]21125] 29 |33]|37]|40]44]48|52]55|59]163|67|70]|74]78]82
S7T1G200]516 | 131520124 28 |32]36]39143 47|51 ]57|61]65]|69|70]|74]78]382
812,00 181192021 |26 27 | 2829|5051 5253626306465 70|71 72173
912,014 7 113161823 26 |33]36]41 4447505661 ]62]67|70]75]80]85
60 | (22,03 @ | 12151825 26 |32]35]40143 495055606269 |70]|77]|79]84
61 |(B2,L 05 8 | 11|17 1824 26 |31]|37]|39]45]48 5057591626870 76]81]83
62 (02210111011 12]13|34] 35 | 3637464748 |49|58359 6061|7071 |72]73
63 101,220 4] 8 |10 152112329 |32]34|41[43]|46]52]|56]|58]63]|69|70]|76]81]83
641222013 7 |10 17]20]25] 28 |31]|34|40]|45]46]|51]|55]|58]65]|68|70]|75]80]85
65132205 9 |10]16]19]24] 27 |33]34]|39]44 4653|5758 64|67 |70|77]|79]84
66 | (02301141516 17]30] 31 |32]33|42|43|44|45]|66|67]|68 |69 | 707172173
67 11,23, 1014 9 | 11142023 28 |30]37]|41|42]48|51]|56|59]65]|66|70|77]|79]834
68 (223,03 8 |13]14]19]25] 27 |30]36|40]42]47]|53]|55]|61]64|66]|70]|76]81]83
69 |(3.23. 05 7 1121421124 29 |130]35]|39]42]49]52]|57]|60]63]|66|70]|75]80]85
7010300116 7|89 |54] 55 |56]57]|58]59]|60]|61]|62|63]64]|065]|66]|67]|68]69
7300516 | 131520123 27 |31]35]|40]44 4852545862066 73]|77]|81]85
72123001416 |12]17]19]125] 29 |33]|37]|39143 47|51 ]|54|58]62]|66|72]|76]80]384
73130036 |11 ]16]21 124 28 |32]36]41 454953 ]|54|58]62]66|71]|75]79]83
T4103LD 114115161726 28 |29]45]|46 47|48 149545515657 8283|8485
TSI L1 5| 7 [12]14]21]123)] 26 [33|36]4045]146|51]54]59|64]|69|73]76]79]382
7o 123,104 9 |11 14]20]25] 26 [32|35]39|44 46|53 ]|54]|61|63]|68]|72]75]81]82
T71G3LD3| 8 [13]14]19]24] 26 |31 3741 |43 |46|52]|54]|60|65]|67]|71]77]80]82
7810032101 1|18 192021 |34] 35 | 3637|4243 |44|45]54|55]56]|57]|78]79]80]381
791,320 5] 8 | 11171823 29 |32]34]40]42]47|53]|54|060]65]|67|73|75]|78]34
8012320 4| 7 |13|1o)18 25| 28 [31|34]|39|42|49([52])54|59]|04|69]|72|77]78]83
81 132D 3| 9 |12|15)18 24| 27 [33]|34|41 42|48 |51 |54 6163|6871 |76]78]85
82103301011 12)13]30] 31 [32|33]50|51|52(53])54|55]|56(57|74|75)76]|77
831(1,33D 5 9 |10f16)19]23| 28 [30|37]|40)43|40[50])54 61|63 |68]73|74]80]83
84123304 8 |10 15021 ]25] 27 [30]|36|39|45[48[50])54|60]|o65|67|72|74]79]85
B3 133D 3| 7 |10 17)20]24] 29 [30|35]41|44|47[50])54[59]|04|69]|71|74]|81]84
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Amal Abdulaziz Younis and Nada Yassen Kasm Yahya

Table 4. Points and planes in PG(3,5).

i Pi Tl
7 12 17 22 27 32 37 42 47 52
1 1(1,0,0,0) 57 62 67 72 77 82 87 92 97 102
107 112 117 122 127 132 137 142 147 152
7 8 9 10 11 32 33 34 35 306
2 {(0,1,0,0) 57 58 59 60 61 82 83 84 85 86
107 108 109 110 111 132 133 134 135 136
7 16 20 24 28 B2 41 45 49 53
3 [(1,1,0,0) 57 606 70 74 78 82 91 95 29 103
107 116 120 124 128 132 141 145 149 153
7 14 21 23 30 32 39 46 48 55
4 1(2,1,0,0) 57 64 71 73 80 82 89 96 98 105
107 114 121 123 130 132 139 146 148 155
7 15 18 26 29 32 40 43 51 54
5 1(3,1,0,0) 57 65 68 76 79 82 90 93 101 104
107 115 118 126 129 132 140 143 151 154
7 13 19 25 31 B2 38 44 50 56
6 | (4,1,0,0 587 63 69 75 81 82 88 94 100 106
107 113 119 125 131 132 138 144 150 156
2 3 4 5 6 32 33 34 35 36
7 {(0,0,1,0) 37 38 39 40 41 42 43 44 45 46
47 48 49 50 31 52 53 54 55 56
11 16 21 26 31 32 37 42 47 52
8 |(1,0,1,0) 61 606 71 76 81 85 90 95 100 105
109 114 119 124 129 133 138 143 148 153
9 14 19 24 29 32 37 42 47 52
9 |(2,0,1,0) 59 64 69 74 79 8o 91 9% 101 106
108 113 118 123 128 135 140 145 150 155
10 15 20 25 30 32 37 42 47 52
10 | (3,0,1,0) 60 65 70 75 80 83 88 93 98 103
111 116 121 126 131 134 139 144 149 154
8 13 18 23 28 32 37 42 47 52
11 | (4,0,1,0) 58 63 68 73 78 84 89 94 29 104
110 115 120 125 130 136 141 146 151 156
27 28 29 30 31 32 33 34 35 36
12 | (0,1,1,0) 77 78 79 80 81 97 98 99 100 101
117 118 119 120 121 137 138 139 140 141
11 15 19 23 27 B3 41 45 49  s3
13 | (1,1,1,0) 61 65 69 73 77 85 89 93 97 106
109 113 117 126 130 133 137 146 150 154
9 16 18 25 27 32 39 46 48 55
14 | (2,1,1,0) 59 66 68 75 77 86 88 95 97 104
108 115 117 124 131 135 137 144 151 153
15 | (3,1,1,0) 10 13 21 24 27 32 40 43 51 54




The construction (k + 1; n)-arcs
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i Pi i
60 63 71 74 77 83 91 94 o7 105
111 114 117 125 128 134 137 145 148 156
8 14 20 26 27 32 38 44 50 56
16 | (4,1,1,0) 58 64 70 76 77 84 20 % o7 103
110 116 117 123 129 136 137 143 149 155
17 18 19 20 21 32 33 34 35 36
17 1 (0,2,1,0) 67 68 69 70 71 102 103 104 105 106
112 113 114 115 116 147 148 149 150 151
11 14 17 25 28 32 40 43 51 54
18 | (1,2,1,0) 61 04 o7 735 78 85 88 96 99 102
109 112 120 123 131 133 141 144 147 155
9 13 17 26 30 32 41 45 49 53
19 | (2,2,1,0) 59 63 67 76 80 86 90 94 98 102
108 112 121 125 129 135 139 143 147 156
10 16 17 23 29 32 38 44 50 56
20 | (3.2,1,0) 60 66 67 73 79 83 89 95 101 102
111 112 118 124 130 134 140 146 147 153
8 15 17 24 31 32 39 46 48 55
21 | (4,2,1,0) 58 65 67 74 81 84 91 93 100 102
110 112 119 126 128 136 138 145 147 154
79 23 24 25 26 B3 33 34 35 36
22 1 (0,3,1,0) 72 73 74 75 76 87 88 89 0 91
127 128 129 130 131 142 143 144 145 146
11 13 20 22 29 32 39 46 48 55
23 1 (1.,3,1,0) 61 63 70 72 79 85 87 94 101 103
109 116 118 125 127 133 140 142 149 156
9 15 21 22 28 32 38 44 50 56
24 | (2,3,1,0) 59 65 71 72 78 8o 87 93 99 1035
108 114 120 126 127 135 141 142 148 154
10 14 18 22 31 B2 4 45 49 53
25 | (3,3,1,0) 60 64 68 72 8 8 8 o9 {00 104
11 115 119 123 127 134 138 142 151 155
8 16 19 22 30 32 40 43 51 54
26 | (4,3,1,0) 58 060 69 72 80 84 87 95 98 106
110 113 121 124 127 136 139 142 150 153
12 13 14 15 16 32 33 34 35 36
27 1(0,4,1,0) 62 63 64 65 66 92 93 94 95 96
122 123 124 125 126 152 153 154 155 156
11 12 18 24 30 32 38 44 50 56
28 | (1,4,1,0) 61 62 68 74 80 85 91 RN 98 104
109 115 121 122 128 133 139 145 151 152
9 12 20 23 31 32 40 43 51 54
29 | (2.4,1,0) 59 62 70 73 81 86 89 92 100 103
108 116 119 122 130 135 138 146 149 152
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i Pi il
10 12 19 26 28 32 39 46 48 55
30 | (3,4,1.0) 60 62 69 76 78 83 90 92 99 106
111 113 120 122 129 134 141 143 150 152
8 12 21 25 29 32 41 45 49 53
31 | (4,4,1,0) 58 62 71 75 79 84 88 92 101 105
110 114 118 122 131 136 140 144 148 152
2 3 4 5 6 7 8 9 10 11
321 (0,0,0,1) 12 13 14 15 16 17 18 19 20 21
22 23 24 25 26 27 28 29 30 31
7 12 17 22 27 36 41 46 51 56
33 [ (1,0,0.1) 61 66 71 76 81 86 91 96 101 106
111 116 121 126 131 136 141 146 151 156
7 12 17 22 27 34 39 44 49 54
34 1(2,0,0,1) 59 64 69 74 79 84 89 o4 99 104
109 114 119 124 129 134 139 144 149 154
7 12 17 22 27 35 40 45 50 55
35 1 (3.0,0,1) 60 65 70 75 80 85 90 95 100 105
110 115 120 125 130 135 140 145 150 155
7 12 17 22 27 33 38 43 48 53
36 | (4,0,0,1) 58 63 68 73 78 83 88 93 98 103
108 113 118 123 128 133 138 143 148 153
7 8 9 10 11 52 53 54 55 56
37 |1 (0,1,0,1) 77 78 79 80 81 102 103 104 105 106
127 128 129 130 131 152 153 154 155 156
7 16 20 24 28 36 40 44 48 52
38 | (1,1,0,1) 61 65 60 73 77T 8 9 94 98 102
11 115 119 123 127 136 140 144 148 152
7 14 21 23 30 34 41 43 30 52
39 [(2,1,0.1) 59 66 68 75 77 34 91 93 100 102
109 116 118 125 127 134 141 143 150 152
7 15 18 26 29 35 38 46 49 52
40 | (3,1,0,1) 60 63 71 74 77 85 88 96 99 102
110 113 121 124 127 135 138 146 149 152
i 13 19 25 31 33 39 45 51 52
41 | (4,1,0,1) 58 64 70 76 77 83 89 95 101 102
108 114 120 126 127 133 139 145 151 152
7 8 9 10 11 42 43 44 45 46
42 1(0,2,0,1) 67 68 69 70 71 R 93 o4 95 96
117 118 119 120 121 142 143 144 145 146
7 15 18 26 29 36 39 42 50 53
43 | (1,2,0,1) 61 64 67 75 78 86 89 159/ 100 103
111 114 117 125 128 136 139 142 150 153
i 16 20 24 28 34 38 42 51 55
M @201 59 63 67 76 80 84 88 92 101 105




The construction (k + 1; n)-arcs
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i P,: bi24
109 113 117 126 130 134 138 142 151 155
3 7 13 19 25 31 35 41 42 48 54
45 | (3,2,0,1) 60 66 67 73 79 85 91 92 98 104
110 116 117 123 129 135 141 142 148 154
4 7 14 21 23 30 33 40 42 49 56
46 | (4,2,0,1) 58 65 67 74 81 83 90 2 99 106
108 115 117 124 131 133 140 142 149 156
1 7 8 9 10 11 47 48 49 50 51
47 | (0,3,0,1) 72 73 74 75 76 97 98 99 100 101
122 123 124 125 126 147 148 149 150 151
4 7 14 21 23 30 36 38 45 47 54
48 | (1,3,0,1) 61 63 70 72 79 86 88 95 7 104
111 113 120 122 129 136 138 145 147 154
3 7 13 19 25 31 34 40 46 47 53
49 | (2,3,0,1) 59 65 71 72 78 84 90 96 o7 103
109 115 121 122 128 134 140 146 147 153
0 7 16 20 24 28 35 39 43 47 56
50 | (3,3,0.1) 60 04 68 72 81 85 89 93 97 106
110 114 118 122 131 135 139 143 147 156
5 7 15 18 26 29 33 41 44 47 55
51 | (4,3,0,1) 58 66 69 72 80 83 91 o4 o7 105
108 116 119 122 130 133 141 144 147 155
1 7 8 9 10 11 37 38 39 40 41
52 1 (0.4,0,1) 62 63 64 65 66 87 88 89 90 91
112 113 114 115 116 137 138 139 140 141
3 7 13 19 25 31 36 37 43 49 55
53 1 (L4,0.1) 61 62 68 74 80 86 87 93 99 105
111 112 118 124 130 136 137 143 149 155
5 7 15 18 26 29 34 37 45 48 56
54 1 (2.4,0,1) 59 62 70 73 81 84 87 95 98 106
109 112 120 123 131 134 137 145 148 156
4 7 14 21 23 30 35 37 44 51 53
55 | (3.4,0,1) 60 62 69 76 78 85 87 94 101 103
110 112 119 126 128 135 137 144 151 153
6 7 16 20 24 28 33 37 46 50 54
56 | (4,4,0,1) 58 62 71 75 79 83 87 96 100 104
108 112 121 125 129 133 137 146 150 154
1 2 3 4 5 6 132 133 134 135 136
57 | (0,0,1,1) 137 138 139 140 141 142 143 144 145 146
147 148 149 150 151 152 153 154 155 156
2 11 16 21 26 31 36 41 46 51 56
58 | (L,0,1.1) 60 65 70 75 80 84 89 94 99 104
108 113 118 123 128 132 137 142 147 152
59 1 (2,0,1,1) |2 9 14 19 24 29 34 39 44 49 54
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i Pi i
61 66 71 76 81 83 88 93 o8 103
110 115 120 125 130 132 137 142 147 152
10 15 20 25 30 35 40 45 50 55
60 | (3.0,1,1) 58 63 68 73 78 86 91 96 101 106
109 114 119 124 129 132 137 142 147 152
8 13 18 23 28 33 38 43 48 53
61 | (4.0.1,1) 59 64 69 74 79 85 90 95 100 105
111 116 121 126 131 132 137 142 147 152
27 28 29 30 31 52 53 54 55 56
62 | (0,1,1,1) 72 73 74 75 76 R 93 o4 95 96
112 113 114 115 116 132 133 134 135 136
11 15 19 23 27 36 40 44 48 52
63 | (1,1,1,1) 60 64 68 72 81 84 88 2 101 105
108 112 121 125 129 132 141 145 149 153
9 16 18 25 27 34 41 43 50 52
64 | (2,1.1,1) 61 63 70 72 79 83 90 92 99 106
110 112 119 126 128 132 139 146 148 155
10 13 21 24 27 35 38 46 49 52
65 | (3,1,1,1) 58 66 69 72 80 86 89 2 100 103
109 112 120 123 131 132 140 143 151 154
8 14 20 26 27 33 39 435 51 52
66 | (4,1,1,1) 59 65 71 72 T8 85 91 92 o8 104
111 112 118 124 130 132 138 144 150 156
17 18 19 20 21 42 43 44 45 46
67 | (0,2,1,1) 77 78 79 80 81 87 88 89 90 91
122 123 124 125 126 132 133 134 135 136
11 14 17 25 28 36 39 42 50 53
68 | (1,2,1,1) 60 63 71 74 77 84 87 95 o8 106
108 116 119 122 130 132 140 143 151 154
9 13 17 26 30 34 38 42 51 55
69 | (2.2,1,1) 61 65 69 73 77 83 87 96 100 104
110 114 118 122 131 132 141 145 149 133
10 16 17 23 29 35 41 42 48 54
70 | (3,2,1,1) 58 64 70 76 77 86 87 33 99 105
109 115 121 122 128 132 138 144 150 156
8 15 17 24 31 33 40 42 49 56
71| (4,2,1,1) 59 66 68 75 77 85 87 o4 101 103
111 113 120 122 129 132 139 146 148 155
22 23 24 25 26 47 48 49 50 51
72 1(0,3,1,1) 62 63 04 635 66 102 103 104 105 106
117 118 119 120 121 132 133 134 135 136
11 13 20 22 29 36 38 45 47 54
73 [ (L3.,11) 60 02 69 76 78 84 %1 93 100 102
108 115 117 124 131 132 139 146 148 155




The construction (k + 1; n)-arcs
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i Pi i
9 15 21 22 28 34 40 46 47 53
741 (2,3,1,1) 61 62 68 74 80 83 89 95 101 102
110 116 117 123 129 132 138 144 150 156
10 14 18 22 31 35 39 43 47 56
75 | (3,3,1,1) 58 62 71 75 79 86 90 o4 o8 102
109 113 117 126 130 132 141 145 149 153
8 16 19 22 30 33 41 44 47 55
76 | (4.3.1,1) 59 62 70 73 81 85 88 96 99 102
111 114 117 125 128 132 140 143 151 154
12 13 14 15 16 37 38 39 40 41
77| (0,4,1,1) 67 68 69 70 71 o7 o8 99 100 101
127 128 129 130 131 132 133 134 135 136
11 12 18 24 30 36 37 43 49 55
60 66 67 73 79 84 90 96 o7
78| (LALD 103 108 114 120 126 127 132 138 144 150
156
9 12 20 23 31 34 37 45 48 56
79| (2.4,1,1) 61 64 67 75 78 83 91 94 97 105
110 113 121 124 127 132 140 143 151 154
10 12 19 26 28 35 37 44 51 53
80 | (3.4,1,1) 58 65 67 74 81 86 88 a5 o7 104
109 116 118 125 127 132 139 146 148 155
8 12 21 25 29 33 37 46 50 54
81 | (4.4,1,1) 59 63 67 76 80 85 89 33 o7 106
111 115 119 123 127 132 141 145 149 153
2 3 4 5 6 82 83 84 85 86
82 1(0,0,2.1) 87 88 89 90 91 92 93 94 95 96
97 98 99 100 101 102 103 104 105 106
10 15 20 25 30 36 41 46 51 56
83 | (1,0,2,1) 59 64 69 74 79 82 87 2 o7 102
110 115 120 125 130 133 138 143 148 153
11 16 21 26 31 34 39 44 49 54
84 | (2,0,2,1) 58 63 68 73 78 82 87 2 o7 102
111 116 121 126 131 135 140 145 150 155
8 13 18 23 28 35 40 45 50 55
851 (3,0,2.1) 61 66 71 76 81 82 87 92 97 102
108 113 118 123 128 134 139 144 149 154
9 14 19 24 29 33 38 43 48 53
86 | (4,0,2.1) 60 65 70 75 80 82 87 92 97 102
109 114 119 124 129 136 141 146 151 156
22 23 24 25 26 52 53 54 55 56
87 | (0.1,2,1) 67 68 69 70 71 82 83 84 85 86
122 123 124 125 126 137 138 139 140 141
88 | (LL21) 10 14 18 22 31 36 40 44 48 52
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i Pi i

59 63 67 76 80 82 91 95 99 103
110 114 118 122 131 133 137 146 150 154

11 13 20 22 29 34 41 43 50 52

89 | (2,1,2,1) 58 65 67 74 81 82 89 96 o8 105
111 113 120 122 129 135 137 144 151 153

8 6 19 22 30 35 38 46 49 52
90 | (3,1.2,1) 61 64 67 75 18 8 90 93 {01 104
108 116 119 122 130 134 137 145 148 156

9 15 21 22 28 33 39 45 51 52
91 | (4.1.2.1) 60 66 67 73 79 82 88 94 100 106
109 115 121 122 128 136 137 143 149 155

27 28 29 30 31 42 43 44 45 46

92 [(0,2.2,1) 62 63 04 635 66 82 83 84 85 86
127 128 129 130 131 147 148 149 150 151

10 13 21 24 27 36 39 42 50 53
93 | (1.2,2,1) 59 62 70 73 81 82 90 93 101 104
110 113 121 124 127 133 141 144 147 155

11 15 19 23 27 34 38 42 51 55

94 | (2,2.2.1) 58 62 71 735 79 82 91 93 99 103
111 115 119 123 127 135 139 143 147 156

8 14 20 26 27 35 41 42 48 54
95 | (3,2,2,1) 61 62 68 74 80 82 88 o4 100 106
108 114 120 126 127 134 140 146 147 153

9 16 18 25 27 33 40 42 49 56

9% | (4.2,2.1) 60 62 69 76 78 82 89 96 98 105
109 116 118 125 127 136 138 145 147 154

12 13 14 15 16 47 48 49 50 51

97 [(0,3.2.1) 77 78 79 80 81 82 83 84 85 86
112 113 114 115 116 142 143 144 145 146

10 12 19 26 28 36 38 45 47 54

98 | (1,3,2,1) 59 66 68 75 77 82 89 96 98 105
110 112 119 126 128 133 140 142 149 156

11 12 18 24 30 34 40 46 47 53
99 [ (2,3.2.1) 58 64 70 76 77 82 88 94 100 106
111 112 118 124 130 135 141 142 148 154

8 12 21 25 29 35 39 43 47 56

100| (3,3,2.1) 61 635 69 73 77 82 91 93 99 103
108 112 121 125 129 134 138 142 151 155

9 12 20 23 31 33 41 44 47 55
101 (4.3,2,1) 60 63 71 74 77 82 90 93 101 104
109 112 120 123 131 136 139 142 150 153

17 18 19 20 21 37 38 39 40 41

1021 (0.4,2,1) 72 73 74 75 76 82 83 84 85 86
117 118 119 120 121 152 153 154 155 156




The construction (k + 1; n)-arcs

121

i Pi 7Tl
10 16 17 23 29 36 37 43 49 55
103 (1.4,2,1) 59 65 71 72 78 82 88 94 100 106
110 116 117 123 129 133 139 145 151 152
11 14 17 25 28 34 37 45 48 56
104 (2,4,2,1) 58 66 69 72 80 82 0 93 101 104
111 114 117 125 128 135 138 146 149 152
8 15 17 24 31 35 37 44 51 33
105| (3,4,2,1) 61 63 70 72 79 82 89 96 98 105
108 115 117 124 131 134 141 143 150 152
9 13 17 26 30 33 37 46 50 54
106 (4,4,2,1) 60 64 68 72 81 82 91 95 99 103
109 113 117 126 130 136 140 144 148 152
8 14 20 26 27 34 40 46 47 53
1241 (2,3,3,1) 60 66 67 73 79 86 87 93 99 105
107 113 119 125 131 133 139 145 151 152
11 15 19 23 27 35 39 43 47 56
125 (3,3,3,1) 59 63 o7 76 80 83 87 96 100 104
107 116 120 124 128 136 140 144 148 152
10 13 21 24 27 33 41 44 47 55
126 | (4,3,3,1) 61 64 67 75 78 84 87 95 98 106
107 115 118 126 129 135 138 146 149 152
22 23 24 25 26 37 38 39 40 41
127] (0,4,3,1) 77 78 79 80 81 RN 93 94 95 9%
107 108 109 110 111 147 148 149 150 151
9 15 21 22 28 36 37 43 49 35
128 (1,4,3,1) 58 64 70 76 77 85 91 92 98 104
107 113 119 125 131 134 140 146 147 153
8 16 19 22 30 34 37 45 48 56
129 (2,4,3,1) 60 63 71 74 77 86 89 xRN 100 103
107 115 118 126 129 133 141 144 147 155
11 13 20 22 29 35 37 44 51 53
1301 (3,4,3,1) 59 66 68 75 77 83 90 92 99 106
107 114 121 123 130 136 138 145 147 154
10 14 18 22 31 33 37 46 50 54
131| (4,4,3,1) 61 65 69 73 77 84 88 92 101 1035
107 116 120 124 128 135 139 143 147 156
2 3 4 5 6 57 58 59 60 6l
1321 (0,0,4,1) 62 63 64 65 66 67 68 69 70 71
72 73 74 75 76 77 78 79 80 81
8 13 18 23 28 36 41 46 51 56
133 (1,0,4.1) 57 62 67 72 77 83 88 93 98 103
109 114 119 124 129 135 140 145 150 155
10 15 20 25 30 34 39 44 49 54
1341 G040 57 62 67 72 77 85 90 95 100 105
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i P,: i
108 113 118 123 128 136 141 146 151 156
2 9 14 19 24 29 35 40 45 50 55
135 (3,0,4.1) 57 62 67 2 77 84 89 94 99 104
111 116 121 126 131 133 138 143 148 153
2 11 16 21 26 31 33 38 43 48 53
1361 (4.0,4,1) 57 62 67 72 77 86 91 96 101 106
110 115 120 125 130 134 139 144 149 154
1 12 13 14 15 16 52 33 54 55 56
137] (0,1,4,1) 57 58 59 60 61 87 88 89 90 91
117 118 119 120 121 147 148 149 150 151
6 8 12 21 25 29 36 40 44 48 52
138| (1,1,4,1) 57 66 70 74 T8 83 87 96 100 104
109 113 117 126 130 135 139 143 147 156
4 10 12 19 26 28 34 41 43 50 52
139] (2,1,4,1) 57 64 71 73 80 85 87 o4 101 103
108 115 117 124 131 136 138 145 147 154
5 9 12 20 23 31 35 38 46 49 52
140| (3,1,4.1) 57 65 68 76 79 84 87 935 98 106
111 114 117 125 128 133 141 144 147 155
3 11 12 18 24 30 33 39 45 51 52
1411 (4,1,4,1) 57 63 69 75 81 86 87 93 29 105
110 116 117 123 129 134 140 146 147 153
1 22 23 24 25 26 42 43 44 45 46
1421 (0.2,4,1) 57 58 59 60 61 97 98 99 100 101
112 113 114 115 116 152 153
154 153 156
5 8 16 19 22 30 36 39 42 50 33
143 (1.2,4,1) 57 65 68 76 79 83 91 94 97 105
109 112 120 123 131 135 138 146 149 152
6 10 14 18 22 31 34 38 42 51 55
144| (2,2.4.1) 57 66 70 74 78 85 89 93 97 106
108 112 121 125 129 136 140 144 148 152
3 9 15 21 22 28 35 41 42 48 54
1451 (3,2,4,1) 57 63 69 75 81 84 90 96 o7 103
111 112 118 124 130 133 139 145 151 152
4 11 13 20 22 29 33 40 42 49 56
146 (4.2,4,1) 57 64 71 73 80 86 88 95 97 104
110 112 119 126 128 134 141 143 150 152
1 17 18 19 20 21 47 48 49 50 51
1471 (0,3,4,1) 57 58 59 60 61 R 93 o4 a5 96
127 128 129 130 131 137 138 139 140 141
4 8 15 17 24 31 36 38 45 47 54
1481 (1,3,4,1) 57 64 71 73 80 83 90 199/ 99 106
109 116 118 125 127 135 137 144 151 153




The construction (k + 1; n)-arcs
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i Pi 7Tl
10 16 17 23 29 34 40 46 47 53
1491 (2,3.4,1) 57 63 69 75 81 85 91 RN 98 104
108 114 120 126 127 136 137 143 149 155
9 13 17 26 30 35 39 43 47 56
1501 (3,3,4,1) 57 66 70 74 78 84 88 RN 101 105
111 115 119 123 127 133 137 146 150 154
11 14 17 25 28 33 41 44 47 55
151 (4,3,4,1) 57 65 68 76 79 86 89 9 100 103
110 113 121 124 127 134 137 145 148 156
27 28 29 30 31 37 38 39 40 41
1521 (0,4,4,1) 57 58 59 60 61 102 103 104 105 106
122 123 124 125 126 142 143 144 145 146
8 14 20 26 27 36 37 43 49 55
153] (1,4,4.1) 57 63 69 75 81 83 89 95 101 102
109 115 121 122 128 135 141 142 148 154
10 13 21 24 27 34 37 45 48 56
154| (2,4,4,1) 57 65 68 76 79 85 88 96 99 102
108 116 119 122 130 136 139 142 150 153
9 16 18 25 27 35 37 44 51 53
155 (3.4.4.1) 57 64 71 73 80 84 91 93 100 102
111 113 120 122 129 133 140 142 149 156
11 15 19 23 27 33 37 46 50 54
156 (4,4,4,1) 57 66 70 74 78 86 0 94 98 102
110 114 118 122 131 134 138 142 151 155
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Do = {1,2,7,32,37,63,100, 101},
Dy = {1,2,7,32,40,63, 100, 101},
D3 = {1,2,7,32,42,63, 100, 101},
Dis = {1,2,7,32,45,63,100, 101},
Dy7 = {1,2,7,32,58,63, 100, 101},
Do = {1,2,7,32,60,63, 100, 101},
Dy = {1,2,7,32,63,67, 100, 101},
Dys ={1,2,7,32,63,70, 100, 101},
Dss = {1,2,7,32,63,100, 101, 112},
Dy = {1,2,7,32,63,100, 101, 115},
Do = {1,2,7,32,63,100, 101, 127},
D31 = {1,2,7,32,63,100, 101, 129},
Dy = {1,2,7,32,63,100, 101, 133},
Dss = {1,2,7,32,63,100, 101, 135},
Dy = {1,2,7,32,63,100, 101, 152},
Do = {1,2,7,32,63,100, 101, 154},

Do = {1,2,7,32,39,63, 100, 101},
Dy, = {1,2,7,32,41,63, 100, 101},
Dy = {1,2,7,32,43,63, 100, 101},
Die = {1,2,7,32,46,63,100, 101},
Dig = {1,2,7,32,59,63,100, 101},
Do = {1,2,7,32,61,63,100, 101},
Dy, = {1,2,7,32,63,68, 100, 101},
Dy = {1,2,7,32,63,71, 100, 101},
Dse = {1,2,7,32,63,100, 101, 114},
Dys = {1,2,7,32,63,100, 101, 116},
Dy = {1,2,7,32,63,100, 101, 128},
Dy, = {1,2,7,32,63,100, 101, 130},
Dy = {1,2,7,32,63,100, 101, 134},
Ds = {1,2,7,32,63,100, 101, 136},
Dsg = {1,2,7,32,63,100, 101, 153},
Do = {1,2,7,32,63,100, 101, 155}.

4 The Construction (K + 2, n)-arcs from (K, n)-arc in PG(3, q)

There are two methods to construction (k + 2; n)-arcs, which are explained below:

4.1 The First Method
construction of (k + 2;n)-arcs directly from incomplete (k; n)-arc as following:

(i) we denote the set of arc points in the table of points and planes for PG(3, q). 2- we delete
all points which lie in n-secant from the projective space PG(3, q).

(ii) we add two points from the remaining points to (k; n)-arc to obtain (k+2;n)- arcs provided
that the two points do not lie on a plane that contain (n — 1)-secant.

A Construction of (9;5)-arcs from (7;5)-arc in PG (3, 2)

Let A = {1,2,3,4,5,6,13} is a (7;5)-arc in PG(3,2),we can construct (9;5)-arcs as follow:
(i) we designate the arc points A in table 3.
(i) we delete the points that lie on 5-secant, the remaining points are: 7, 8, 10, 12, 14, 15.

(iii) we add two from the remaining points to the arc A (provided that the two points do not lie
on a plane of type 4-secant), we obtain (9;5)-arcs

Ay ={1,2,3,4,5,6,7,13,15}, A, = {1,2,3,4,5,6,8,12,13}, A3 = {1,2,3,4,5,6, 10, 13, 14}.

A Construction of (8;4)-arcs from (6;4)-arc in PG (3, 4)

Let A= {1,2,3,6,22,43} is a (6;4)-arc in PG(3,4), to construction (8;4)-arc A; we follow the
following steps:
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(i) determine the points of arc A on the table 3.
(i1) eliminate the points that lie on 4-secant.

(iii) adding two of the remaining space points to the arc A, provided that one of the points does
not lie on 3-secant. we get the following (8;4)-arcs:

={1,2,3,6,22,31,43,50} 2-A=1{1,2,3,6,22,31,43,52}
3-A=1{1,2,3,6,22,31,43,53} 4—A={1,2,3,62231,43,66}
5—A={1,2,3,6,22,31,43,69} 6—A={1,2,3,6,22,31,43,82}
7-A={1,2,3,6,22,31,43,84} 8 — A=1{1,2,3,6,22,32,43,50}
9-A= {1,2,376722,32743,52} ={1,2,3,6,22,32,43,66}
11— A=1{1,2,3,6,22732,43,67} ={1,2,3,6,22,32,43,82}
13— A =1{1,2,3,6,22,32,43,83} ={1,2,3,6,22,32,43,84}
15— A ={1,2,3,6,22,33,43,50} —A=1{1,2,3,6,22,33,43,52}
17— A ={1,2,3,6,22,33,43,53} ={1,2,3,6,22,33,43,66}
19— A ={1,2,3,6,22,33,43,67} ={1,2,3,6,22,33,43,69}

={1,2,3,6,22,33,43,82} ={1,2,3,6,22,33,43,83}
23— A={1,2,3,6,22,33,43,84} ={1,2,3,6,22,35,43,46}
25— A ={1,2,3,6,22,35,43,48} ={1,2,3,6,22,35,43,49}

={1,2,3,6,22,35,43,62} ={1,2,3,6,22,35,43,65}
29 — A ={1,2,3,6,22,35,43,78} ={1,2,3,6,22,35,43,80}
31— A={1,2,3,6,22,36,43,46} ={1,2,3,6,22,36,43,48}
33— A={1,2,3,6,22,36,43,49} ={1,2,3,6,22,36,43,62}
35— A={1,2,3,6,22,36,43,63} ={1,2,3,6,22,36,43,65}
37— A={1,2,3,6,22,36,43,78} —A=1{1,2,3,6,22,36,43,79}
39— A ={1,2,3,6,22,36,43,80} ={1,2,3,6,22,37,43,81}

={1,2,3,6,22,37,43,46} ={1,2,3,6,22,37,43,49}
43 — A ={1,2,3,6,22,37,43,62} ={1,2,3,6,22,37,43,63}
45— A ={1,2,3,6,22,37,43,65} ={1,2,3,6,22,37,43,78}

={1,2,3,6,22,37,43,79} ={1,2,3,6,22,46,43,67}
49 — A = {1,2,3,6,22,46,43,69} 50 — A = {1,2,3,6,22,46,43,83}
51— A={1,2,3,6,22,46,43,84} 52— A={1,2,3,6,22,48,43,66}
53— A={1,2,3,6,22,48,43,67} 54— A={1,2,3,6,22,48,43,82}

55— A=1{1,2,3,6,22,48,43,83} 56— A=1{1,2,3,6,22,48,43,84}
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={1,2,3,6,22,49,43,66} 58 — A =1{1,2,3,6,22,49,43,67}
={1,2,3,6,22,49,43,69} 60 — A ={1,2,3,6,22,49,43,82}
={1,2,3,6,22,49,43,84} 62 — A =1{1,2,3,6,22,50,43,63}
={1,2,3,6,22,50,43,65} 64 — A ={1,2,3,6,22,50,43,79}
={1,2,3,6,22,50,43,80} —A=1{1,2,3,6,22,52,43,62}
={1,2,3,6,22,52,43,63} — A=1{1,2,3,6,22,52,43,80}
={1,2,3,6,22,52,43,65} ={1,2,3,6,22,52,43,78}
—A=1{1,2,3,6,22,52,43,79} — A=1{1,2,3,6,22,52,43,80}

- A=1{1,2,3,6,22,53,43,62} — A=1{1,2,3,6,22,53,43,63}
={1,2,3,6,22,53,43,65} — A=1{1,2,3,6,22,53,43,78}
={1,2,3,6,22,53,43,79} 77— A=1{1,2,3,6,22,62,43,67}
={1,2,3,6,22,63,43,66} 79 — A ={1,2,3,6,22,63,43,69}
={1,2,3,6,22,65,43,66} 81 — A =1{1,2,3,6,22,65,43,67}
={1,2,3,6,22,65,43,69} 83— A =1{1,2,3,6,22,66,43,79}
={1,2,3,6,22,66,43,80} 85— A ={1,2,3,6,22,67,43,78}
={1,2,3,6,22,67,43,80} — A=1{1,2,3,6,22,69,43,78}
={1,2,3,6,22,69,43,79} — A=1{1,2,3,6,22,65,43,69}
={1,2,3,6,22,78,43,83} 90 — A ={1,2,3,6,22,78,43,84}

91 — A =1{1,2,3,6,22,79,43,82} 92 — A ={1,2,3,6,22,79,43,84}
93 — A ={1,2,3,6,22,80,43,82} 94 — A ={1,2,3,6,22,80,43,83}

95— A =1{1,2,3,6,22,80,43,84}.

4.2 The Second Method

The second method of construction (k + 2;n)-arcs involves two steps:

(i) construct (k + 1;n)-arcs from (k;n)-arc as in 4.1.

(ii) construct (k + 2;n)-arcs from incomplete (k + 1; n)-arcs, the following example illustrates
the construction method.

Construction (10;5)-arcs from (8;5)-arc in PG (3, 3)

Let B = {1,2,3,6,9,19,27,33}. The first step we find (9;5)-arc as in 3.2, we get 17 different
arcs of type (9,5)-arc, we take (9;5)-arc B, and try to determine the points of B, in table 2 and
delete whole points lie on 5- secant from points of PG(3, 3), the last step involves adding 1 point
each time from the remaining points to the arc B, we get 4 different (9;5)-arcs B; which are:
B = B, U {26} ={1,2,3,6,9,14,19,26,27,33}.
B, = B, U {30} ={1,2,3,6,9,14,19,27,30,33}.
By = B3 U {34} = {1,2,3,6,9,14,19,27,33,34}.
By = B4yU {39} = {1,2,3,6,9,14,19,27,33,39}.

In the same way we find the (10;5)-arc from the remainder (9;5)-arcs B; as follows:

From the arc B, = {1,2,3,6,9,16,19,27,33} we get the following arcs:
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1- B ={1,2,3,6,9,16,19,25,27,33}. 2— B, =1{1,2,3,6,9,16,19,27,30,33}.
4-— B, ={1,2,3,6,9,16,19,27,32,33}.

6 — B ={1,2,3,6,9,16,19,27,33,35}.

3- By =1{1,2,3,6,9,16,19,27,31,33}.
5-Bs=1{1,2,3,6,9,16,19,27,33,34}.

7 - By ={1,2,3,6,9,16,19,27,33,40}.
from the arc B3 = {1,2,3,6,9,17,19,27,33}
we obtain

B, ={1,2,3,6,9,17,19,23,27,33}.

By = {1,2,3,6,9,17,19,27,33,39}.

from the arc By = {1,2,3,6,9,18,19,27,33}
we obtain B; = {1,2,3,6,9,18,19,25,27,33}.
from the arc Bs = {1,2,3,6,9,19,21,27,33}
we obtain

By = {1,2,3,6,9,19,21,23,27,33}

By = {1,2,3,6,9,19,21,27,31,33}

Bs = {1,2,3,6,9,19,21,27,33, 34}.

from the arc B = {1,2,3,6,9,19,22,27,33}
we obtain

By = {1,2,3,6,9,19,22,25,27,33}

By = {1,2,3,6,9,19,22,27,33, 34}

from the arc B; = {1,2,3,6,9,19,23,27,33}
we obtain

By ={1,2,3,6,9,17,19,23,27,33}

By ={1,2,3,6,9,19,23,27,33,34}

from the arc Bg = {1,2,3,6,9,19,25,27,33}
we obtain

By ={1,2,3,6,9,16,19,25,27,33}

By = {1,2,3,6,9,18,19,25,27,33}

Bs = {1,2,3,6,9,19,25,27,32,33}

By = {1,2,3,6,9,19,25,27, 33, 36}

from the arc By = {1,2,3,6,9,19,26,27,33}
we obtain By = {1,2,3,6,9, 14, 19,26,27,33}
By = {1,2,3,6,9,19,26,27,32, 33}

Bs ={1,2,3,6,9,19,26,27,33,40}

from the arc Bjp = {1,2,3,6,9,19,27,30,33}

we obtain

B, ={1,2,3,6,9,17,19,25,27,33}.
By ={1,2,3,6,9,17,19,27,33,40}

By =1{1,2,3,6,9,19,21,26,27,33}
By =1{1,2,3,6,9,19,21,27,32,33}

B> ={1,2,3,6,9,19,22,27,30,33}
By =1{1,2,3,6,9,19,22,27,33,35}.

B, ={1,2,3,6,9,19,21,23,27,33}
By ={1,2,3,6,9,19,23,27,33,35}

By ={1,2,3,6,9,17,19,25,27,33}
By ={1,2,3,6,9,19,22,25,27,33}
Be = {1,2,3,6,9,19,25,27,33,34}
Bs = {1,2,3,6,9,19,25,27,33,39}.

Bz = {1727376797 19721326727ﬂ33}
By ={1,2,3,6,9,19,26,27,33,34}



128

Amal Abdulaziz Younis and Nada Yassen Kasm Yahya

By ={1,2,3,6,9,14,19,27,30,33}
Bs ={1,2,3,6,9,19,22,27,30,33}
Bs ={1,2,3,6,9,19,27,30, 33,40}
fromBy = {1,2,3,6,9,19,27,31,33}
we obtain

By ={1,2,3,6,9,16,19,27,31,33}
B; ={1,2,3,6,9,19,27,31, 33,35}
fromBp, = {1,2,3,6,9,19,27,32,33}
we obtain

By ={1,2,3,6,9,16,19,27,32,33}
By ={1,2,3,6,9,19,25,27,32,33}
fromBiz = {1,2,3,6,9,19,27,33,34}
we obtain

By ={1,2,3,6,9,14,19,27,33,34}
By ={1,2,3,6,9,19,21,27,33,34}
Bs ={1,2,3,6,9,19,23,27,33,34}
B; ={1,2,3,6,9,19,26,27,33,34}
fromBiy = {1,2,3,6,9,19,27,33,35}
we obtain

By ={1,2,3,6,9,16,19,27,33,35}
By ={1,2,3,6,9,19,23,27,33,35}
Bs ={1,2,3,6,9,19,27,31,33,35}
fromBs = {1,2,3,6,9,19,27,33,36}
we obtain

By ={1,2,3,6,9,19,25,27,33,36}
fromBs = {1,2,3,6,9,19,27,33,39}
we obtain

By ={1,2,3,6,9,14,19,27,33,39}
By ={1,2,3,6,9,19,25,27,33,39}
fromBi; = {1,2,3,6,9,19,27,33,40}
we obtain

By ={1,2,3,6,9,16,19,27,33,40}
By ={1,2,3,6,9,19,26,27,33,40}

B, =1{1,2,3,6,9,16,19,27,30,33}
B, =1{1,2,3,6,9,19,27,30,33,35}

B, ={1,2,3,6,9,19,21,27,31,33}
By =1{1,2,3,6,9,19,27,31,33,39}

B, ={1,2,3,6,9,19,21,27,32,33}
By ={1,2,3,6,9,19,26,27,32,33}

By ={1,2,3,6,9,16,19,27,33,34}
By =1{1,2,3,6,9,19,22,27,33,34}
Bs =1{1,2,3,6,9,19,25,27,33,34}

By ={1,2,3,6,9,19,22,27,33,35}
By ={1,2,3,6,9,19,27,30,33,35}

B, =1{1,2,3,6,9,17,19,27,33,39}
By ={1,2,3,6,9,19,27,31,33,39}

By ={1,2,3,6,9,17,19,27,33,40}
B, ={1,2,3,6,9,19,27,30,33,40}

There are 38 repeated arcs, so the number of (10;5)-arcs equals 38 arcs.
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5 Conclusions

(i) (k + 1;n)-arcs can only be constructed from incomplete (k;n)-arc.
(ii) (k + 1;n)-arcs can be complete or incomplete.

(iii) number of (k + 1;n)-arcs that can be constructed from (k; n)-arc is equal ¢*> +¢*> +q+ 1 —
(|k] + L). Where |k| = number of points k, L= number of points that lie on n-secant.

(iv) in the second method of construction (k + 2;n)-arcs from (k + 1;n)-arc, (k;n)-arc and
(k + 1;n)-arc must be incomplete.
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