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Abstract Let v and v be any distinct vertices of a connected graph I" and Ip(u,v) = I(P)
be the length of v — v path P, the D- distance between u and v of T is defined as: d? (u,v) =

min{l(P) + Z degw} where the minimum is taken over all u — v path P. The D-index of

weV (P)
I is defined by

wP(r) = % Z dP (u,v) = Z dP (u,v).
(r)

u,veV {u,w}CV(I)

In this paper, we find D-index, for lollipop graph, general barbell graph, general modified barbell
graph, straight hexagonal chain and a cycle hexagonal chain. Moreover, the average D-distance
of these graphs will be obtained.

1 Introduction

A graph I is represented by I'(V ('), E(I")), where V(I') is the vertex set and E(T) is the edge
set of I". The conception of standard distance d(u, v) for any two distinct vertices of a graph I is
the minimum number of edges that connects « and v, the Wiener index is the sum going over all
u — v paths of I'. The D-distance and its properties were introduced and studied by Babu and
Varma in [4]. D- distance is different from other distances that were defined in graph theory. For
u and v the D- distance is depends on the distance between w, v and the degree of vertices that
lie on u — v path but the other distances depend only on the distance between them. There are
many works about D-distance, in [2] Ali and Aziz found the relation between Wiener index and
D-index for r- regular graphs of order n, they proved that

WP(T) = (r + H)W(T) +7~<Z>.

The average D-distance between vertices and the average D-distance between edges of a graph
was studied in [5] and [6]. The concept of circular D-distance was introduced by [8]. Finally,
there are several studies on finding Wiener index, see [1], [3] and [7].

In this article, we found D-index for some specific graphs, such as lollipop graph, general barbell
graph, and general modified barbell graph. Also, D-index of straight hexagonal chain and cycle
hexagonal chain is obtained. Moreover, the average D-distance of these graphs is obtained.

Definition 1.1. For two distinct vertices u and v of a graph I', the D-length of a u — v path
s is defined as [P (s) = d(u,v) + deg(u) + deg(v) + > deg(w) where the sum runs over all
intermediate vertices w of s.

Definition 1.2. The D-distance d” (u,v) between two vertices u, v of a graph I is d” (u,v) =
min{lP(s)}, where the minimum goes over all u — v paths s in T, in other words, d” (u,v) =
min{d(u,v) + deg(u) + deg(v) + > degw}, where the sum runs over all intermediate vertices
w in s and minimum is taken over all © — v paths in T".

D-index of I', WP(T), is the sum of all d-distances between any two distinct vertices of T.
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Definition 1.3. For a connected graph I" of order n, the average D-distance of I' denoted by
P (), is defined as

{u,w}CV ()

Definition 1.4. The lollipop graph is a graph obtained by joining a complete graph K,, of order
n, n > 3, and a path graph P, of order m, m > 2 with a bridge. It is denoted by L, ,,.

Definition 1.5. A general barbell graph is a graph obtained by joining two complete graphs K,
and K,,, by a bridge, denoted by B,, ,,,, n,m > 3.
As a special case, if n = m, then the resulting graph is called barbell graph, denoted by B,,.

Definition 1.6. General modified barbell graph is a graph obtained by identifying two complete
graphs K,,, K,, by identifying any two vertices of K, and K,,, denoted by B}, s mym > 3. As

a special case, if n = m, then the resulting graph is called modified barbell graph, denoted by
B:.

» Ym-: ¥m

Figure 1. Lollipop Graph L,, ,,

Figure 2. General Barbell Graph B,, ,,,
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Figure 3. General Modified Barbell Graph B;, ,,

2 D-index of Some Specific Graphs

In this section, we found D- index and average D-distance between vertices of some specific
graphs, such as lollipop graph, general barbell graph and general modified barbell graph.

Theorem 2.1.
(i) The D-index of lollipop graph, for n,m > 3

WP (L) = %W + B+ 2)m2 + (402 +n— S)m + (202 — 3n + 1)),

(ii) The average D-distance for a lollipop graph, for n,m > 3

2m(m+3) m(m+1)
P(Lym) = — 2n — 1.
o ’ ) m-+n m+n—1+ "

Proof.

(i) For any two vertices of lollipop graph see Figure 1, we have three main cases

a. The two vertices are in a complete graph K,,, n > 3
i. dP(xy,2;) =2n,fori=2,... n.
ii. dP(zj,x;)=2n—1,fori=2,....n—1,j=i+1,...,n.
b. The two vertices are in a path graph P,,, m > 2
i dP(ym,y) =3(m —i)+ 1, fori=1,...,m— L.
ii. dP(yi,y;) =30 —i)+2,fori=1,....m—2,5=i+1,....,m—1.
c. The two vertices are in different parts
i. dP(z1,ym) =n+3m — 1.
ii. dP(zy,y;) =n+3i,fori=1,...,m— 1.
m
iii. dP(x;, ym) = d(@i, ym) + deg(z;) + deg(z1) + Zdeg(yj), i=2,3,...,n.

Jj=1

=3m+2n—1.

J
iv. dP(zi,y;) = d(xi,y;) + deg(z;) + deg(x1) + Zdeg(yr)
r=1

=3j+4+2n,fori=2,....n,5=1,...,m—1.
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WP (Lym) = Z dP (u,v)

{u7v}gv(Ln,nz>

n m—1
=Y d”(z1,x;) + Z dP (u,v) + Z AP (Yom, i)
i=2 {uv}C(V(Kn)—{z1}) i=1
m—1
+ Z dD(u,U)+dD(x17ym)+ ZdD(mei)
{uvv}g<V(Pm)_{ym}) i=1
n—1
+ZdD(xiaym) + Z dD(u,v)
=1 w€(V(Kn)—{z1})
'UE( ( m) {%n})
n n—1 n m—1 m—2 m—1
=>4+ > Y 2n—1)+ > Bm—i)+1)+ > (BG-i)+2)
i=2 i=2 j=i+1 i=1 i=1 j=itl
m—1 n n m-—1
+ > (n+3i)+ Z(3m+2n—1 —0—22 3j+2n)+ (n+3m—1)
i=1 =2 2 j=1

1 2 1, 2
:2n(n—1)+§(2n—1)(n —3n+2)+§(3m —m—2)
+%(m3—m2—4m+4)+(n+3m—1)+%(m—1)(3m+2n)
= 1)(3m+20 1) + 50— 1)(m —1)(3m +4n)
= %[m3 + (3n+2)m? + (4n> +n — 5)m +n(2n* = 3n + 1)].

(i) We get it directly from definition.Od

Corollary 2.2. For n > 3, we have
(i) WD(L,W) =n(5n% - 2).
(ii) pP(Lnn) = =2,

Theorem 2.3. The D-index of general barbell graph, for n,m > 3, then

1
WP(B,m) = 5[2m3 + (4n — 3)m? + (4n> — 2n + 3)m + n*(2n — 3) + 3n — 4].

Proof. We have eight cases between any two vertices of general barbell graph B, ,,, see (Fig-
ure?).

(i) dP(zy,z;) =2n,fori=2,.

(i) dP(wj,x;) =2n—1,fori=2,....n—1,j=i+1,...,n
(iii) dP(x1,y1) =n+m+ 1.

Gv) dP(z1,y:) =n+2m+1,fori =2,.

(v) dP(xi,y1) =2n+m+ 1, fori =2,.

(vi) dP(z;,y;) =2n+2m+1,fori =2,3,...,n,j=2,3,...,m.
(vii) dP(y1,y;) = 2m, fori =2,.
(viii) dP (yl,yj)—Zm—lforsz m—1,j=i+1,....m
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Hence,
WD(Bn,m) = Z dD(u,U)
{u,v}CV(Bn,m)

n n—1 n
d”(xr, ) + > > dP(wi,x5) +dP (21, 11)

i=2 i=2 j=i+1

m

+y_dP(enyi) + idD(l’i,yl) +Y > dP (@)

i=2 i=2 i=2 j=2
m m—1 m
i=2 i=2 j=i+1
1
=2n(n — 1)+§(2n— D(n*=3n+2)+n+m+1
+(n+2m+1)(m—-1)4+2n+m+1)(n—1)4+ 2n+2m+1)(n—1)(m —1)

+2m(m —1) + %(Zm —1)(m* =3m +2)

1
= E[2m3 + (4n — 3)m? + (4n> — 2n + 3)m + n*(2n — 3) + 3n — 4].

Corollary 2.4. For n = m, n > 3, then

WP(B,) =6n* —4n* + 3n — 2.

Corollary 2.5. Forn,m >3

. _ A4m*+1) 2(mP—m+])
(l) N'D(Bn,m) = Tn+m " n+m—1 + 2n — 1.
(ii) pP(B,) = 2ol _ 3wonil) | o,

Theorem 2.6. For n,m > 3,
(i) The D-index of general modified barbell graph is

1
WP(B; ) = E[Zm3 + (4n — T)m* + (4n* — 8n + S)m + n(2n*> — Tn +5)).

(ii) The average D-distance of general modified barbell graph is

dm(m —1)  2(m—1)?
(B ) = — 2n— 1.
o (Brm) m+n—1 m+n—2+ "

Proof.
(i) We have five cases between any two vertices of general modified barbell graph B, . as

shown in Figure 3.

Let u = (z; = y;) be identifying vertex.
a. dP(u,z)=2n+m—2,i=2,3,...,n.

b. dP(u,y;)) =n+2m—2,i=23,...,m.

c. dP(zj,xj)=2n—-1,i=23,....n—1,j=i+1,...,n.

d. dP(yi,y;)=2m—1,i=2,3,....m—1,j=i+1,...,m.
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e. dP(zi,yi)=2n+2m—2,i=23,....n,7=2,3,...,m.
Hence,

WP (B; ) = > dP (w,v)

{ww}CV(B; )

n

= dD(u,xi)—i—Z U, Ys +Z Zd Ti, )

=2 =2 j=i+1
m—1 m n m
+Z Z d (ylvy])+zzd (mlay_])
=2 j=i+1 =2 j=2

=2n+m—-2)(n—1)+ (n+2m-2)(m—1)

5 n = 1)(? —3n4+2) 4 2 (2m — 1)(m? ~3m +2)

N\'—

+(2n+2m—2)(n—1)(m —1)
= %[2m3 + (4n —T)m’ + (4n* — 8n + 5)m + n(2n* — Tn + 5)].

(i) We get it directly from definition.Od

Corollary 2.7. For n > 3, then

(i) WP (Bz) =n(6n —5)(n—1).

(ii) pP(By) = Mon=3),

3 D-Index of Hexagonal Chain

A straight hexagonal chain H,, p > 3 is a connected graph, consists of (qu) hexagons, such
that two hexagons are either disjoint or have exactly one edge in common, no three hexagons
share a common vertex and each hexagon is adjacent to two other hexagons shown in Figure 4.
A cycle hexagonal chain H,, p > 4, as depicted in Figure 5, is a connected graph, consists of ()
hexagons, such that two hexagons have exactly one edge in common. In this section we derive
formulas that calculate the D-index and average D-distance of these graphs.

M V2 33 vg ls Ve 17 Vg 2%
I:I:I:I::I I:IP
‘p

U Uy g uy Us g Uy UHg Ug

Figure 4. Straight Hexagonal chain H,
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Figure 5. Cycle Hexagonal Chain H,

Proposition 3.1.

(i) For straight hexagonal chain Hs, p > 3

2+4+i(mod)2 if2<i<p-—1

deg(u;) = deg(v;) = {2 ifi=1,p

(ii) For cycle hexagonal chain H., p > 4.
deg(u;) = deg(v;) = 2+ i(mod2),1 < i < p.
Theorem 3.2. Forp > 6
(i) The D-index of a straight Hexagonal chain
p—2 p—1

WP(H) =4>" )" ([%1 — L%j) + %(4;03 +54p> — 121p + 12).

i=2 j=it1

(ii) The average D-distance of a straight Hexagonal chain
p—2 p—1

W) = 2430 3 (151 - 1)+ 500 +54° = 121p + 12).
1=2 j=i+l

Proof.

(i) To find the D-index of H,, see Figure 4, we must find d” (u, v) for each u,v € V(H,),

let V.= {v1,v2,...,vp}, U = {u1,us,...,up,}. There are two main cases

a. If u,v € V or u,v € U, by using proposition 3.1 (1.)
i. Fori=2,....p—2,j=i+1,...,p—1.

4P(vi05) =3~ )+ T3]~ [5] +3.

ii. For2 <i<p-—1

iii. For2 <i<p-—1
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iv. »
4%(un,v,) = 3(p — 1) + 51
The same proof for u; and u;.
p—2 p—1
H)=2> > ((j—i +[ 1— J+3 +2Z (i—1) +[ 1 1)
=2 j=i+1
i p
2 — 1 — 1) +27=].
+Z 1 5]+ D) +6(p—1)+2[7]
-2 p—1

Yyl

=2 j=i+1

b. fveVandueU
i Ifi<y
Fori=2,...,p—-2,5=

+3(

i+1,...,p—1.

dP (vi,ug) = 3(j — i) +

—

i, fi=2,....p— L.

J 1
fi] - LEJ +6

i. If i > j, the same as case (a), since the graph is symmetric.

dP (v, u;) =33 — 1) + %1 + 4.

d” (v, ui) = 3(p -

v. Ifi=2,....,p—2.

i)+

p 7
(51 - L§J +4

1

4P (epyu) =3p—i— 1)+ [P = 5] +6

v. Ifi =j.

A. Fori=3,...,p—2.If v; and u; are adjacent then

dD(’Ui, ui) =17.

If v; and u; are not adjacent then

dD(U,‘,Ui) = 13.

We have 5= 3 pairs of distance 7 and ==

B. Ifz:lorp

3 pairs of distance 13.

dP (v, ur) = (vp,up) = 5.
C.Ifi=2o0rp—1
dD(Uz,uz) = (vp—lvup—l) =11.
p—2 p—1 p—1
H)=2>" > (33— 1—H 6) +» (3(i—1)
=2 j=i+1 =2
p—1 P 1
+D _Be-)+51- 15 +4) +Z p—i—1) +f—]—L
i=2 =2
-3 -5
7y 3By 432
2 2
-2 p—1

=23 S0l

=2 j=i+1

+p +7p —15p —

! P>+ 33p® — T6p + 42).

i

2

1+6)
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Hence,

p—2 p—1 . .
=4 > ([%1 - L%J) + %(4}93 +54p> — 121p + 12).

i=2 j=i+1

(i) We get it directly from definition. O

Theorem 3.3. For p > 4.
(i) The D-index of a cycle hexagonal chain

SE — p ]+ZZ i
WO(H) =4 B-1ip+aY > 0 ~ 12
i=1 j=i+l i=1 j7;2)+2
A LI
Iy 4 L33 2 B
+4Zj§;1@21 +150) + 50 + 137 + 23p — 16).
i=% j=i

2 S p—j+2i. i
D == ~ - - J— —_
WP = i Y 3 (1] 5D+41”%%U 5—1-15))

p—1 p . .

Y > ((%1 + L%J)+%(3p3+13p2+23p— 16)].
i=% j=i+1
Proof.
H.),

(i) To find the D-index of H., see Figure 5, we must find d” (u, v) for each u,v € V(

by using proposition 3.1 (2.).
There are two main cases

a. Fori=1,...,p—1,j=1+1,...,p. lf u =v; and v = v, or u = u; and v = u;, we

have three sub-cases
i FOI‘ZZI,,%—l,]:Z—i—l”%—i—Z

d” (vs,05) = 3G =) +[5] = 5] +2.
ii. Fori=1,....0 —1,j=i4+1,...,p
d?(vi,v;) =3(p—j +1) + f%
iii. Fori=5%,....p—1,j=4+1,...,p
D o J i
d7(vi,vy) =30 =) + 151 = 5] +2
All cases are repeated for u; and u;.

b. If u = u; and v = v;.
Fori=1,...,p,5=1,...,p.
i Ifi < j.
A. FOI‘ZZL?%*L]:Z"‘L,%—FZ

4P(vi, ) =3G 1) + 21 - 1] +6.
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B. Fori=1,....5-1,j=58+i+1,...,p

p—j+2 i

4P (v, 05) = 3(p— j )+ [

C.Fori=5%,....p—1j=i+1,....p

4P (wiyoy) =30 i) + 131 - 1] +6

ii. fi=j,fori=1,...)p
If the two vertices are adjacent, then

dP (ui,vi) =17.
If u;, v; are not adjacent, then
dP (us,v;) = 13.
We have £ pairs of distance 7, and £ pairs of distance 13.

iii. If i > j
Since the graph is symmetric all cases of ¢ > j are the same as of i < j.

-1 5+ 21 5+i j 2-1 5+ ; -1 5+
D _
WP(H,) =12 (j—i)+4 [51—44 L5+ > 16
i=1 j=i+1 i=1 j=i+1 i=1 j=i+1 i=1 j=i+1
-1 p -1 p ) -1 p
p—7+2i i
ZZPJ+Z4 Do 14 ZLQJ
i=1 j=8+i+ i=1 j=5%+i+1 i=1 j=2+i+1
-1 p p—1 p p—1 p j =l
Z Z 16+IZZ Z (]—Z)+4Z.Z [51+4Z Z 5]
i=1 % z:g j=i+1 zzg Jj=i+1 =% Jj=i+l1
p—1l p
+>° ) 16+ 10p.
i=2 j=it+l
3 T j .
— — _— — — 2_
— 20 a4 Y 3 (R 150+ 4P -8
i=1 j=i+1
T ST S O (= S )
2 p p D) 3
i= 1]*’274»1
+2p” —4p+4( +6p° + 8p) +4Z Z
1:23 =i+1
—|—2p2+4p+10p
21 L+i .
—j +22 i
:4 —_— _— — —
> X (51- 130 SN 5D
i=1 j=i+1 i=1 j= ’2’+z

+4> Y ([%1 + L%J) + %(3]33 + 13p + 23p — 16).

=2 j=itl

(ii)) We get it directly from definition. O
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