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Abstract In this paper, the restricted detour radial graph was introduced. We obtained some
results connecting restricted detour radial graph and graph of certain particular graphs. Also,
the restricted detour radial graph of the sum of two graphs and one-vertex union of graphs are
determined.

1 Introduction

Let G = (V, E), be a finite undirected simple connected graph. For basic graph terminology
and details, we refer to [[S], 7]. Distance is one of the basic concepts of graph theory. For
two vertices u and v in a graph G, the distance (ordinary distance) from u to v is denoted by
dg(u,v) or simply d(u,v) and defined as the length of a shortest u — v path in graph G. Detour
distance D(u,v) between two distinct vertices v and v in a connected graph G is the maximum
lengths of u — v paths in G [3, 4]. In 2012, Ali and MohammedSaleh[1] defined the restricted
detour distance D*; (u,v) between two vertices u, v in a graph G as the length of the longest
u — v path P such that < V (P) >= P. A chord of a path P is an edge of G joining two
non-adjacent vertices of P. Thus, D* (u, v) is the length of the longest « — v path P having no
chords. Such a u — v path is called u—v restricted detour. In [13], the authors called D*(u, v)
detour monophonic distance between vertices u and v. It is clear that D*(u,v) = 0 if and
only if u = v, and D*g(u,v) = 1 if and only if wv is an edge in G. A graph G is called
restricted detour if D*(u,v) = d(u,v) for every pair u and v of vertices in G. It is clear
that all trees, complete graphs, and complete bipartite graphs are restricted detour graphs. Some
researchers studied the radial graph and detour radial graphs such as [2, 6, 8, 9, 10, 11, 12, 14].
In [9], Kathiresan and Marimuthu introduced the concept of radial graph R(G) using d(u, v)
and proved characterization for R(G). In [2], Avadayappan and Ganeshwari introduced a detour
radial graph using D(u, v), length of the longest u — v path of G. The restricted detour radial
graph Rp-(G) has vertex set as in G and vertices v and v in Rp+ (G) are adjacent in Rp-(G)
if and only if the restricted detour distance D*(u,v) is equal to the restricted detour radius
rp+(G) of G. In this paper, we derive formulas for restricted detour radial graphs of some
particular graphs.

2 Some Basic Results

Theorem 2.1 Rp- (G) = G if and only if A (G) = p — 1, where p > 2.
Proof. First, assume that A (G) = p — 1. Let v be a vertex of G of degree p — 1. Then
D*G (u,v) = 1 for every vertex u (# v) of G. Thus ep~ (v) = 1 and so rp« (G) = 1. For
any pair of adjacent vertex (z,y), = # y, of G, D*¢ (u,v) = 1 = rp« (G). Thus, zy €
E(Rp-~ (G)). If 2/, y are nonadjacent in G then D*¢; (2/,y') > 2 and so D*¢ (2/,y') > rp- (G)
which implies that 2'y’ ¢ E(Rp~ (G)). Therefore E (Rp+ (G)) = E(G) and so Rp- (G) = G.
For the proof of converse, let Rp« (G) = G, we shall prove that A (G) = p — 1. Let uv €
E(G), then wv € E(Rp~(G)). Thus, 1 = D*¢ (u,v) = rp- (G). Therefore, G contains a
vertex, say w such that ep« (w) = rp« (G) = 1. Thus, w is adjacent to every other vertex of G,
that is deg, w = p — 1. Hence the proof is completed.ll
Definition 2.2 A connected graph G is called self-restricted detour radial graph if and only if
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Corollary 2.3 Every complete graph K, , every wheel graph W,,, p > 5, every star graph K ,_
and every fan-graph F;,, n > 2 is self-restricted detour radial graphs.
Remarks 2.4 We deduce from the proof of Theorem 2.1 that:

() If rp~ (G) > 2 then G is not self-restricted detour radial graph, that is Rp- (G) # G.
(i) If rp (G) > 2 then E(G) N E (Rp- (G)) =0, thatis Rp- (G) C G.

We may have Rp+ (G) which is isomorphic to G, as for cycle graphs of odd orders.
Proposition 2.5 Let C,,,+ be a cycle graph of order p =2n + 1, n > 2. Then Rp« (Copt1 ) =
Conyr -

Proof. Let Cont1 = (Ul, U2y vy uan,ul) , the D* (ui,qu) =2n—1,fori=1, 2, ..., 2n+
1, with uz,42 = uy and uz,43 = up. Therefore ep- (u) = 2n — 1 for every u € V(Cay,41), and
s0 rp= (Cant1) = 2n — 1. Hence, in Rp+ (Can+1), the pair of vertices u;, u;+2, are adjacent, for

t=1,2, ..., 2n+ 1. For any other pairs of vertices in C5,,11, thatis u,, u; for | — j| > 2,
D*(ui, uj) < 2n — 1 and so w;u; ¢ E(Rp~ (Can+1)). Thus Rp- (Cany1) is the cycle graph
(ul, Uz, U5 ..., Udp+1, U2, Us, UGy ..., Udp, ul) = Cén«H' It is clear that CénJrl = an+1..

The following examples illustrate Proposition 2.5.

Example 2.6.
Uy
(151
Chy:  uUs s
Rp(Cs) 1wy uy  (C5U Rps(Cs) = K3)
Uy U3
uy
Ua
. Uz
G Rp(Cy)
U g -
iy
s
Figure 2.1

Now, we consider cycle graphs of even orders. Proposition 2.7 Let C5,, be a cycle graph of
order 2n, n > 3, then Rp- (Chy,) = C, U C}, ,inwhich V (C,) NV (C},) = 0.

Proof. As in the proof of Proposition 2.5, rp- (Cs,) = 2n —2, and D* (u;, u42) =2n—2, i =
1,2, ..., 2n with Uppt1 = up and upp4p = up.

It is clear that D* (u;,u;) < 2n — 2, for |j —i| > 2; thus wsu; ¢ E (Rp-(C»,)). Hence
E(RD* (Czn)) = {uiui+2 1l = 1,2, ey 27?,}.

Therefore Rp-« (Czn) = (ul, Uz, U5, .., Udn—1, ul) U (’UQ, Ug, UG, - -5 Udn, 'LLQ) =C,U C7/1.
Example 2.8 Consider Cs = (uj,ug, ..., ug, u). Then

Figure 2.2
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Proposition 2.9 Let K, ,, be a complete bipartite graph with m,n > 2, then Rp- (K,,,) =
KUK, =Kpn V(K NV (K,)=0.

Proof. Let V (K, ) =V UU, V ={v,02, ..., vn}, U={u,uz, ..., up}, D* (z,y) =2
forx,y € Vandz,y € U.

Thus ep« (v) = ep~ (u) =2, forv € V and u € U. Therefore rp« (K,,,,) = 2. Itis clear that
D* (u,v) = land souv ¢ E(Rp~ (K, ,)). Hence, in Rp- (K., ) every two vertices of V, and
also every two vertices of U are adjacent. Therefore, Rp+ (K, ) consists of two vertex disjoint
complete graphs K,, and K,,. Rp+ (Ky.n) = Ky Hence, the proof is completed.ll
Corollary 2.10 For a complete t—partite graph K, n,, .. n,,t > 2, we have Rp- (Kp, n,....n,) =
Knimomn = Kn UK, U...UK,,. 1

Proposition 2.11 If Rp- (G) = K,,, where G is a connected graph of order p > 2, then G = K,,.
Proof. Let u, v be any two distinct vertices of G, then u, v are in K, and uwv € E(Kp). But,
by definition of restricted detour radial graph, D7, (u,v) = rp« (G) = 1 if wv € E(G). Since G
consists of at least one edge, say zy, then Df, (z,y) = 1 and so rp- (G) = 1. Therefore, every
two vertices, u, v of G are adjacent, implies that G = K.l

Corollary 2.12 Rp- (G) = K, if and only if G = K.

Proof. The proof follows from Theorem 2.1 and Proposition 2.11. B

Proposition 2.13 Let P, be a path-graph of order p > 4, then

Rp- (P,) = { PyU(n—1) K, if p=2n+1, n>2,

nky, if p=2n, n>2.
Proof.
€)) Pt = (Ul, Uy wovy Upy Upgly « -« U2n+|>. It is clear that rp- (P27L+]) = n, and U, iS
the center of P,,,+1. One may check that D* (x,y) = n for every pair (x,y) of vertices in S =
{(us, tizn):i=1,2, ..., n+1};and D* (z,y) # nfor (z,y) ¢ S. Thus E (Rp- (Prnt1)) =

{uiuwn;i =1,2, ..., n+ 1} Since V (RD* (P2n+1)) =V (P2n+1), then Rp-~ (P2n+1) =
PuU (n - I)Kz.

) P, = (v1, v2, «.oy UpyUntl, ..., Vapn). Itis clear that rp« (Pa,) = n, and u,+1 and u,, are
the only centers of P,,. One may see D* (2/,y’) = n for every pair (z’,y’) of vertices in S’ =
{(vi, vign) i =1,2, ..., n};and D* (2, y') # nfor (2/,y') ¢ S’. Thus, E(Rp+ (Pa,)) =

{vivVign;3i=1, 2, ..., n},and so Rp« (P,) = nK,.l
Definition 2.14 A graph H is called restricted detour radial (RDR) graph if there exists a
connected graph G such that Rp- (G) = H.
Let F* be the set of all RDR graphs. From the results above, every graph G of order p and
A (G) = p—1belongs to F* and K,,, K,,, UK,, K¢, 1, .. t,.» Con+1, Cr NC"yy, mK», Py UNK,,
Sp, Wy, Fp, € F*.
We shall find other graphs of F™*.
Problem 2.15. Let T be a tree of order p > 4 and T' # K ,,_, then Rp- (T') is not a tree.
Observation 2.16. Let 7" be any tree of order p > 2, then Rp- (1) contains no isolated vertex,
thatis 6(Rp- (T)) > 1.
Proof. Let v be any vertex of 7" and u be a center of T, and rad (') = n. Then, there is one
u— v of length m > 1. Therefore, e (v) = n+m which implies that there is a vertex v’ such that
d(v,v") = n. Thus, v’ € E(Rp- (T)). R

Let S, be a double-star, m, n > 2, of order p = 2 + m + n (see the Fig. 2.3)

uy

e ol
S e

Vn

Figure 2.3
Proposition 2.17. Let S, , be a double-star, then Rp« (Sm.n) = Kpmi1 U Kyy1, in which

V (Kmt1) = {wi, ur,ug, ..., Uy} and V (Kyi1) = {wa, vi, v2, ..., 05}
Proof. It is clear that e (w;) = e (wy) = 2, and rad (S, ) = 2.
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cood(wr ) = d(wa,v) = d(ug,up) = d(vp,vs) =2forl <i<m,1<j<nk#hc
{1, 2, ..., m},r#se{l, 2, ..., n}. Moreover, d (u;,v;) = 3. Thus, in Rp- (S, ») every
two vertices in {wy, wuy,uy, ..., u,} are adjacent and every two vertices in {wa, vi, vz, ..., Vs }
are adjacent. But (u;,v;) are nonadjacent, for ¢ = 1, 2, ..., m; j = 1, 2, ..., n. Hence
Rp-~ (Sm,n) =Knn UK, 1

Proposition 2.18. Let Sf%) be a star of m rays, each ray of two edges, shown in Fig. 2.4:

”‘."N

Figure 2.4

Then Rp- (S,(%)) = K,, U Ky, in which (K,,) = { v, v2, ...,0p} and V(K ,,) =
{w, u, ugy .. Upt

Proof. The proof follows from the fact: e (w) = 2 = rad (Sg)) s d(vi,uy) =2, d(w,uy) =
2, d(u,u;) =4, d(u,v;)=3,1#j,4,5€{l,2, ..., m} A

Proposition 2.19. Let 57(,31) be a star of m rays, each ray of 3 edges, then Rp-« (Sﬁ) = (Kmm—

sz) U Kl,m»
Proof. The proof is like that of Proposition 2.18.l

3 On the RDR of the Sum of Two Graphs

Let G| and G, be the connected graphs of order p; and p; respectively, and denote G = G1+G5.
If A(G1) =p1 —1or A(Gz) = p2 — 1, then A (G) = p1 +p2 — 15 and so Rp- (G1+G2) =
G1+G,. From now on, we assumeA (G;) < p; — 1, for ¢ = 1 and 2. Thus, it is assumed that
rp- (G;) > 2,7 =1, 2. One can easily check that:

Theorem 3.1 rp« (G1+G2) = min{rp- (G1), rp~ (G2)}.

Proof. Let P be arestricted detour between v; and v; in G| + G». If P contains a vertex u of G,
then uv; and uv; are chords of P, a contradiction. Thus there is a u; —v; restricted detour in G not
containing vertices of Gi3. Therefore, D¢, (ui, vj) = Dg, (us,v;) and D (ui, uj) = Dg, (ui, uj).
This implies that:

ep+ (v; 1 G) = ep«(v; : Gy) fori =1, 2, ..., pyand ep~ (u; : G) = ep~ (uj : Gy) for j =
l, 2, ooy D2
Thus

rp+ (G) =min{{ep- (v;) :i=1,2, ..., pitU{ep- (u;):j=1,2, ..., ;2}}
=min{rp- (G1), rp~ (G2)} .M

From our assumption on GG} and G5, and from this theorem we have:

Corollary 3.2 Let A (G;) <p;,—1, i=1, 2;andrp- (G1) = rp~ (Go) then Rp- (G + G2) =
Rp-+ (Gl) U Rp+ (Gz) A

Example 3.3. Let C,, and C’,, be a two-cycle graph of order n > 4, then Rp~ (C,, + C',) =
Rp- (Cp)URp- (C',) = C. U C, .
Example 3.4. Consider C,; and Cs. Then

rp- (C44+Cs) = min{2,3} =2.
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Rp-« (C4+C5) = Rp~ (04) USK| =2K, US5K].
Example 3.5. Consider Cs and Cg. Then

rp« (Cs+Ce) = min{3,4} =3.

Rp-~ (CS+06) = Céll U3K,.

Proposition 3.6. Let C,, and C,,, be two distinct cycle graphs, such that n < m, then

! —2)Kyif m=2(n-2
Rp- (CotC) = Sn 0 =2V I m=2(n=2),
C), UmkKj, otherwise.
Proof. Obvious.H
Let P, and P,, be two distinct path graphs with order n, m > 4. Then, by Theorem 3.1,

rp+ (Py+Pp) =min{rp« (P,), rp«(Pn)} =n if n<m.
Proposition 3.7. [f n =m >4 orm —n+ 1> 5, and m is odd, then
Rp-~ (Pn+Pm) = Rp- (Pn) U Rp~ (Pm) .

Proof. 1t is clear that rad (P,,) = rad(P,,). Thus, the results follow from Corollary 3.2.1
Now, we consider P,, + P,,, when rad(P,) < rad(Py,).
Theorem 3.8. Let m > n + 1 or m = n + 1 is even, then

Rp-« (P,L+Pm) = Rp-~ (Pn) UrPgy U (d — 7‘) Py,

where k = | % |, r = m — kd, and d is the radius of P,.
Proof. It is clear that rad (P,) < rad(P,,). Thus, by Theorem 3.1,

radps (Pp+Py) = radp- (P,) = d.

Therefore, two vertices z,y of V (P, + P,,) are adjacent if and only if z,y € V(P,) and
d(z,y) =d,orz,y € V(P,) and d (x,y) = d. Thus, Rp(P,) is a subgraph of Rp« (P,+P,,).
Since d > 2, then no vertex of P, is adjacent to a vertex of P, in Rp+ (Pp,+P,,). Now, let P, =
VL, V2y «v+y Um—1, Um. In Rp« (P,+Py,), denote H, each of the vertices v;, i =1, 2, ..., dis
of degree one and adjacent to v; 4. Also, each of the vertices v;, j = m—d+1, m—d+2, ..., m
is of degree one and adjacent to v;_q4, in H. All other vertices vy, of P, are of degree 2 in H; vy,
is adjacent to vy 4 and vg_g4. There are the only edges between vertices of P, in H. It is clear
that no vertex of P, is adjacent to a vertex of P, in H. Thus, the proof is completed.ll

The following examples illustrate the proof of the theorem:
Example 3.9. Consider the path graph P and P»3. Itis clear that radp« (Ps+Pa3) = radp« (P) =
4=d. Thenk = |2 | =5, r =23-4(5) = 3. Thus, the edges of (P4+P»3) other than those in
Rp- (Ps) are v1vs, Va6, U3V7, U408, V16020, V17021, V18V22, V19V23; UsV9, VeV10, V7V11, UVgV12, V9V13,
V10014, V11V15, V12016, V13017, V14018, V15V19. Moreover by Proposition 2.13, RD* (Pg) = 4K2.
Thus Rp~ (Ps+Po3) is given in Fig. 3.1.

Uy U2 Uz Uy i

us ug Uy Us

Rp(Fs)

Figure 3.1
Rp-« (P8+P23) =4K, U Ps U3F;.
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4 One-Vertex Union of Graphs

Definition 4.1. Let H,, H,, ..., H,, be distinctly connected graphs, and let u; be a vertex of H;,

i =1, 2, ..., m. The one-vertex union of H;, Hy, ..., H,, is the graph, denoted G(H;, Ha,
Or simply G, obtained by identifying u,, uy, ..., u,, to one vertex w. If Hy, H,, ..., H,, are m
copies of a graph H of order p, we denote G(H,, Ha, ..., Hy) = GY™ (H).

It is clear that: foreachi =1, 2, ..., m, D¢ (v,v") = Dj; (v,v'), for each pair v, v' of H;;
and for ¢ # j,

D¢, (v,u) = Dy, (v,w)+ D7 (w,u), foreachv € V(H;), andu € V (Hj) , u,v # 0. Moreover:

ep (w:G) =max{ep- (w:H;):i=1,2, ..., m},

in which ep« (w : G) is the restricted detour eccentricity of vertex w in the graph G; Similarly
for ep+ (w: H;).

Now, we give the following simple results:

Proposition 4.2. Let u; be a restricted detour center of H; fori =1, 2, ..., m. Then

radp~ (G) = max{radp~ (H; ):i=1,2, ..., m}.
Proof. By definition of restricted detour center:
radps (H; ) =ep~(u; : H;), i=1,2,..., m.
Thus,
ep- (w:G) =max{ep- (u;: H;):i=1,2, ..., m}
=max {radp- (H;):i=1,2, ..., m}.
It is clear that the restricted detour eccentricity of every vertex of G is not more than that of
w in G. Thus, w is a restricted detour center of G, and so radp~ (G) = ep~ (w : G ). Hence, the
proof is completed.ll
Corollary 4.3. Let u be a restricted detour center of H, and Hy, H,, ..., H,, be m copies of H.

Then

radps (Gém) (H)) =radp- (H).A

We notice that it is difficult to find a simple formula for Rp- (G(H,, Hs, ..., H,,)) and
Rp- (Gé’”) (H )) if H; is any connected graph. Therefore, we try to find restricted detour radial
graphs for such one-vertex union graphs in which Hy, H,, ..., H,, are special graphs.

IftH;=Kp,,i=1,2, ..., m,thenform >2:

RD* (G(KPI ? KPN Tt Kpnz)) = G(KPI J KP27 R Kl)m) )
because A (G)=p1+p2+ -+ pm —m+1
=deggs (w) =p(G) — 1.

Now, we determine Rp+ (G(Hi, Ha, ..., Hy,)) in which m = 2 and H,, H, are cycle
graphs. Usually, G(H, H,) is denoted by H, o H, [2].
Let Chny1 = (’U]7 V2, ooy V2n4l, 1)]) and Clszr] = (ul, Uy vy Udp41, U1) be two distinct
cycle graphs of orders, n > 1.
Theorem 4.4. Forn > 3

Rp+ (Cans1 0 Cloni1) = (Copr 0 Con ) | J Co | J G

where,
"
CV2n-i,-1 = (’U), U3, Vs, U7y..., Udntl, V2, V4,..., V2n_-2, ’U2n,U1)
"
C2n+l = (w, U3, U5, U7y...y Udp+1y U2y Ugy ..., U2n—2, uz”,w)

_ !/ __
Cy = (02, us, Vapt1, Uz, v2) and Cy = (U2, V4, Udpt1, V2, U2).
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Proof. In Cy,, 11 o C'5,, 11 we assume that vertex w is obtained by identifying vertices v; and u;.
By Proposition 4.2,

radp+ (Cons10C'opnt1) = radp- (Capi1) = 2n — 1.
Let z,y € V(Capt1 0 C'2py1), then DY, (z,y) = 2n — 1 if and only if :
() =,y € V(Cant1) and 2,y € E(Rp- (Cany1))s
(i) z,y € V(C'2p41) and z,y € E(Rp+ (C'25,41)), (see Proposition 2.5)
(iil) z = vy, and y = ug4 OF Upp_1,
(iv) = vap11, and y = ug OF Uy, _1,
(V) © = up, and y = vy OF vy, _1, OF
(Vi) © = uppt1, and y = vg4 OF V2.

Therefore, Rp« (Cont1) U Rp+ (C'2n41) = (C4,;0C% 1) is a spanning subgraph of
Rp+ (Capny1 0 C'2ni1). Moreover, from (iii)-(vi), C4UCY is a subgraph of Rp« (Capi1 0 C'oni1).
Hence, the proof.l
The following example illustrates Theorem 4.4.

Example 4.5. For n = 2, we have radp- (Cs o C’s) = 3, and Rp~ (Cs5 0 C's) = (C¥ o CZ'), as
shown in Fig. 4.1.

o o
Figure 4.1 CY{oCY".

For n = 3, we have radp- (C70C"7) = 5, and Rp+ (C70C"7) = (CY o CYYUCy U C) =
(Cy o Cy,) U ( V2, U4, V7, Ug, 1}2) U ( Uz, V4, U7, Ve, Uz), as illustrated in Fig. 4.2.

uy

Figure4.2 Rp- (C70C"7).

Now, we find Rp- (C, 0 C’)) for even p, say p = 2n, n > 3. For n = 3, we have
Rp+ (Ce 0 C'¢) given in Fig. 4.3.

Figure 4.3 RD* (C7 o C/7) .

It is clear that R+ (Cs 0 C's) = Rp- (Cs) o Rp+ (C'¢) UP3U P}, in which P3 = (v2, u4, ve)
and Pé = (UZ, V4, ué).
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For n > 6, we have the following proposition:
Proposition 4.6. Let n > 4, and C5,, = (01, v2,..., Vo, v1), Ch,, = (w1, uz,..., U2y, wp).
Then

Rp+ (Cap, 0 Cy,) = (Cl o CEYUC UCH UCyUCYy,

where
i 11!
Cn = (’U}, V3, V5,..., UV2n—1, ’I,U),Cn = (1)27 V4,06, U2n, U2)7
* *x
Cn:(w7 U3z, Usy..., U2n—1, ’lU),Cn :(u27 U4, UGy -+ -5 U2n, u2)a
*
Cy = (02, Us, V2, Uan—2, V2),Cf = (U2, V4, U2p, Van—2, U2).

Proof. The proof is similar to that of Theorem 4.4.1
Proposition 4.7. Let C;, = (w1, v2,..., vp) and C), = (uy, ug,..., u,_1) be distinct cycle
graphs, p > 7 and w = u; = v;. Then

Rp-+ (C’poCI’D_l) = Rp- (C,) UC,UC,US, 4.1)
where
C4 = ('1)2, Ug, Vp—1, Up—2, ’U2)9 CZ; = (’03, U2, Up—2, Up, U3)a and S = (1)4; U5y ovs vp—3) isa
set of (p — 6) isolated vertices.

Proof. Using the procedure used in proving Theorem 4.4, we obtain (4.1).l
Forp =4, 5, 6 we have

Rp- (04 o Cé) = (1)2, U, V3, U4, ’Uz) U (’LU’LL3, UQU4) = OZ‘/ U2K,.

Rp-~ (05 o CD =(w, uz, us,up, w)J (U,z,vz, U,S) = CZ( U2K, = Rp~ (05) U P3, where
P; = (up, v2, us).

Rp- (Cs 0 C5) = Rp- (Cs) U (uz,v3, ug, va, uz) U (v2,us, vs).

Moreover, we illustrate Proposition 4.7 in the next example.
Example 4.8. For p = 7, we give Rp- (C7 o Cf) in Fig.4.4.

Cro€h. radp(CroCl) =5 Rir(CroC) = Rp(CHUCU €U {0}

Cy = (09, g, g uz, v2), Cy = (vy, g, vs, uz, va).

Figure 4.4
Example 4.9. For p = 8, we give Rp- (Cg o C?) in Fig.4.5.

CsoCfT . radp(Cso C5) =6 R (Ceo €)= Rp (€510 CLU €U fon 1n)

where €y = (vo, g, vy, ug, v2), € = (va, uy, vy, g, v9).

Figure 4.5

Proposition 4.10.
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(1) Forp Z 75 RD* (Cp © C:/‘,) = RD* (Cp) U (U27u43 U3, Up-2, UZ)’
(2) Forp > 9, Rp~ (C, 0 C}) = Rp~ (Cp) U (v2, us, v4, up—2, v2) U (us,v3, up_3),

) . - ) f
in which C, = (w1, ua,...,up, ur), C§ = (vi, v2,v3, v1), C}

(w1, v2,v3, v4, v1), and

w=1u; = v.M
In Case (1), for p = 5, 6, we have:

Rp-~ (05 o Cé) = Rp- (CS) U (’Uz, U3) ,

Rp-« (06 o Cé) = Rp- (06) U (Uz,U4, 1)3) .

In Case (2), forp = 6, 7, 8, we have:

Rp- (Cs 0 Cy) = Rp- (C6) U (v2,u4, ua),

Rp-~ (07 o C!l) = Rp- (07) U (Uz,U4, V4, U, Uz) U {1)3},
Rp-~ (Cg o CZ‘) = Rp- (Cg) U (’UQ,U4, V4, Ug, Uz) U {U3U5}.

Problem. We think it is possible to find Rp- (C, 0 C7,), p > p’ for p’ = 5 and 6, or p — 2 and
p— 6.
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