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Abstract This paper demonstrates the construction of a modern generalized Exponential
Rayleigh distribution by merging two distributions with a single parameter. The "New general-
ized Exponential-Rayleigh distribution" specifies joining the Reliability function of exponential
pdf with the Reliability function of Rayleigh pdf, and then adding a shape parameter for this
distribution. Finally, the mathematical and statistical characteristics of such a distribution are
accomplished.

1 Introduction

Application of statistics plays an important role in our divergent phenomenon life, especially in
engineering and medicine. Researchers depend on many procedures to find the new or mixture
and compose distributions. In 2021, Iden H.H. and Lamyaa K.H. introduced a new class of
exponential Rayleigh distribution defined and derived all properties of this distribution [6]. In
2021, Iden H.H. and Lamyaa K.H. applied the simulation technique for non-Bayesian estimated
parameters and survival function for exponential Rayleigh distribution [2]. In 2021, Iden H.H.
and Lamyaa K.H. applied maximum likelihood method to estimate values for survival function
and Hazard function based on real data for lung cancer and stomach cancer obtained from Iraqis
[3]. The exponential Rayleigh distribution contained two scale parameters. Now the aim of this
paper is to compose the shape parameter to exponential Rayleigh distribution called ‘generalized
exponential Rayleigh distribution’ which contain three parameters, one is shape and others are
scale depending on the heavy tail distribution. The organization of this thesis include the mathe-
matical structure of the composition distribution. It also define the probability density function,
cumulative distribution, survival function, Hazard function and all statistical and mathematical
property of this composition distribution.

Theorem 1.1. Let y be a random variable with Exponential-Rayleigh distribution as a following

f (y;α, β) =

{
(α+ βy) e−(αy+

β
2 y

2) y ≥ 0
0 o.w

(1.1)

Ω = {(α, β) : α > 0, β > 0 where α, β are scale parameter}

If x = yλ then x has the generalized Exponential-Rayleigh distribution

f (y;α, β) = (α+ βy) e−(αy+
β
2 y

2) y ≥ 0

Proof.

x = yλ → y = x
1
λ ,

dy

dx
=

1
λ
x

1
λ−1

f (x;α, β, λ) = f (y;α, β)
dy

dx

Where |J | = | dydx | is Jacobian criterion
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=

(
α

λ
x

1
λ−1 +

β

λ
x

2
λ−1
)
e
−
(
αx

1
λ + β

2 x
2
λ

)
x ≥ 0

Ω = {(α, β, λ) : α, β, λ > 0 where α, β are scale parameter and λ is a shape parameter}

Then the function in 1.1 is probability density function for generalized Exponential-Rayleigh
distribution. To prove this function is probability density function∫ ∞

0
f (x;α, β, λ) dx = 1

→
∫ ∞

0
e
−
(
αx

1
λ + β

2 x
2
λ

) [
−
(
α

1
λ
x

1
λ−1 +

β

2
2
λ
x

2
λ−1
)]

dx = 1

→ −

[
e
−
(
αx

1
λ + β

2 x
2
λ

)]∞
0

= 1

2

Figure 1. The density function of generalized Exponential-Rayleigh distribution with scale
parameter (α = 0.5, β = 0.5) and different value of shape (λ = 0.5, 0.6, 0.7, 0.8, 0.9).

Figure 2. The density function of generalized Exponential-Rayleigh distribution with scale
parameter (α = 0.5) shape, (λ = 0.5) and different scale (β = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6).
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Figure 3. The density function of generalized Exponential-Rayleigh distribution
with scale parameter (β = 0.5) shape, (λ = 0.5) and different scale (α =
0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9).

Corollary 1.2. The cumulative distribution function for generalized Exponential- Rayleigh dis-
tribution is:

F (x;α, β, λ) = 1− e
−
(
αx

1
λ + β

2 x
2
λ

)

Proof.
F (x;α, β, λ) = pr(X ≤ x)

Where X random variable andx is the value of random variable

F (x;α, β, λ) =
∫ x

0
f (u;α, β, λ)du =

[
e
−
(
αu

1
λ + β

2 u
2
λ

)]x
0

, then

F (x;α, β, λ) = 1− e
−
(
αx

1
λ + β

2 x
2
λ

)
x ≥ 0

2

Figure 4. The cumulative function with constant scale parameter (α = 0.5, β = 0.5) and
different shape λ = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9 parameter value
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Figure 5. The cumulative function with constant scale parameter (α = 0.5), shape (λ = 0.5)
and different scale (β = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9) parameter value

Figure 6. The cumulative function with constant scale parameter (β = 0.5), shape (λ = 0.5)
and different scale (α = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9) parameter value

Then the reliability function of this distribution is;

R (x;α, β, λ) = 1− F (x;α, β, λ) = 1− 1 + e
−
(
αx

1
λ + β

2 x
2
λ

)
= e
−
(
αx

1
λ + β

2 x
2
λ

)
x ≥ 0

Figure 7. The Reliability function of generalized Exponential-Rayleigh distribution
with scale parameter (α = 0.5, β = 0.5) and different value of shape (λ =
0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9)
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Figure 8. The Reliability function of generalized Exponential-Rayleigh distribution
with scale parameter (α = 0.5), shape (λ = 0.5) and different scale (β =
0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9)

Figure 9. The Reliability function of generalized Exponential-Rayleigh distribution
with scale parameter (β = 0.5), shape (λ = 0.5) and different scale (α =
0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9)

Then the Hazard rate function for this distribution is:

h (x;α, β, λ) =
f (x;α, β, λ)
R (x;α, β, λ)

=

(
α
λx

1
λ−1 + β

λx
2
λ−1
)
e
−
(
αx

1
λ + β

2 x
2
λ

)

e
−
(
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1
λ + β

2 x
2
λ

)

=
α

λ
x

1
λ−1 +

β

λ
x

2
λ−1 x ≥ 0

Figure 10. The Hazard rate function with constant scale (α = 0.5, β = 0.5) and different shape
λ = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9 parameter value.
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Figure 11. The Hazard rate function with constant scale (α = 0.5), shape (λ = 0.5) and
different scale (β = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9) parameter value.

Figure 12. The Hazard rate function with constant scale (β = 0.5), shape (λ = 0.5) and
different scale (α = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9)

.

Then the cumulative Hazard rate function for this distribution is:

H (x;α, β, λ) =
f (x;α, β, λ)
F (x;α, β, λ)

=

(
α
λx

1
λ−1 + β

λx
2
λ−1
)

[
e

(
αx

1
λ + β

2 x
2
λ

)
− 1

] x ≥ 0

Theorem 1.3. The r th moment about the origin of generalized Exponential-Rayleigh distribu-
tion is:

E(xr) =
∞∑
n=0

(−α)n

n!

[
α

2

(
2
β

)n+λr+1
2

Γ

(
n+ λr + 1

2

)
+

(
2
β

)n+λr
2

Γ

(
n+ λr + 2

2

)]
Proof.

E(xr) =

∫ ∞
0

xr f(x; α;β;λ)dx , x > 0

=

∫ ∞
0

xr
(
α

λ
x

1
λ−1 +

β

λ
x

2
λ−1
)
e−αx

1
λ . e−

β
2 x

2
λ dx

By using Taylor series, then

e−αx
1
λ =

∞∑
n=0

(−α)n

n!
x
n
λ

=
∞∑
n=0

(−α)n

n!

[∫ ∞
0

α

λ
x
n+1
λ +r−1e−

β
2 x

2
λ dx+

∫ ∞
0

β

λ
x

2
λ−1 x

n+2
λ +r−1e−

β
2 x

2
λ dx

]
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Let K1 =
∫∞

0
α
λx

n+1
λ +r−1e−

β
2 x

2
λ dx

Assume that y = β
2 x

2
λ , ( 2y

β )
λ
2 = x, then

dx

dy
=
λ

2

(
2
β

)λ
2

y
λ
2 −1

→ K1 =
α

λ

∫ ∞
0

[(
2y
β

)λ
2
]n+1

λ +r−1

e−y
λ

2

(
2
β

)λ
2

y
λ
2 −1dy

=
α

2

(
2
β

)n+1
2 +λ r

2
∫ ∞

0
(y)

n+λr−1
2 e−ydy

The integral looks like gamma function, then → α = n+λr+1
2 , then

K1 =
α

2

(
2
β

)n+λr+1
2

Γ

(
n+ λr + 1

2

)
.

Now, Assume that

K2 =

∫ ∞
0

β

λ
x
n+2
λ +r−1e−

β
2 x

2
λ dx

Assume that y = β
2 x

2
λ → ( 2y

β )
λ
2 = x, then dx

dy = λ
2

(
2
β

)λ
2
y
λ
2 −1

K2 =
β

2

∫ ∞
0

(
2y
β

)n+2
2 +λ r

2 −
λ
2

e−y
(

2
β

)λ
2

y
λ
2 −1dy =

β

2

(
2
β

)n+2+λr
2

∫ ∞
0

(y)
n+λr

2 e−ydy

The integral looks like gamma function, then → α = n+λr+2
2 . So,

K2 =

(
2
β
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2

Γ

(
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)

→ E(xr) =
∞∑
n=0
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The Mean of this distribution is when r = 1

E (x) =
∞∑
n=0
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α√
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2

Theorem 1.4. The moment generating function for generalized Exponential-Rayleigh distribu-
tion is:

µx (t) ==
∞∑
n=0

∞∑
m=0

km

m!
(−α)n

n!

(
2
β

)λm+n+ 3
2
(
α+ β

2

)[
Γ

(
λm+ n+ 1

2

)
+ Γ

(
λm+ n+ 2

2

)]
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Proof.
µx (t) =

∫ ∞
0

etx f (x;α, β, λ) dx

Recall that

e−αx
1
λ =

∞∑
n=0

(−α)n

n!
x
n
λ
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=
∞∑
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(−α)n
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∫ ∞
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Recall that

etx =
∞∑
m=0
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Then

=
∞∑
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∞∑
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[∫ ∞
0

xm+n
λ
α

λ
x

1
λ−1 e−

β
2 x

2
λ dx+

∫ ∞
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]
Assume that

L1 =

∫ ∞
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1
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β
2 x

2
λ dx
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β )

λ
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dx
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=

(
2
β
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2 λ

2
y
λ
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α
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(
2
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1
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The integral looks like gamma function

→ α =
λm+ n+ 1

2
Then

L1 =
α

2

(
2
β
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2

Γ

(
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2

)
Now, we drive the second integral, then
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∫ ∞
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λ
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λ
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2
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2
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2
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λ
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2
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2
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∞∑
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2
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Corollary 1.5. The mode of the generalized Exponential-Rayleigh distribution is:

S1 =
α

3β
+

21/3 (2α2β2 − 6β3 + 3β3λ
)

3β2

(
7α3β3 − 45αβ4 + 36αβ4λ+

√
4 (2α2β2 − 6β3 + 3β3λ)3 + (7α3β3 − 45αβ4 + 36αβ4λ)2

)1/3−

(
7α3β3 − 45αβ4 + 36αβ4λ+

√
4 (2α2β2 − 6β3 + 3β3λ)3 + (7α3β3 − 45αβ4 + 36αβ4λ)2

)1/3

321/3β2

S2 =
α

3β
− (

1 + i
√

3
) (

2α2β2 − 6β3 + 3β3λ
)

32
2
3 β2

(
7α3β3 − 45αβ4 + 36αβ4λ+

√
4 (2α2β2 − 6β3 + 3β3λ)3 + (7α3β3 − 45αβ4 + 36αβ4λ)2

) 1
3
+

(
1− i

√
3
)(

7α3β3 − 45αβ4 + 36αβ4λ+
√

4 (2α2β2 − 6β3 + 3β3λ)3 + (7α3β3 − 45αβ4 + 36αβ4λ)2
)1/3

621/3β2

S3 =
α

3β
− (

1− i
√

3
) (

2α2β2 − 6β3 + 3β3λ
)

322/3β2

(
7α3β3 − 45αβ4 + 36αβ4λ+

√
4 (2α2β2 − 6β3 + 3β3λ)3 + (7α3β3 − 45αβ4 + 36αβ4λ)2

) 1
3
+

(
1 + i

√
3
)(

7α3β3 − 45αβ4 + 36αβ4λ+
√

4 (2α2β2 − 6β3 + 3β3λ)3 + (7α3β3 − 45αβ4 + 36αβ4λ)2
)1/3

621/3β2

Proof.

f́ (t;α, β, λ) =
∂f (t;α, β, λ)

∂t
= 0

1
λ
t

1
λ−2

[
α

λ
− α+

2β
λ
t

1
λ − βt 1

λ − α2

λ
t

1
λ − 2αβ

λ
t

2
λ − β2

λ
t

3
λ

]
= 0

Let t 6= 0 then 1
λ t

1
λ−2 6= 0

If 1
λ t

1
λ−2 = a , a constant

t = (aλ)
λ

1−2λ

(
α− αλ
λ

)
+

(
2β
λ
− β − α2

λ

)
t

1
λ − 2αβ

λ
t

2
λ − β2

λ
t

3
λ = 0

Let t
1
λ = s→ t

2
λ = s2, t

3
λ = s3

(
α− αλ
λ

)
+

(
2β
λ
− β − α2

λ

)
s− 2αβ

λ
s2 − β2

λ
s3 = 0
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Maximize the distribution

S1 =
α

3β
+

21/3 (2α2β2 − 6β3 + 3β3λ
)

3β2

(
7α3β3 − 45αβ4 + 36αβ4λ+

√
4 (2α2β2 − 6β3 + 3β3λ)3 + (7α3β3 − 45αβ4 + 36αβ4λ)2
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√
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S2 =
α

3β
− (

1 + i
√

3
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2
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7α3β3 − 45αβ4 + 36αβ4λ+

√
4 (2α2β2 − 6β3 + 3β3λ)3 + (7α3β3 − 45αβ4 + 36αβ4λ)2
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3
+

(
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√
3
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4 (2α2β2 − 6β3 + 3β3λ)3 + (7α3β3 − 45αβ4 + 36αβ4λ)2
)1/3

621/3β2

S3 =
α
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− (
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√

3
) (

2α2β2 − 6β3 + 3β3λ
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+
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2

Corollary 1.6. The median for the generalized Exponential-Rayleigh distribution the median.

F (t) =
1
2
→ F (t;α, β, λ) =

1
2

1− e
−
(
αt

1
λ + β

2 t
2
λ

)
=

1
2

→ αt
1
λ +

β

2
t

2
λ = ln 2

Let t
1
λ = x and t

2
λ = x2

→ αx+
β

2
x2 − ln 2 = 0

x =
−(2α)∓

√
4α2 + 8β ln 2
2β

→ t =

−2α∓
√

4α2 + 5.544β
2β

λ

Corollary 1.7. The Quantile function is:

x = Q (u) = F−1(v)
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→ 2αx
1
β + λx

2
β − 2 ln (1− v) = 0

→ x =

[
− (2α)∓

√
4α2 − 8λ ln (1− v)

2λ

]β
Corollary 1.8. The Skewness and Kurtosis is:

C.S =

∑∞
n=0

(−α)n
n!

[
α
2

(
2
β

)n+3λ+1
2

Γ
(
n+3λ+1

2

)
+
(

2
β

)n+3λ
2

Γ
(
n+3λ+2

2
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∑∞
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(
2
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)n+3λ+1
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(
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2
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C.K =

∑∞
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[
α
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(
2
β
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2

Γ
(
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2
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(∑∞
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2
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Γ
(
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(

2
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(
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Theorem 1.9. Factorial moment generating function is:

µx (t) = E (tx) =
∑ (ln t)n

n!
E (xn)

Proof.
µx (t) = E (tx) =

∫ ∞
0

tx f (x;α, β, λ) dx

Recall that
tx = eln tx = ex ln t

ex ln t =
∞∑
r=0

(ln t)r

r!
xr

µx (t) = E (tx) =
∞∑
r=0

(ln t)r

r!
E (xr)

By using Taylor series, then

e−αx
1
λ =

∞∑
n=0

(−α)n

n!
x
n
λ

E (xn) =
∞∑
n=0

(−α)n

n!

[∫ ∞
0

α

λ
x
n+1
λ +n−1 . e−

β
2 x

2
λ dx+

∫ ∞
0

β

λ
x
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λ +n−1 . e−

β
2 x

2
λ dx

]

K1 =

∫ ∞
0

α

λ
x
n+1
λ +n−1 . e−

β
2 x

2
λ dx

→ x =
(

2y
β

)λ
2 → x =

(
2
β

)λ
2
(y)

λ
2

→ dx

dy
=

(
2
β

)λ
2 λ

2
(y)

λ
2 −1

Then
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K1 =
α

2

(
2
β

)n+1
2 +λ n

2
∫ ∞

0
y
n+λn−1

2 . e−ydy

The integral look like gamma function, then

α =
n+ λn+ 1

2

K1 =
α

2

(
2
β

)n+λn+1
2

∫ ∞
0

y
n+λn+1

2 −1 . e−ydy =
α

2

(
2
β

)n+λn+1
2

Γ

(
n+ λn+ 1

2

)
K2 =

∫ ∞
0

β

λ
x
n+2
λ +n−1 . e−

β
2 x

2
λ dx

Let y = β
2 x

2
λ → x =

(
2
β

)λ
2
(y)

λ
2

→ dx

dy
=

(
2
β

)λ
2 λ

2
(y)

λ
2 −1

→ α =
n+ nλ+ 2

2
=

(
2
β

)n+nλ
2

Γ

(
n+ nλ+ 2

2

)

µx (t) = E (tx) =
∑ (ln t)n

n!
E (xn)

2

Corollary 1.10. The rth central moment about mean

E(x− µ)r =
∫ ∞

0
(x− µ)r f (x) dx

Recall that

(a+ b)
2
=

r∑
j=0

Crj a
j bn−j

(x− µ)r = (x+ (−µ))r =
n∑
r=0

Cnr x
r (−µ)n−r

→ E(x− µ)r =
∫ ∞

0

n∑
r=0

Cnr x
r (−µ)n−rf (x) dx

1.1 Characteristic function

∅x (it) = E
(
eitx
)
=

∫ ∞
0

eitxf (x;α, β, λ) dx , eitx =
∞∑
n=0

(it)
r

n!
xr

→ ∅x (it) = E
(
eitx
)
=
∞∑
n=0

(it)
n

n!
E (xr) .
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1.2 Order statistic distribution

g (yi) =
n!

(i− 1)! (n− i)!
[F (yi)]

i−1
[1− F (yi)]

n−i
f (yi)

=
n!

(i− 1)! (n− i)!

[
1− e

−
(
αyi

1
λ + β

2 yi
2
λ

)]i−1 [
e
−
(
αyi

1
λ + β

2 yi
2
λ

)]n−i
?

(
α

λ
yi

1
λ−1 +

β

λ
yi

2
λ−1
)
e
−
(
αyi

1
λ + β

2 yi
2
λ

)

1.3 Cumulative distribution function for order statistic

MTTE =

∫ ∞
0

R (t) dx =

∫ ∞
0

e
−
(
αx

1
λ + β

2 x
2
λ

)
dx, e−αx

1
λ =

∞∑
n=0

(−α)n

n!
x
n
λ

→MTTE = e−α
(
λ

2

)(
2
β

)α
Γ

(
n+ λ

2

)
.

2 Conclusion

The study proposed a compose exponential-Rayleigh distribution which called as "Generalized
Rayleigh distribution " which is expand of Exponential-Rayleigh distribution in the analysis of
data with real support.
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