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Abstract The work in this paper is a continuation of the recent work in [10] that the local
integrability of a three dimensional Lotka—Volterra system is studied. More precisely, necessary
and sufficient conditions are given for the existence of two independent analytic first integrals
of the considered system. Here, in this paper, for particular parametric subsystems of three-
dimensional Lotka-Volterra systems in [10], the non-existence of polynomial first integrals are
investigated. Moreover, we mainly used the contradiction technique to prove that the given
subsystems admits no polynomial first integrals.

1 Introduction

The characterisation of first integrals of polynomial differential systems is one of the interesting
and difficult problems in the qualitative theory of differential equations. For two dimensional
differential equations, the existence of one first integral will classify all its trajectories in phase
plane. In general, to characterize the phase portrait of n dimensional differential systems, n — 1
functionally independent first integrals are required.

This study has been motivated to the recent work in [10] which investigated the necessary
conditions under which the three dimensional Lotka—Volterra system

t=z(1+ax+by+cz) = P(z,y,2),
z=z(1+ gz + hy + kz) = R(x,y, 2),

admits two independent analytic first integrals. Note that the existence of an analytic first integral
of a given polynomial differential system does not imply the existence of a polynomial first in-
tegral, it may have or may have not. Hence having ideas on the existence analytic first integrals;
it would be also a good idea to have knowledge on the existence of polynomial first integrals.
So, here, we distinguish a family of differential systems in which they admit no polynomial first
integrals.

The investigation of polynomial first integrals for two dimensional polynomial differential
systems was considered by several authors in [11] and [4]. Other works on two dimensional
quasi homogeneous polynomial differential systems and a family of three dimensional systems
can be found in [3] and [6] respectively. They gave necessary conditions for which the given
differential systems admits a polynomial, rational or analytic first integral. Recently, the authors
in [1], gave necessary and sufficient conditions in order that a subfamily of three dimensional
Lotka—Volterra systems has no polynomial first integrals. Other related works can be found in
[5, 6, 8, 9] and references therein.

Let U be an open subset of C3, we recall that the non-constant function H : U — C is a
first integral if H is constant on all its solutions of system (1.1) contained on U. That means, the
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function H (z, y, z) satisfies

P(?H(w, Y, z) OH (z,y,z) n RaH(w, Y, z)
Ox dy 0z

for all (x,y,2) € U. We say that H is a polynomial first integral when H is a polynomial. That
is, H € C[z,y, z] where C|z, y, 2] denotes the ring of all polynomials in the variables z, y and z
with coefficients in C.

Given a polynomial F' € Clz,y, 2], we say that F' = 0 is a Darboux polynomial (an invariant
algebraic surface) of system (1.1), if it satisfies

P8, F+Qd,F+RO.F=KF, (1.3)

+Q =0, (1.2)

for some polynomial K = K(xz,y,z) € C[z,y, 2], called the cofactor of F = 0 and for system
(1.1) has at most degree one. Note that d,, d,, and 0. denotes the partial derivatives with respect
to x,y and z respectively. If the cofactor is zero then the Darboux polynomial reduces to poly-
nomial first integral [2, 7].

The paper is organized as follows: in Section 2 we give an approach for proving the non-
existence of polynomial first integrals for a family of subcases in system (1.1). Section 3 is
devoted to conclude the ideas and results of this paper.

2 The non-existence of the polynomial first integral.

In this section, we mainly study the non-existence of polynomial first integrals for some subfam-
ilies of Lotka—Volterra system (1.1) in which those subfamilies admit two independent analytic
first integrals. All considered subfamilies are obtained in integrability conditions in Theorem
5.1, in [10]. Note that, Theorem 2.1 to Theorem 2.11 correspond to integrability conditions (1,
2%5,6,7, 11, 12, 34, 39, 40) of Theorem 5.1 in [10] respectively.

Theorem 2.1. The subsystem

& =xz(1 + azx + by),
g =y(=3+ey), 2.1)
2=z(14+hy+kz),

has no polynomial first integrals if a = 0.

Proof. Assume that H = H(z,y,z) is a polynomial first integral of system (2.1). Then, this

implies

OH(z,y,z) OH (z,y,z) OH (z,y,2)
ox Jy 0z

We can also assume H (z,y,z) = Y. o H;(y, z)z", where H,(y, z) is a polynomial in the vari-

ables y and z for each ¢ and n € N U {0}. The terms of degree n + 1 of variable z in equation
(2.2), satisfy

(1 +ax +by) +y(=3+ey) +z(1+hy +kz2) =0. (2.2)

naH,(y,z) = 0. (2.3)
We consider the following two cases.

(1) If a = 0, we compute the terms of " in (2.2) which satisfy the partial differential equation

OH, (x, OHp (z,
o3+ e 20D 1y ke 2D 1y 2) = 0
and its solution by a software system Maple is
. (e 1) 3 Py (— 4, 26530 20 00y 4 (3 4 ey) RS
Hn(y,z)=y?(—3+ey)%Fn(( ) SR e i e DR SRR )
yiz
2.4
1 2e—3h.2. ey

where F,, is a function in the variables y and z and ,F; (—3, £ 5 3“ ) is a hypergeo-
metric function. Since H,, is a polynomial, then from the solution (2.4) it must be F;, = 0

and hence H,, = 0. This is a contradiction.
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(ii) If n = O, then the variable x does not involve in the polynomial first integral and H =
Hy(y, ). The relation (2.2) implies,

8H0(y7 Z)
dy

aHO(yv Z)

9% =0.

y(—=3+ey) +z(1 + hy + kz)

The function

3hte

(D' 235 knFi (-3, 25" 5 9) + (3 + ey)”ﬂv
yiz

Ho(y,z) = F()(

)

satisfies the last partial differential equation where Fy is a function in the variables y and z.
Since Hj is a polynomial, then Fy must be a constant. So, the function H = H( must also
be a constant. This is a contradiction.

Note that, if both e = —3b and a = 0, then (2.1) has a polynomial first integral Hy = Fy(z3y).
i

Theorem 2.2. The system

& =xz(1 +ax + by — kz),
g =y(=3+ey), 2.5)
2=2z2(14+hy +kz2),

admits no polynomial first integrals.

Proof. Let H = H(z,y,z) be a polynomial first integral of system (2.5). Then H satisfies the
partial differential equation

OH (z,y,2)
ox

O0H (z,y, 2)
dy

OH (z,y, z)

z(1+az+by—kz) P

+y(—3+ey) +2(14+hy+kz2) =0. (2.6)
Without lost of generality we can write H (z,y, 2) = Y., H;(z,y)z", where for each i, H;(z, y)
is a polynomial in the variables z and y and the degree n € N U {0}. In equation (2.6), the terms

in z"*! satisfy

OH,(x,
k(xa(;y) ~nH,(z, y)) —0. 2.7

We distinguish the following two cases.
(1) If £ = 0. The terms of variable z of degree n in equation (2.6) we have

OH,(x,y)
ox

8Hn(xa y)

z(1 + ax + by) 9y

+y(—3+ey) +n(l 4+ hy)H,(z,y) = 0.

The solution of the equation above is

n —n(e+3h) -1 1_%3%ax F _l72673b;2;ﬂ 4 (“34e e
Hy(z,y) =y% (~3tey) "5 Fn(( ) 2Fi (=3 % 5 )+ ( y) )
y3z

)

where F,, is a function in the variables = and y. We now proceed as Case (i) in Theorem
2.1.
(ii) If k # 0, then
Hy(z,y) = Fa(y)z", (2.8)

where F), is an arbitrary function in y. We first consider the case if n = 0, and from
equation (2.6), we have

aH()(l', y)
or

a}IO(% y)

3y =0.

(1 + az + by) +y(=3+ey)
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The solution of the equation above is

HO(x7y) - FO ) (29)

((—1)1_233%?(13321:1(—;, 23 2 ) 4 (=3 + ey)%e)

T
3y

<

where Fj is a function of the variables x and y. Since Fp is not a polynomial then it must
be constant. Therefore, the function Hy must also be constant and this is a contradiction.

We now investigate the case where the first integral H is of degree n > 0. From equation
(2.8), the function F,(y) must be a constant C,, and the solution becomes

H,(z,y) = Cpz™.

Next, computing the terms in z™ in equation (2.6) which is

k( - mm{”:aif”’y) +(n— l)Hn_l(x,y)) +nC, (ax + 2+ (b+ h)y))m” =0. (2.10)

The function

Hyoa(2,) = (£C0u(50° + (b+ May +22) + P (y))e™™, (211)

satisfies the equation (2.10). Since H,,_ is a polynomial of degree n— 1, then must the term
2Cy(%a? + (b+h)zy+2z) be zero and this only holds if C,, = 0 which is a contradiction.

O
Theorem 2.3. Consider the three parametric family

& =a(l — gz — hy),
v =y(=3 — gz — hy), (2.12)
z2=z(14 gz + hy + kz).

Then the system has no polynomial first integrals.

Proof. Assume H(z,y,z) = > ., H;(z,z)y" is a polynomial first integral of system (2.12),

where each H;(z,z) is a polynomial in the variables z and z of degree i. Then, H(x,y, z)
satisfies

O0H (x,y, O0H (x,y, O0H (z,y,
x(l—gm—hy)(gzyz)—i-y(—?a—gsc—hy)(gym—l—z(l—l-gm—i-hy—i—kz)(gzm =0.
(2.13)
The coefficient of y”Jrl in equation (2.13) is
Hn b HTL I’
h( 0 a(; 2,0 a(: 2) —nkH,,L(x,z)) = 0. (2.14)

We consider two cases.

(1) When h = 0, the coefficient of ™ in equation (2.13) is

OH,(x,2)

oty (x,
z(1 —gm)T +z(1+ gz + k:z)M

5 n(3 4 gz)H,(x,2z) = 0.

It has a solution

29r + kz

H’ﬂ 9 = 3n _1 _4nFn S e————

):

where F, is an arbitrary function in the variables z and 2. Thus, H,(z, z) is not a polyno-
mial of degree n. This is a contradiction.
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(ii) When h # 0, equation (2.14) has a solution
Hy(z,z) = Fy(xz)z™",

where I}, is an arbitrary function in the variable zz.
There is a possibility that the variable y is missing in the polynomial first integral H,, where
n = 0. Then, H = Hy(x, z) and it satisfies

0Hy(z, 2)

OH,

9% =0.

Solving equation above, we obtain

2gr + k=z
H = Fp(——2= %
o(z,2) O(Zgz(l 7g$>2),
2gx+kz

where Iy is a function in the variable
contradiction.
For n > 0, the coefficient of y™ in equation (2.13) is

o2 (=ga) and it is not a polynomial. This is a

xaHn_l (z,2) n ZBHn_l (z,2)

h(—
( ox 0z

—(n—1)H,_(z,2)) +2'"2(2 + k2) DF, (2z)
—4nF,(zz)z™" =0,

and this differential equation has a solution

—n

k
- ( —2zz(1+ ;)DFn(a:z) + 4nFn(:cz)) + By (x2)2'™,

xT

Hn—l (LE, Z) =

where F),_ is a function in the variable zz. Since z~"F),(zz) is also in H,, then must
F,(xzz) = 0 and consequently H,, = 0. This is a contradiction.

Theorem 2.4. The system

& =x(1 +dx + ey),
y=y(-3+dz + ey), (2.15)
2= z(1 — 2dz — 2ey + kz),

admits no polynomial first integrals.

Proof. Let H(x,y, z) be a polynomial first integral of system (2.15). We write H(z,y, z) as a
polynomial in the variable x as H(z,y,z) = >, Hi(y, z)x*, where each H;(y, z) € Cly, 2].
The coefficient of z"*! in

H H
z(1 +dx + ey)% +y(=3+dzr+ ey)(‘)(gcg;y,z) + 2(1 = 2dx — 2dy + k=)
OH(x.y.2) _ o (2.16)
0z
) (.2) (v.2)
O0H,(y, 2z OH,(y, 2z
-2 H =0. 2.1
dly =gt 2T ki (y.2)) = 0 @17)
We first consider the case when d = 0. Computing the coefficient of 2™ in (2.16)
OH,(y, OHn(y,
(=34 e W2 ey 4y VW) LG ) =0, 218)

dy 0z
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The function

n —dn kz((ey)> — Sey +5) +5
H(y.2) = o ey~ 3) T “5()%_3)222/?) ).

satisfies (2.18) where F, is a function in the variables y and z. It is clear that for any value of n,
H,(y, ) is not a polynomial. This is a contradiction.
Now if d # 0 then the solution of equation (2.17) is

Ho(y,2) = FulzgP)y ™",

where F), is an arbitrary function in the variable z1°.
If n = 0, we obtain H(x,y, z) = Ho(y, z) and it satisfies

aHO(:U? Z)
dy

aHO(y7 Z)

95 =0.

y(=3+ey) +2(1 — 2ey + kz)

Solving this differential equation we obtain

5+ kz((ey)? — dey + 5))

Hy(y, z) = F{
olv:2) = o 52y’ (ey - 3)3
5+kz((ey)? —4ey+5)

: - which is not a polynomial. This is also a
S5zy3 (ey—3)3

where Fj is a function of variable

contradiction.
Now if n > 0 the coefficient of " in equation (2.16) is

yaHn—l (ya Z) N ZzaHn—l (ya Z)

d
( dy 0z

+(n— 1)H,_1(y,2)) +y* "2(=5 4+ kz) DF,,(2)
+4nE, (zy?)y™ " = 0.

It has a solution

—n

H, 1(y,z) = y3—d <2y2(—5 + kz)DFn(zyz) + 12nFn(zy2)) + Fn_l(zyz)yl*"7

where F,,_; is a function in the variable 2.
Since y~"F,(zy?) is also in H,,, then must F,(zy*) = 0 and eventually H,, = 0. This is a
contradiction.
O

Theorem 2.5. The system

& =xz(1+ ax + hy + cz),
g =y(=3+ey), (2.19)
z2=z(14 gz + hy + kz),

has no polynomial first integrals.

Proof. We assume that the polynomial first integral of system (2.19) is H(z,y,2) = > Hn(z, y)2",
where for each i, H;(z,y) is a polynomial in the variables x and y. Then it satisfies

OH , 0H (z,y,
x(l—i—ax—#—hy—i—cz)(gfz)—l—y(—3+ey)%yyz)—i-z(l—t—gx—khy—i-kz)
Mzo, (2.20)
0z

n+1

The coefficient of z in equation (2.20) is

H
22 n(,9)

H —0.
ok n(z,y) =0
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Solving this partial differential equation, we obtain

—nk

H,(z,y) = Fp(y)z ", 2.21)

where F), is a function in .
The following cases are considered.

(i) If k = 0and n # 0 then H,(z,y) = F,(y) is a function in the variable y alone.
The coefficient of z" in equation (2.20) is

OH,,_(x, ar,
cmw +y(—3+ey) ) +n(1+gx+ hy)F,(y) =0,
ox dy
which has a solution
dFr, (y)

Hyi(z,y) = %(yln(:z:)(—3 + ey)

&y n(In(z)(1 + hy) + gx)F.(y)) + Fuo1(y),

where F),_ is an arbitrary function in the variable y. Since H,,_1(x,y) is a polynomial of
degree n — 1, then ngzF,, (y) = 0 and

dF,(y)
dy

y(—3 + ey) —n(l + hy)F,(y) = 0. (2.22)
From ngzF,(y) = 0 must F,(y) = 0 if g # 0 and this implies (2.22) vanishes as well and
consequently H,, = 0. This is a contradiction.

If g = 0, we solve equation (2.22) and its solution is

n ( e+3h )

Fu(y) = Cny%(_?’ +ey) e,
where C,, ia an arbitrary constant. Since n # 0, then F,(y) is not a polynomial and even-

tually H, (z,y) is not a polynomial. This is also a contradiction.

(i) If n = 0, then the variable z will not appear in the polynomial first integral and H =
Ho(x,y). Then it satisfies the partial differential equation

OH, OH,
z(1+az + hy)i%(j’ v y(=3+ ey)%(j D) _ 0,
and its solution is
1 e=3h _ e43 1 2e—3h 2
Ho(w,y) = Fo(— (=3 + ey) ¥ — an(=1) 535 5F (-3, == 1: ),

HATE € 3°3
where Fj is a function in the variables z and y and the function ,F; (—%, 263_6 3h. %; %) isa
hypergeometric function. Therefore, it is not a polynomial. This is a contradiction.

(ii1) If K = —c. Then (2.21) becomes
Hy(z,y) = Fa(y)z",
where F), is a polynomial in the variable y.
The proof is the same as Case(ii) in Theorem (2.2).
O

Theorem 2.6. The system

& =z(1 + ax + by — 2kz),
y(—3 — 3ax — 3by), (2.23)
2(1 + dax — 8by + kz),

Y
%

has no polynomial first integrals.
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Proof. Let H(z,y, z) be a polynomial first integral of system (2.23). Without lost of generality,
we can write H(z,y,z) = Y. Hi(x,y)z" where for each i, H;(x,y) is a polynomial in the
variables x and y. Then H (z, y, 2) satisfies

z(14+ax + by — ZkZ)W +y(—3—3azx — Sby)aH(g’yy’Z) + 2z(1 4+ dax — 8by + kz)
OH(x.y.2) _ (204
0z
The terms of degree n + 1 in equation (2.24) are
OH,(x,y) B
k( ~ 205 (o, y)) —0. (2.25)

First we consider the case when k& = 0.
The terms of degree n in equation (2.24) are

Hn b Hn )
z(1 +az+by)% —3y(1 —l—am—i—by)aa(;y) +n(14+4azx—8by)H,(z,y) = 0. (2.26)
The solution of equation (2.26) is
H,(z,y) = Fy(yz®)(1 + az + by) 3"z, 2.27)

where F, is a polynomial in the variable yx3. We see that the function H,, (=, y) is not a polyno-
mial. When n = 0 we can obtain a polynomial first integral of the form Hy(z,y) = Fo(yx?).
Now, if k& # 0, then the solution of equation (2.25) is

Hy(,y) = Fa(y)z?,

where F), is a function in y.
If n # 0, we get a fractional power and this is a contradiction.
If n = 0, then equation (2.24) becomes

8H0(I,y) 3H0(x,y) _
the equation above have the polynomial first integral Hy(x,y) = Fo(yx?).
i
Theorem 2.7. If e # —3h then the system
& =xz(l + ax),
v =y(—3 —2az + ey), (2.28)

z2=2z(14 gz + hy),
has no polynomial first integrals.

Proof. We propose that a polynomial first integral H(xz,y, ) exists of the system (2.28). There-
fore, it can be expressed as H(z,y,z) = > ., H;(y, z)z*, where each H;,(y, z) are polynomials
in (y, z), H, # 0. Then H(z,y, z) satisfies

z(1+ ax)% +y(=3—2ax + ey)aH(;Z’jy’Z) +2(14+gx+ hy)% =0.
(2.29)
The terms of degree n + 1 in equation (2.29) become
—2ay GHE(;/, 2) + gzaH%(Zy’ 2) +anH,(y,z) =0,
and whose solution is .
H,(y,2) = Fu(zy®)y>?, (2.30)

where F, is a function in the variable zy% .
We consider the following two cases.
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(1) If n = 0, then the variable = will disappear in the polynomial first integral and H =
Hy(x,y). Then it satisfies the differential equation

8H0(y,2) aHO(yaZ>
-3)—== 1 — = =0. 2.31
yley =3) =5 = + 21+ hy)—5" 0 (2.31)
Solving it, we obtain
Ho(y. ) = Fo(2 y(ey — 3)77%°). 2.32)
Note that H, will be a polynomial only when e = —3h, but since e # —3h, so we get a

contradiction.

(i) If n > 0 and g = ma, where m € Z \ Z~ then we have two subcases.

1) If m = 0, then H,,(y,2) = F,(2)y?. Since n # 0, we get a fractional power and this is
a contradiction.

n

2) If m is positive integer then H,,(y, z) = F,,(zy % )y?>.
The coefficient of ™ in equation (2.29) is

_2y 8Hn_1 (y, Z) —f—mZaH”_l (ya Z)

o dy 0z

+(n—1)H,—1(y, z))+§(2—3m+(2h+em)y)

m+n n

DF,(2y%)y™2 3 (1 —ey)Fu(zy®)y? =0.

Solving the equation above yields

Ho1(0,2) = oo (2((em+20)y—3(m—2)) D, (2 )y ™= 4n(ey—3)Fu(zy® ).

Since H,,_; is a polynomial of degree n — 1 then must be

n

2((em + 2h)y —3(3m = 2))DF, (2y % )y ™= + n(ey —3)Fu(2y ¥ )y? = 0.
The transformation u = 2y gives
(((em +2h)y — 9m + 6)uDFE, (u) + n(ey — 3)F,(u))y? =0,

it has a solution
—n(ey—3)

Fp(u) = CpuTmimy—0tm=7
and pull back to the solution, we obtain

—n(ey—3)

Fa(zy®) = Culey® )yt s,

then
—n(ey—3)

Ha(y, ) = Calay® )Tt iyt

It is clearly that H,(y, z) is not a polynomial.

Theorem 2.8. If d #= —3a, then the differential system

& =z(1+ax+ cz2),
y=y(-3+dr+ f2), (2.33)
2= 2(14 gz + kz),

has no polynomial first integrals.
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Proof. Let the system (2.33) has a polynomial first integral H(z,y, z). It can be written as a
polynomial in the variable z. Thatis, H(z,y,z) = Y ., Hi(z,y)z" where H,(z,y) are polyno-
mials in the remaining variables. So H(z,y, z) satisfies

H H
2(1+ az + cz)% +y(=3+do+ fz)a(g,yy,z) +2(1 4 gz + k2)
OH(wy:2) _ o (g3
0z
The coefficient of z"*! in equation (2.34) is
H, H,
cxa n(@,y) +fy8 n(@,y) + nkH,(z,y) =0,
Ox dy
whose solution is ; .
H,(z,y) = Fy(yz~ %)z~ <, (2.35)

where I}, is a function in the variable yafg. The following cases are considered.
(i) When k& = 0 we have several subcases.

(1) If f = —c then

where F), is an arbitrary function in the variable xy.
The coefficient of z™ in equation (2.34) is

xaanl(xvy) _yaanl(a%y)

5 oy ) Teu(-2talatd) DEy(ey)+n(l+ge) F(ry) = 0.

It has a solution
1
H, (z,y) = F_1(zy) — E(((a—i—d)y:):z —2zylnz)DF, (zy) +n(Inx+ gx)F,(xy)),

where F,,_; is an arbitrary function in the variable xy. Since the power of H,,_i(x,y)
is higher than » — 1 then must be

f%(((a + d)yz? — 2zyInz)DE, (zy) + n(Inz + gz)F,(zy)) = 0. (2.36)

If we let u = zy then the differential equation above reduces to

i(u(2y - (a + d)u)DF,(u) — n(yIn Ly gu)Fy,(u)) = 0. (2.37)
cy Y Y
Solving equation (2.37), we get

n(yln %Jrgu)

I(W)du
Fo(u) = C,exp’ vy (erd

Where C), is a constant and F, is not a polynomial, then we get a contradiction.

(2) If f = 0 then equation (2.35) becomes

Hn('ray) = Fn(y)7

where I}, is a function in y. The coefficient of 2" in equation (2.34) is

H,_
Cl‘a n l(xay)

5 +y(=3 +ey)DF,(y) +n(1 + gz)F,.(y) = 0.
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It has a solution
1
Hy, 1(z,y) = Fo1(y) — E(y(dx —3Inz)DF,(y) + n(lnz + gz)F,(y)),

where F,,_; is an arbitrary function in the variable y. Since the powers of H,,_(x,y)
is higher then n — 1 then must be

1
—E(y(dx —3Inz)DF,(y) + n(lnz + gz)F,(y)) = 0.
The solution of the differential equation above is

n(gz+in(x))

Fuly) = Coy ™55,

we get that F},(y) is not a polynomial. Consequently the function H,(z,y) is not a
polynomial which contradict with our assumption.

(i1) If n = 0 and k£ # O then the equation (2.34) does not depend in variable z. Then it becomes

8H0($,y) aHO(I,y) _
z(1+ ax) o T y(—3 4 dz) 9y 0,
and whose solution is X .
221 +az) &
Ho(z,y) = Fo(u), (2.38)

(1+ ax)?

where Fj is a function in the variables z and y. Since d # —3a, then Hy(z,y) is not a
polynomial. This is a contradiction.

(ii1) If £ = —c, then
Hy(2,y) = Falye ¥ )", (239)
where Fj, is an arbitrary function in the variable yx%f. Since H,,(z,y) is a polynomial of
degree n then Fn(yx‘%) must be a constant and let it is equal to C,.
The coefficient of 2™ in equation (2.34) is

xaanl(J%y) _ yaanl(xvy)

c( O Y —(n—=1)H,_1(z,y)) +n(z(g+a)+2)Cpra™ = 0.

This equation has a solution

5 c,
Hooi(z,y) = Fp_y(ya = )z~ — "27(4 + (a+ g)z)a™ (2.40)
Where F),_; is an arbitrary function in the variable ya:%f. Since the power of H,,_;(z,y)
is higher then n — 1 then the term % (4+ (a+ g)z) must be zero and it is hold only when
C,, = 0. It is contradict with assumption H, (z,y) is a polynomial of degree n.

Remark 2.9. The system (2.33) where n = 0 and k£ # 0 with additional condition d = —3a,
admits a polynomial first integral of form yz>.

Theorem 2.10. The subfamily

(1 + ax — 8hy + 4kz),
y=y(—3+hy + kz), (2.41)
z2=2z(1 = 2az + hy + kz),

x

admits no polynomial first integrals if a # O.
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Proof. Suppose that a polynomial H = H(z,y,z) is a first integral of (2.41), and we write
H(z,y,z) = >, Hi(y,z)z', where each H;(y, z) is a polynomial. Then H (z,y, z) satisfies

H H
o(1+ az — 8hy + 41@% Fy(=3+hy+ kz)a(géy’z) +2(1 - 2az + hy + k=)
OH(x.y:2) _ o .42
0z
The coefficient of z"*! in equation (2.42) is
a(—ZZaH%i(y’z) +nHy(y,z)) =0. (2.43)
z
Solving equation (2.43), we obtain
Hn(yv Z) = Fn(y)z%v
where a # 0 and F,, is an arbitrary function in the variable y.
If n > 0, we get a fractional power and this is a contradiction.
If n = 0 then equation (2.42) reduces to
H H
y(f3+hy+kz)w + (1 +hy+kz)M —0, (2.44)
oy 0z
and it has a solution s
—4096y 2"k
H = F 2.45
oW:2) = P53 1y — 3 (@45
which is not a polynomial first integral. O

Theorem 2.11. The system
& = z(l — gz — Shy + 3kz),
v =y(-3+ gz — 3hy — 3kz), (2.46)
z=z(14 gz + hy + k2).

has no polynomial first integrals.

Proof. Consider H(z,y, z) is a polynomial first integral of system (2.46), and suppose H (z,y, z) =
S o Hi(y, z)a*, where each H;(y, z) is a polynomial in the variables y and z. Then it satisfies

z(1 —gx—5hy+3kz)w+y(—3+gx—3hy—3kz)w+z(l+g:c—|—hy+/€z)
€L Y
O, y.2) _ o (2.47)
0z
The terms of degree n 4 1 in the variable x in equation (2.47) obtain
OH,(y, z) OH,(y, z) B
9(y oy TP o, nH,(y,z)) = 0. (2.48)

If g = O then the terms of degree n in the variable x in equation (2.47) become

—3y(1+hy+kz)aHna(yy72)+z(1+hy+kz)émg(zy72)+n(1—5hy+3kz)Hn(y,z) = 0. (2.49)
It has a solution
H,(y,2) = Fn(29)2" (1 + hy + kz)*™. (2.50)

Note that if n = 0, we can get the polynomial first integral of the form Hy(y, z) = Fy(z’y) and
if n # 0 we get a contradiction.
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More precisely, it is clear that from (2.46), the polynomial first integral is Ho(y, z) = Fp(2%y).
Now for g # 0 then the solution of the partial differential equation (2.48) is

Hy(y,2) = Fn(g)y”, (2.51)

where I}, is an arbitrary function in the variable g
We have two possibilities.
If n = 0 and from equation (2.47) we can get a polynomial first integral of the form

Hy(y, z) = Fo(2*y).
If n # 0, we calculate the coefficient of ™ in equation (2.47) is

yaanl (ya Z) + Zaanl (l/7 Z)

8y 0z - (TL— I)anl(yyz))+42(1 +hy_|_kz)yn—]DFn(

g

;)
—on(1 + 4hy)y”Fn(§)) —0.

It has a solution

Hyi(y,2) = Fn_1<§>y"*‘+7(—2z<2+hy+kz>DFn<§>+zn<1+2hy>Fn<§>>, (2.52)

where F),_ is an arbitrary function in the variable i
Since H,,_1(x,y) is a polynomial of degree n — 1 then must

—22(2+ hy + k2) DE,(2) + 2n(1 + 2hy) Fo (Z) = 0, (2.53)
Yy Yy

and it has a solution

—n(l4+2hy) n(1+2hy)

Fn(é) — Cn(2 + hy —|— kz) 2+hy (Zy_l) 2+hy

where C,, is a constant. Since n 7 0 then F},(Z) is not a polynomial. Therefore, H, (y, z). This
is a contradiction. ]

3 Conclusion

In this study, we proved that some subfamilies of three-dimensional Lotka-Volterra system (1.1)
have no polynomial first integrals even though they admit two independent first integrals. Then
we conclude that the existence of analytic first integrals does not guarantee the existence of poly-
nomial first integrals. Some subsystems which have analytic first integrals and without any extra
conditions have shown that they also admit no polynomial first integrals. However, in some
cases, one has assumed extra condition to prove the non-existence of polynomial first integrals.
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