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Abstract In this paper, we introduce a two-variable arithmetic function with some essential
properties d(n,m) = lcm(n,m)−gcd(n,m) and then try to find some relations by infinity series
connected to zeta function, Euler φ function, divisor function and some another foundation of
number theory concepts and formulas.

1 Introduction

For a pair of nature numbers for example n and m, the greatest common divisor and least com-
mon multiple are denote respectively by gcd(n,m) and lcm(n,m)[1]. We can look at them as
functions from N2 to N.

2 Preliminary

In this section, we remind some basic number theory definitions that are necessary to continue
our aims. In number theory, Euler’s totient function counts the positive integers up to a given
integer n that are relatively prime to n. It is written using the Greek letter phi as φ(n).

Definition 2.1. For each k ∈ N, Jordan’s totient function φk(n) is multiplicative and may be
evaluated as

φk(n) :=
∑

(i,n)=1

ik

Definition 2.2. The sum of positive divisors function σx(n), for a real or complex number x, is
defined as the sum of the x-th powers of the positive divisors of n. It can be expressed in sigma
notation as

σx(n) =
∑
d|n

dx.

where d | n is shorthand for " d divides n. In special case x = 0, σ0(n) is the cardinal of n
divisor set.

Definition 2.3. The Polylogarithm function is defined by a power series in a(n) : N→ C, which
is also a Dirichlet series in s:

Lis(a(n)) :=
∞∑
k=1

a(k)k

ks
= a(1) +

a(2)2

4
+
a(3)3

9
+ . . .

In case z = 1, Lis(1) = ζ(s) is Riemann zeta function.

Definition 2.4. Suppose that n,m ∈ N are two arbitrary number, then we define a function
d : N×N→ N such that

d(n,m) := lcm(m,n)− gcd(n,m)

as lcm and gcd are well defined, then d is well defined and also d is a projection bout, not an
injection.
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Proposition 2.5. For all n,m, r, s, h ∈ N :

(i) d(n,m) = d(m,n).

(ii) d(hn, hm) = hd(n,m).

(iii) n | m =⇒ d(n,m) = m− n.

(iv) d(n,m) =
(mn−gcd(m,n)2)

gcd(n,m) .

(v) gcd(n,m) = 1⇐⇒ d(n,m) = nm− 1.

(vi) If r ≤ s =⇒ d (ns, nr) = ns − nr.

(vii) d(n,m) = 0⇐⇒ n = m.

Definition 2.6. Assume that n, k ∈ N are fixed numbers. then we define these three functions as
follows:

(i) λk(n) :=
∑
i|n d(i, n)

k.

(ii) γk(n) :=
∑

gcd(i,n)=1 d(i, n)
k

(iii) ωk(n) :=
∑n
i=1 d(i, n)

k

3 Main result

In this section, we prove some theorems by the above definitions.

Theorem 3.1. Assume that n, k ∈ N are fixed numbers. Then:

(i) λk(n) =
∑k
j=0 n

j

(
k

j

)
(−1)k−jσk−j(n).

(ii) γk(n) =
∑k
j=0 n

j

(
k

j

)
(−1)k−jφj(n).

Proof. (i)

λk(n) =
∑
i|n

d(i, n)k

=
∑
i|n

(n− i)k

=
∑
i|n

 k∑
j=0

nj(−i)k−j
(
k

j

)
=

k∑
j=0

nj(−1)k−j
(
k

j

)∑
i|n

ik−j


=

k∑
j=0

nj

(
k

j

)
(−1)k−jσk−j(n)
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(ii)
γk(n) =

∑
gcd(i,n)=1

d(i, n)k

=
∑
i|n

(in− 1)k

=
∑
i|n

 k∑
j=0

nj(−i)k−j
(
k

j

)
=

k∑
j=0

nj(−1)k−j
(
k

j

) ∑
gcd(i,n)=1

ij


=

k∑
j=0

nj

(
k

j

)
(−1)k−jφj(n)

Theorem 3.2. Suppose that p is a prime number and k ∈ N, then:
ω
(
pk
)
= pk−1

(
k − kp+ p2k+2−p2

2p+2

)
Remark 3.3. Suppose that p is a prime number and k ∈ N, then: In above theorem, for k = 1
we can simplify summations as λ1(n) = nτ(n) − σ(n) and γ1(n) = φ(n)

( 1
2n

2 − 1
)

such that
τ(n) = J0(n), σ(n) = J1(n), φ(n)

=
= φ1(n) and ω1(n) = ω(n). Also we denote λ1(n) = λ(n)

and γ1(n) = γ(n). If n = p, be a prime number, then λk(p) = (p − 1)k and γ(n) = (p −
1)
( 1

2n
2 − 1

)
.

Theorem 3.4. If k ∈ N and p be an arbitrary prime number, Then:

(i) λ
(
pk
)
= pk(kp−k−1)+1

p−1 .

(ii) γ
(
pk
)
= pk−1

(
1− p− 1

2p
2k + 1

2p
2k + 1

)
.

Theorem 3.5. If n,m ∈ N, then:

(i) λ(nm) = λ(m)λ(n) + τ(n)τ(m)(m+ n).

(ii) γ(nm) = γ(m)γ(n) + 1
2φ(n)φ(m)

( 1
2n

2m2 − n2 −m2
)
.

Proof. For the first equality, since τ and σ are multiplicative so:

λ(nm) = nmτ(n)τ(m)− σ(n)σ(m).(1)
Also by definition and (1):

λ(n)λ(m) = nmτ(n)τ(m)− nτ(m)τ(n)−mτ(m)τ(n)− τ(m)τ(n) (3.1)

= λ(nm)− τ(nm)(m+ n) (3.2)

So λ(nm) = λ(m)λ(n) + τ(n)τ(m)(m+ n).
For the second as φ is multiplicative:

γ(nm) =
1
2
n2m2φ(n)φ(m)− φ(n)φ(m).(2)

Also by definition and (2):

γ(n)γ(m) =

(
1
2
n2φ(n)− φ(n)

)(
1
2
m2φ(m)− φ(m)

)
(3.3)

=
1
4
n2m2φ(n)φ(m)− 1

2
n2φ(n)φ(m) (3.4)

− 1
2
m2φ(n)φ(m)− φ(n)φ(m) (3.5)
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So
γ(nm) = γ(m)γ(n) + 1

2φ(n)φ(m)
( 1

2n
2m2 − n2 −m2

)
Theorem 3.6. Lets that p be a prime number, so:

(i)
∑∞
k=1

λ(pk)
ks =

(p2−2)Lis(p)+ζ(p)
p−1 .

(ii)
∑∞
k=1

γ(pk)
ks =

(
p−1
p

) ( 1
2Lis

(
p3
)
− Lis(p)

)
.

(iii)
∑∞
k=1

ω(pk)
ks =

(
1−p
p

)
Lis−1(p) +

(
p

2+2p

) (
Lis

(
p3
)
− Lis(p)

)
.

Proof. (i)

∞∑
k=1

λ
(
pk
)

ks
=

(
1

p− 1

) ∞∑
k=1

(
kpk+1 − kpk − pk + 1

ks

)
(3.6)

=

(
p

p− 1

) ∞∑
k=1

pk

ks−1 −
(

1
p− 1

) ∞∑
k=1

pk

ks−1 (3.7)

−
(

1
p− 1

) ∞∑
k=1

pk

ks
+

(
1

p− 1

) ∞∑
k=1

1
ks

(3.8)

=

(
p

p− 1

)
Lis−1(p)−

(
1

p− 1

)
Lis−1(p) (3.9)

−
(

1
p− 1

)
Lis−1(p) +

(
1

p− 1

)
ζ(s) (3.10)

= Lis−1(p) +

(
1

p− 1

)
(ζ(s)− Lis(p)) (3.11)

(ii)

∞∑
k=1

γ
(
pk
)

ks
=
∞∑
k=1

(
pk−1 − pk − 1

2p
3k−1 + 1

2p
3k

ks

)
(3.12)

=

(
1
p

) ∞∑
k=1

pk

ks
−
∞∑
k=1

pk

ks
−
(

1
2p

) ∞∑
k=1

(
p3
)k

ks
(3.13)

+

(
1
2

) ∞∑
k=1

(
p3
)k

ks
(3.14)

=
1
p
Lis(p)− Lis(p)−

1
2p
Lis

(
p3)− 1

2
Lis

(
p3) (3.15)

=

(
p− 1
p

)(
1
2
Lis

(
p3)− Lis(p)) (3.16)
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(iii)

∞∑
k=1

ω
(
pk
)

ks
=
∞∑
k=1

kpk−1 − kpk − pk+1

2p+2 + p3k+1

2p+2

ks

 (3.17)

=

(
1
p

) ∞∑
k=1

pk

ks−1 −
∞∑
k=1

pk

ks−1 −
(

p

2p+ 2

) ∞∑
k=1

pk

ks
(3.18)

+

(
p

2p+ 2

) ∞∑
k=1

(
p3
)k

ks
(3.19)

=
1
p
Lis−1(p)− Lis−1(p)−

p

2p+ 2
Lis(p) +

p

2p+ 2
Lis

(
p3) (3.20)

=

(
1− p
p

)
Lis−1(p) +

(
p

2p+ 2p

)(
Lis

(
p3)− Lis(p)) (3.21)

Theorem 3.7. Lets that k ∈ N be an arbitrary number and s ∈ C such that the real part of s is
more significant than one, so:

∞∑
n=1

λk(n)

ns
= ζ(s− k)

k∑
j=0

(
j

k

)
(−1)k−jζ(s− j)
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