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Abstract Let G be a connected graph. The rainbow vertex connection number of G is the
minimum number of colors necessary to color GG such that for each pair of its vertices, there is a
path connecting them whose internal vertices are assigned distinct colors. A dominator coloring
of G is a proper coloring in which each vertex of G dominates every vertex of some color
class. The dominator chromatic number is the minimum number of color classes in a dominator
coloring. In this paper, we introduce a new vertex coloring parameter called rainbow dominator
chromatic number and determine this parameter for some standard graphs.

1 Introduction

In graph theory there exists two coloring problems. One is a vertex coloring problem and the
other is an edge coloring problem. In both these types, various coloring parameters have been
introduced and studied in detail and results related to these parameters are available in literature.
A relatively new concept in edge coloring called rainbow coloring was introduced in the year
2008 by Chatrand, Johns and Mckeon [2] . An analogous vertex coloring concept called rainbow
vertex coloring was introduced by Krivelevich and Yuster in the year 2010 [3].

All the graphs considered in this paper are connected, finite and undirected graphs. We refer
[1] for all standard notations and terminologies.

In this paper, we introduce a new vertex coloring parameter called rainbow dominator chro-
matic number and determine this parameter for some standard graphs. We will denote rainbow
dominator coloring by RDC throughout this paper.

Definition 1. A dominator coloring [4] of G is a proper coloring in which each vertex of G
dominates every vertex of some color class. The dominator chromatic number x4(G) is the
minimum number of color classes in a dominator coloring of a graph G.

In figure 1, a graph G with dominator chromatic number 3 is shown. In this figure, C, C5,
(35 are the color classes.

Cs G C,
Figure 1. A graph G with x4(G) =3

Definition 2. A rainbow dominator coloring of a graph G is a proper rainbow coloring of G in
which each vertex of G dominates every vertex of some color class. The rainbow dominator
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chromatic number, denoted by x,¢(G) is the minimum number of color classes in a rainbow
dominator coloring of G.
In figure 2, a RDC with ten color classes C}, C5, C5,....C of the prism graph Y7 is shown.

Figure 2. x,.4(Y19) = 10

In this section, we determine x,4(G) for some standard graphs like the path P,, the cycle C,,,
the wheel W ,, and the prism graph Y,.

We begin with the following result.

Theorem 1.1. For n > 3, x,q(P,) =n — 1.
Proof. LetG =P, ,V(G) ={a, : 1 <z <n}and E(G) = {e; : ez = (ag,0,41),1 <z <

n— 1}
We allocate a RDC to the vertices of GG as follows.
Consider the set C' : {¢1, ¢, -+ ,cn—1 } of color classes as follows:

C= c; for ag;z=1,n
¢, for ap;2<x<n-1

Here, for z = 1, n, the vertices a, of the color class ¢; dominate the vertices a, of the color
class ¢, forz = 2,n — 1. Also, for 2 < x < n — 1, the vertices a,, of the color class ¢, dominate
themselves.

Thus, er(Pn) <n-L

To prove that x,.q(P,) > n — 1, we assume that x,.q(P,) = n — 2. Then n — 2 colors must be
allocated to the vertices of G for a RDC.

Here G is a path P,,, and it requires n — 1 colors for a proper rainbow coloring.

A simple verification shows that there exist some paths (like the path: a,,_3 —an_2 —an_1 —
a,) in which two of its vertices are colored with the same colors.

This is a contradiction.

Therefore, x,q(P,) > n — 1.

Thus, xrq4(Pn) =n — 1.

O

In our next result, we determine the rainbow dominator chromatic number of the cycle C,,.
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Theorem 1.2. For k > 1,

7
8
4k +5
4k 46
4k +17
4k +8

X'r‘d(Cn) =

Proof. Let G = C,. Let V(G) = {a1,a2,a3, - ap,ant1 = a1} and E(G) = {e, : e,

(amaaar+l) forl <z < n}

for
for
for
for
for
for

n =910
n=11,12
n =6k+7
n= 6k+8
n= 6k+9
n= 6k+10, 6k+11, 6k+12

We allocate a RDC to the vertices of G as follows.

+ For n = 4 an RDC with color classes ¢; for {a1, a3} and ¢, for {az, as} gives x,q(Cs) = 2.

« For n = 5 an RDC with color classes ¢; for {aj,a4}, c; for {as,as} and c3 for {a3} gives

xra(Cs) = 3.

» For n = 6 an RDC with color classes ¢ for {a;, a4}, ¢, for {ay}, ¢ for {as,ae} and ¢4 for

{as} gives x,q4(Cs) = 4.

« For n = 7 an RDC with color classes ¢; for {a, a4}, ¢; for {ay} and ¢; for {as, ag} ¢4 for
{as} and ¢s for {a;} gives x,q4(C7) = 3.

 For n = 8 an RDC with color classes ¢ for {a,as}, ¢, for {a,} and ¢; for {a3, a7}, c4 for
{as}, cs for {aa}, ce for {ag} gives x,4(Cs) = 6.

Case 1: n =9, 10.

Consider the set C' : {c1, ¢, -, ¢7} of color classes as follows:
C[%" for a"%]+1 forn =29
C[%W for a(%],an_l forn =10
= Catl for ae41, G246, for 0 <z < 1

Cral+2 for a,,

Coi3 for aszyp for0 <z < 1

Copis for ay 4 forz =1

Here, for each 0 < x < 1, the vertices ay,1,az.+6 Of the color class c;.; dominate the
vertices as; 12 of the color class ¢, 3. Further for n = 10 the vertices azy,a, 1 of the color
class cra dominate the vertex a4 of the color class ¢, 5 for x = 1 and the vertex a,, of the

color class ¢rz72. Also, the vertices of the remaining color classes dominate themselves.

Thus, x,q4(Cp) < 7.

To prove that x,4(C,) > 7, we assume that x,.q(C,,) = 6. Then 6 colors must be allocated

to the vertices of G for a RDC.

Here G is a cycle Cy or C'o, which requires 5 distinct colors for a rainbow coloring. Even
if we allocate 6 colors to the vertices of GG, a simple verification shows that there exist some
vertices in the graph G (For example, in Cy the vertices as and ag) which will not dominate

every vertex of any color class.
This is a contradiction.
Therefore, x-q(Cy) > 7.
Thus, er(cn) =1.

Case2: n=11,12.

Consider the set C' : {cj, ¢z, - ,cg} of color classes as follows:
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C(%" for a(%] forn =11

Cra for arzy,an forn =12

Chp+1 for a3m+1,aLnT+3J+3I for O S x < 1
(&) for as, ag

Cap—1 forazy,_jforl <z <2

Cazta fOrajns s, for0 <z <1

Here, the vertices of the color class ¢, and for each 0 < x < 1 and the vertices of the color
class ¢4, 1 dominate the vertices of the color class ¢4, 1 and ¢4y 14 for 1 <z <2and0 <z <1
respectively . Further for n = 12 the vertices of the color class ¢z dominate the vertices of the
color class c4;—1 and caz 14 for x = 2 and z = 1 respectively. Also, the vertices of the remaining
color classes dominate themselves.

Thus, er(cn) <8.

To prove that x,q(C,) > 8, we assume that x,.4(C,,) = 7. Then 7 colors must be allocated
to the vertices of G for a RDC.

Here G is a cycle C; or C,, which requires 6 distinct colors for a rainbow coloring. Even
if we allocate 7 colors to the vertices of GG, a simple verification shows that there exist some
vertices in the graph G (For example, in C', the vertices as and a;;) which will not dominate
every vertex of any color class.

This is a contradiction.

Therefore, x,4(Cy) > 8.

Thus, x.q¢(C,) = 8.

Case 3: n =6k + 7.
Consider the set C of color classes C : {cj, ¢, , cap1s} as follows:

i

n—

Cazt1 fOT G301, an0 5, for 0 <o < 25

~

Cagyp  fOr azgys, Angs 3, for0 <oz <2

[=)}

Cap—1 foras,_jforl <z < ”T_l
C4gpvq4  for Gnss 3, for0<z< 1

Y%

C4gpr12  for Angls 43, forO0 <z < n_Tlg,.'L‘ 1

Cantl for a,,

Here, for 0 < z < an’ the vertices az,11,a nily3, of the color class ¢4, and the vertices
3043, Ants 43, of the color class ¢4, dominate the vertices a3, of the color class ¢4, for

1 <z< "?_1 or the vertices a FEE of the color class c4;14 for 0 < x < 1 or the vertices

Ansis 3, of the color class ¢4, 112 for 0 <z < "_Tlg. Also, the vertices of the remaining color
classes dominate themselves.

Thus, x,q¢(Cy) < 4k +5.

To prove that x,.q(Cy) > 4k + 5, we assume that y.,.4(C,,) = 4k + 4. Then 4k + 4 colors
must be allocated to the vertices of G for a RDC.

As G is a cycle of length n, it requires [ % | colors for a rainbow coloring. Even if we allocate
4k + 4 colors to the vertices of GG, a simple verification shows that there exist some vertices in
the graph G (For example, in Cj3 the vertices a;; and a13) which will not dominate every vertex
of any color class.

This is a contradiction.

Therefore, x,q(Cy) > 4k + 5.

Thus, x,q¢(Cr) = 4k + 5.

Case 4: n = 6k + 8.
Consider the set C' : {c1, ¢z, , cap+6} of color classes as follows:
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C4py1 for 3415 Ang2 43, for0 <z < =%

Cazva  fOr azpi3, ange 3, for0 <o < %5
Cag—1 foraz,_jforl <z < %ﬁz

n—=_8

Cazprq for Gnzi 3, forO0 <z <

Cagrs for azz.q forx = "58

CZn;rZ fOI’ (47%%

Here, for0 < x < 2 6 , the vertices az;1, Ans2 i3, of the color class ¢4, and the vertices
3043, Ante 43, of the color class c4,4> dominate the vertices az,_; of the color class c4,_1 for

1<z < "?_2 or the vertices a n 3, of the color class ¢4, 14 for 0 < z < "T_S or the vertices

a3414 Of the color class cgy5 for x = "T_S. Also, the vertices of the remaining color classes
dominate themselves.

Thus, x.q¢(Cy) < 4k + 6.

To prove that x,.4(Cy,) > 4k + 6, we assume that x,.4(C,,) = 4k + 5. Then 4k + 5 colors
must be allocated to the vertices of G for a RDC.

As G'is a cycle of length n, it requires [ 5 | colors for a rainbow coloring. Even if we allocate
4k + 5 colors to the vertices of G, a s1mple verification shows that there exist some vertices in
the graph GG, which will not dominate every vertex of any color class.

This is a contradiction.

Therefore, x,q(Cy) > 4k + 6.

Thus, x.q¢(Cp) = 4k + 6.

Case 5: n = 6k + 9.
Consider the set C': {cj, ¢, -, cap+7} of color classes as follows:

1
N=}

Cazr1 foraspir,ana 5, for0 <z <

| &
=]

Cax+2 for a32+3, a%+3z for0 <z < 6
Cap_q for azy_;forl <z < 223

_ -9
C =< c4prq for CETE T for0 <z < nT
Chx+5 for A3z+4 forx = 69
-9
Chz+6 for A6z+8 for x = nT
C% for Qp,

Here, for 0 < z < =2, the vertices a3z 1, Anilys, of the color class ¢4, and the vertices
43043, Qs +3¢ of the color class 4,42 dominate the vertices az;_1 of the color class ¢4, for
1 < 2 < =3 or the vertices Antd 43, of the color class cspq4 for 0 < z < =2 or the vertices
a34+4 OF the color class c4z+5 for r = 6 or the vertices ag,+g of the color class cqz16 for

T = ”?’9. Also, the vertices of the remaining color classes dominate themselves.

Thus, x.q¢(Cp) < 4k +7.

To prove that x,.4(Cy,) > 4k + 7, we assume that x,.4(C,,) = 4k + 6. Then 4k + 6 colors
must be allocated to the vertices of G for a RDC.

As G'is a cycle of length n, it requires [ 5 | colors for a rainbow coloring. Even if we allocate
4k + 6 colors to the vertices of GG, a simple verification shows that there exist some vertices in
the graph GG, which will not dominate every vertex of any color class.

This is a contradiction.

Therefore, x,q(Cy) > 4k + 7.

Thus, x,q¢(Cp) = 4k + 7.

Case 6: n = 6k + 10.
Consider the set C' : {cj,¢p, - , cap+g} of color classes as follows:
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Cazy1 forazeir,ang 5, for0 <z < n-10
Cagya  fOT 03243, Gnge 5, fOr0 <z < nl0
C4p—1 foraz,_jforl <z < ”T*z

C =< c4p14 fora#ﬂw forogxg%
Cagys for azgiq forz = ”*610
Caz+6 for A6z+49 for x = W_Tlo

CM for Qp

Here, for 0 < z < ”_TIO, the vertices a3, 1, @ns2 3, Of the color class cq, 11 and the vertices
2

3243, Gnse 3, Of the color class ¢y, 1> dominate the vertices a3, of the color class ¢4, for
2

1<z< ”T” or the vertices a nt 3, of the color class c4;14 for 0 < x < % or the vertices

a3z+4 Of the color class cqp15 for x = n%m or the vertices ag,49 of the color class c4,16 for

T = ”*TIO. Also, the vertices of the remaining color classes dominate themselves.

Thus, x.q¢(Cy) < 4k + 8.

To prove that x,.4(Cy,) > 4k + 8, we assume that x,.4(C,,) = 4k + 7. Then 4k + 7 colors
must be allocate to the vertices of G for a RDC.

As G'is a cycle of length n, it requires [ 5 | colors for a rainbow coloring. Even if we allocate
4k + 7 colors to the vertices of GG, a simple verification shows that there exist some vertices in
the graph GG, which will not dominate every vertex of any color class.

This is a contradiction.

Therefore, x,q(Cy) > 4k + 8.

Thus, x,q¢(Cr) = 4k + 8.

Case7: n =6k + 11.
Consider the set C' : {c1, ¢y, - , capt+3} of color classes as follows:

Caz1 foraspir,ang 5, for0 <z <

Cazt2  fOr azei3, ans 5, for0 <z < =%
Cap—1 forazy_jforl <z < "T_s

n—11
Cazta fOrans, 5, for0 <z < 25—

C p—
_ n-ll
Capys  for (azgys,an—2) forz = 2%
C4gr6 for as, 3 forx = n_()ll
Cazi7  for azyys for z = 2

C2n+2 for Ay,
3

Here, for 0 < z < "‘6”, the vertices 3041, Qngl 3, of the color class ¢4+ , the vertices
3043, Anss 43, of the color class ¢4, and for z = "‘T“ the vertices (3444, an—2) of the color

class c4,+5 dominate the vertices a3, of the color class ¢4, for 0 <z < "?*5 or the vertices
U3 g3, of the color class ¢4, 4 for x = ”’T” or the vertices as, 3 of the color class c4,1¢ for

T = % or the vertices a3, s of the color class c4,17 for z = %. Also, the vertices of the

remaining color classes dominate themselves.

Thus, x,q4(Cy) < 4k + 8.

To prove that x,.q(Cy,) > 4k + 8, we assume that y.,.4(C,,) = 4k + 7. Then 4k + 7 colors
must be allocated to the vertices of G for a RDC.

As G'is a cycle of length n, it requires [ 5| colors for a rainbow coloring. Even if we allocate
4k + 7 colors to the vertices of GG, a simple verification shows that there exist some vertices in
the graph GG, which will not dominate every vertex of any color class.

This is a contradiction.

Therefore, x,q(Cy) > 4k + 8.
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Thus, x.q4(Cy) = 4k + 8.

Case 8: n = 6k + 12.
Consider the set C' : {¢1, ¢, - -

Caz+1
Cax+42
Cax—1

Caz+4

, cap+8 + of color classes as follows:

for A3z+15 Ang2 43, for0 <z < =
for aze i3, Gnze 5, for 0 <o < =52
for az,—jforl <z < %

n—>6
for auna 3, for0 <z < =2

Here, for0 < z < ”gG, the vertices as;11,a n2 43, of the color class ¢4, and the vertices
(a3243, A nss +%c) of the color class ¢4, dominate the vertices asz,_; of the color class ¢4, for
64

1<z< % or the vertices Ungi 3, of the color class ¢4y 44 for 0 <z < "T_ﬁ. Also, the vertices
of the remaining color classes dominate themselves.

Thus, x,q(Cy) < 4k + 8.

To prove that x,.q(Cy) > 4k + 8, we assume that y.,.4(C,,) = 4k + 7. Then 4k + 7 colors
must be allocated to the vertices of GG for a RDC.

As G is a cycle of length n, it requires [ % | colors for a rainbow coloring. Even if we allocate
4k + 7 colors to the vertices of GG, a simple verification shows that there exist some vertices in
the graph G, which will not dominate every vertex of any color class.

This is a contradiction.

Therefore, x,q(Cy) > 4k + 8.

Thus, x,q4(Cy) = 4k + 8.

O

In the next theorem, we determine the rainbow dominator chromatic number of the wheel
graph Wi .

Theorem 1.3. Forn > 3,
3 if niseven

r,Wn:
Xra(Win) {4 if n isodd .

Proof. Let G = W, . Let G consists of an n— cycle, C,, = {a1,a2,a3,- - ,an,any1 = v1} and

another vertex b joined to every vertex of C, .
let E(G) = F4 UFEp,whereforl <z <n

o Bqa={es:er = (az,a,41)}
s Ep={e, e, =(bay)}
‘We allocate a RDC to the vertices of G as follows.

Case 1: niseven.
Consider the set C' : {c;, ¢z, ¢3} of color classes as follows

ci foraz, 1, forl <z <%
C = (&)
cz forb

n

for ay,, for 1 <z <

LSS}

Here, for each 1 < z < 7, the vertices ay, 1 of the color class ¢; and the vertices ay, of the
color class ¢, dominate the vertex b of the color classes ¢3. Also, the vertex b of the color class
c3 dominates itself.

Thus, x,qa(Wi,,) < 3.

To prove that x,q(Wi,) > 3, we assume that x,q4(Wj ) = 2. Then two colors must be
allocated to the vertices of G for a RDC.
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As G contains an n— cycle (C,,), allocate these two colors to the vertices of C,,. Further,
if we allocate any of these two colors to the vertex b, then a simple verification shows that there
exist some paths ( like the paths; a, — b — az11,1 <z < 7 in which two of its vertices are
colored with the same colors.

This is a contradiction.
Therefore, x,q¢(Wi.,) > 3.
ThUS, er(Wl,n) =3.

Case 2: nis odd .
Consider the set C' : {cy, ¢z, c3, ca} of color classes as follows.

ci forag, 1, forl <z <%
o_ ey for ag,, forl <z < %]

c3 for az, i

cy ford

Here, foreach 1 <z < | %], the vertices az, 1 of the color class c; and the vertices as, of the
color class ¢, dominate the vertex b of the color class ¢4 and the vertex a,,,_; of the color class
c3 dominate the vertex b of the color class c4. Also, the vertex b of the color class ¢4 dominates
itself.

Thus, x,qa(Wi.,) < 4. Now, to prove that x,.q(W; ,,) > 4, we assume that x,.4(W; ) = 3.
Then three colors must be allocated to the vertices of G for a RDC.

As G contains an n— cycle (C,,), assign these three colors to the vertices of C,,. Further,
if we allocate any of these three colors to the vertex u, a simple verification shows that there exist
some paths in which two of its vertices are colored with the same colors.

This is a contradiction.

Therefore, x,q(Wi,,) > 4.

ThUS, er(Wl,n) =4.

For the prism graph Y,,, we have the following result.
Theorem 1.4. For n > 4, x,4(Y,,) = n.
Proof. Let G =Y,. V(G) = V; UV, where

e Vi =V(Cp)i ={a1,a2,a3,+ ,an+1 = an}

* Va=V(Ch)2 = {b1,b2, b3, ,bps1 =bn}
andlet F(G) = E4UFEp UEg, wherefor 1 <z <n

* Ea=E(Cn) = (az,az+1)

« Ep = E(Cp)2 = (bz,bzy1)

* Fo = (afwa bl)
Now, allocate the RDC to the vertices of GG as follows:
Consider the set C' : {¢1,¢;,- -+ , ¢} of color classes as follows.

V(Y,) = ¢y foraz,by_1,forl <z <[5
" N, for a,, b;.

Here, for each = = 1, the vertices a,, b, of the color class ¢, dominate the vertices a,,, b;
of the color class ¢, . The vertices a,,, b; of the color class ¢,, dominate the vertices a.,, b, of
the color class ¢, for z = 1. Also, for 2 < x < n — 1, the vertices a;, b,_; of the color class c,,
dominate any other vertices of the color class ¢, .
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Thus, xrq¢(Y,) < n. Now, to prove that x,.4(Y;,) > n, we assume that x,.4(Y;,) = n— 1. Then
n — 1 colors must be allocated to the vertices of GG for a RDC.

As G contains two copies of C,, and any copy of C', requires [ 5 | colors for a proper rainbow
coloring. Now, if the remaining (n — 1) — [%] colors are allocated to the remaining vertices
of another cycle of Y,,, then a simple verification shows that there exist some paths (like the
paths:(by, by+1) forl <z < n) in which two of its vertices are colored with the same colors.

This is a contradiction.

Therefore, x,q(Y,) > n.

Thus, x,q4(Ys) = n.

CONCLUSION

In this paper, a new vertex coloring parameter called the rainbow dominator chromatic num-
ber of a graph is introduced. Two existing coloring concepts namely rainbow vertex coloring and
dominator coloring are the basis for this parameter. The rainbow dominator chromatic number
of some standard graph structures is determined.
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