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Abstract This paper is to combine the idea of neutrosophic soft set and nano topology de-
pendent on neutrosophic right neighbourhood to present another numerical model named as
redefined neutrosophic soft nano topology.Further, we will study the idea of neutrosophic soft
approximation and their properties are derived and demonstrated with examples. Finally, we
delineate that the traditional nano topological model can be seen as an exceptional instance of
the proposed model in this paper.

1 Introduction

Smarandache [14] introduced the concept of neutrosophic set which is a mathematical tool for
handling problems involving imprecise, indeterminacy and inconsistent data. The Notion of neu-
trosophic crisp set and topological spaces were the contribution of Salama and Alblowi [11][12].
The theories of neutrosophic set have achieved greater success in various areas such as medical
diagnosis, databases, image processing and decision making problems. In 1999, Molodtsov [3]
posited the concept of soft set as a new mathematical tool for dealing with uncertainties, that
was free from the difficulties that have troubled the usual theoretical approaches. Maji et al. [4]
first applied soft set to solve the decision making problems with the help of rough set approach.
Shabir and Naz [6] introduced the notion of soft topological spaces,which are defined over an
initial universe with a fixed set of parameters. They showed that a soft topological space gives a
parameterized family of topological spaces. Theoretical studies of soft topological spaces based
on nano topology were also done in [8] [9]. Neutrosophic soft set is defined by Maji [5] . The
theory of nano topology is introduced by Thivagar et al.[7]. The main objective of this study is
to introduce a new theory called neutrosophic soft nano topology.Further we will study the neu-
trosophic right neighbourhood is defined. In addition,we define the notion of neutrosophic soft
approximation space. Moreover, their properties of neutrosophic soft(.#5 shortly) lower, neu-
trosophic soft (.45 shortly) upper approximations and neutrosophic soft(.#5 shortly) boundary
region are included along with supported proofs and given examples.

The remainder of this paper is sorted out as follows. Some fundamental ideas required to
build our work are quickly reviewed in section 2. In section 3, we investigate the idea of neu-
trosophic soft nano topology. The Section 4 finishes up the paper with certain properties on the
redefined neutrosophic soft nano interior and the redefined neutrosophic soft nano closure.

2 Preliminaries

Here we mention some definitions which will be used in the rest of the paper.

Definition 2.1. [7]: Let U/ be a non-empty finite set of objects called the universe and R be an
equivalence relation on I/ named as the indiscernibility relation. Elements belonging to the same
equivalence class are said to be indiscernible with one another. The pair (U, R) is said to be the
approximation space. Let X C Y.

(1) The lower approximation of X with respect to R is the set of all objects, which can be for
certain classified as X with respect to R and it is denoted by Lr(X). That is, Lr(X) =
U {R(z) : R(x) C X}, where R(x) denotes the equivalence class determined by x.
xel
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(i) The upper approximation of X with respect to R is the set of all objects, which can be
possibly classified as X with respect to R and it is denoted by Ur(X). That is, Ur(X) =

/_LEJU{R(JJ) FR(z) N X # ¢}

(iii) The boundary region of X with respect to R is the set of all objects, which can be classified
neither as X nor as not-X with respect to R and it is denoted by Bz (X). That is, Br(X) =
Ur(X) — Lr(X).

Definition 2.2. [7]: Let/ be an universe, R an equivalence relation on{ and 75 (X) = {U, ¢, Lr(X),
Ur(X), Br(X)} where X C U. 7(X) satisfies the following axioms:

(i) U and ¢ € TR(X).
(ii) The union of the elements of any sub-collection of 7g(X) is in 7r(X).
(iii) The intersection of the elements of any finite sub-collection of 7z (X) is in 7r(X).

That is, 7r(X) forms a topology on I called the nano topology on U/ with respect to X. We call
(U, Tr(X)) as the nano topological space. The elements of 7z (X) are called nano-open sets.

Definition 2.3. [3] A soft set (F, A) denoted by F4 on the universe &/ and P(U) is the power
set of U is defined by the set of ordered pairs Fu = {(e, F(e)) : e € E,F(e) € P(U)}, where
F : E — P(U) such that F(e) = 0 if e ¢ A. Here, F is called an approximate function of the
soft set F'4.The set F(e) is called e-approximate value set or e-approximate set which consists of
related objects of the parameter e € E.

Definition 2.4. [14]: Let X be a non empty set. A neutrosophic set A having the form A =
{(z,pa(z),04(x),va(z)) : © € X}, where ps(x),04(x) and y4(z) represent the degree of
membership function (namely pa(x)), the degree of indeterminacy (namely o 4(x)) and the
degree of non membership (namely 4 (z)) respectively of each x € X to the set A. Also
0 < pa(z)+oa(z) +ya(x) <3 forallz € X.

Definition 2.5. [5]: Let ¢/ be an initial universe set and E be a set of parameters. Let N.S(U)
denote the set of all neutrosophic soft set(NSs) of Z/. Then,a neutrosophic soft set N over I/ is a
set defined by a set valued function f representing a mapping fy : E — NS(U) where [y is
called approximate function of the neutrosophic soft set N. In otherwords,the neutrosophic soft
set is a parameterized family of some elements of the set NV S(U/) and therefore it can be written
as a set of ordered pairs, N = {(e, {yy, (), 01y, (2), Yy, () 1 2 € U : e € E}, where
Eriey () O pr 0 (), Ving, () € [0, 1] respectively called the degree of membership function ,
the degree of indeterminacy and the degree of non membership of fy(.). Since supremum of
each i, 0,7 is 1 so the inequality 0 < yiy () + 0y, (T) + Y1y, (x) < 3 is obvious.

Definition 2.6. [5]: Let Fip, G be neutrosophic soft set over the universe . if Fg = {(z, ur. (z),
or,(2),vr,(z)) : x € X} and Gg = {(z, pg,(x), 06, (z),v6.(x)) : * € X} are two neutro-
sophic soft sets in X C U/ then

(i) Fg C Ggifandonly if up (z) < pg, (2), o, (z) < og, (z) and yg, (x) > v (z) Ve € E
Ve e X.

(i) Fg = Ggifandonlyif Fg C Ggand Gg C Fg.
(i) Fg ={(e,<z,yr (x),1 —op,(x),pr,(x) >):z € X : e € E} [Complement of Fg].

(iv) F N Gg = {(e, < z,  min{ur, (z), pe. (¥)},  min{or, (z),006,(2)},
max{yr, (z),v¢, ()} >) 1z € X 1 e € F}.

V) Fp U Gg = {le< =z, max{pp(2), pe. ()}, max{or () 0c.(2)},
min{vyr, (2),7¢. ()} >):x € X :e€ E}.

Remark 2.7. [5]: Let X be a non empty neutrosophic set. We consider the neutrosophic empty
set Op0 as ON'° = {(z,0,0,1) : x € U} and the neutrosophic whole set 1N as
IN ={(x,1,1,0) : z € U}.
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Definition 2.8. :[2] Let H 4 be a neutrosophic soft set on a universe /. For any element h € U/,
a neutrosophic right neighborhood, with respect to e € A is defined as follows:
he = {hl eu: Me(hi) > ue(h)’ge(hi) > O'e(h)?ye(hi) > Ve(h)‘

Definition 2.9. :[2] Let H 4 be a neutrosophic soft set on a universe I/ . For any element h € U ,
a neutrosophic right neighborhood, with respect to all parameters A is defined as follows:
h]A = ﬂ{h(ez) te; € A}

3 Redefined Neutrosophic Soft Nano Topological Space

In this section, we introduce the notion of neutrosophic soft nano topology by means of neutro-
sophic soft approximations namely neutrosophic soft (.#s shortly) lower, .45 and .45 boundary
region. Further, we also define their properties and examples are discussed.

Definition 3.1. Let /4 be a neutrosophic soft set on universe . Let (I4,h]4) be a neutro-
sophic soft approximation space,where h] 4 is a neutrosophic right neighbourhood relation on
H 4.Then, 45 lower,. /5 approximations and .45 boundary region of H C U are defined as fol-
lows:

() Ly(H) =J{hla : h €U, h]4 C H}.
(i) Ux(H) = U{h]a : h €U, h]a N H # 0}
(iii) By(H) = Ug(H) — L (H).

Definition 3.2. Let / be an universe, h] 4 be a neutrosophic right neighbourhood relation on 2/

and H 4 be a neutrosophic soft set in I/ and if the collection 7y (H) = {¢,U, Ly (H), Ux(H), Bn(H)}
forms a topology then it is said to be a nano topology induced by neutrosophic soft set. We call

(U, 7N (H)) as the redefined neutrosophic soft nano topological space. The elements of 7 (H)

are called redefined neutrosophic soft nano open sets.

Example 3.3. [2] Let U be a universal set of bikes under consideration and E is the set of pa-
rameters (or qualities). Each parameter is a generalized neutrosophic word or sentence involving
generalized neutrosophic words. Consider E = {beautiful, cheap, expensive, wide, modern,
ingoodrepair, costly, comfortable}. In this case, to define a neutrosophic soft set means to point
out beautiful bike, cheap bike and so on. Suppose that, there are five bikes in the universe U
, given by U = {b;, b, b3,bs,bs} and the set of parameters A = {ej, ez, €3,e4} , Where each e;
is a specific criterion for bikes: e; stands for (beautiful),e; stands for (cheap), e; stands for
(modern), e4 stands for (comfortable) . Suppose that F'(beautiful) = {< 1,0.6,0.6,0.2 >, <
b2,0.4,0.6,0.6 >, < b3,0.6,0.4,0.24 >, < b4,0.6,0.3,0.3 >, < b5,50.8,0.2,0.3 >} F(cheap) =
{<5,0.8,0.4,0.3 > < 5,,0.6,0.2,0.4 >, < b3,0.8,0.1,0.3 >, < b4,0.8,0.2,0.2 >,

< b5,0.8,0.3,0.2 >}. F(modern) = {< b,0.7,0.4,0.3 >, < 1,,0.6,0.4,0.3 >, < 15,0.7,0.2,0.5 >
,< 04,0.5,02,0.6 >, < b5,0.7,0.3,04 >}. F(comfortable) = {< 1,0.8,0.6,0.4 >,
< 0,0.7,0.6,0.6 >, < 53,0.7,0.6,0.4 > < 4,0.7,0.5,0.6 >, < b5,0.9,0.5,0.7 >}. In or-
der to store a neutrosophic soft set in a following table, In this table, the entries are c;; cor-
responding to the bike b; and the parameter e; , where c;; = ( true membership value of b; ,
indeterminacy-membership value of b; , falsity membership value of b; ) in F¢,. Table 1, repre-
sents the neutrosophic soft set 4 as follows.

Table 1.Tabular representation of neutrosophic soft set F'4

u el e 3 €4

b | (0.6,0.6,0.2) | (0.8,0.4,0.3) | (0.7,0.4,0.3) | (0.8,0.6,0.4)
by | (0.4,0.6,0.6) | (0.6,0.2,0.4) | (0.6,0.4,0.3) | (0.7,0.6,0.6)
by | (0.6,0.4,0.2) | (0.8,0.1,0.3) | (0.7,0.2,0.5) | (0.7,0.6,0.4)
by | (0.6,03,0.3) | (0.8,0.2,0.2) | (0.5,0.2,0.6) | (0.7,0.5,0.6)
bs | (0.8,0.2,0.3) | (0.8,0.3,0.2) | (0.7,0.3,0.4) | (0.9,0.5,0.7)

We can find the neutrosophic right neighbourhood as follows:
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Neutrosophic right neighbourhoods

e; € A €1 () €3 €4
bi(ei) {b1} {b1} {b1} {b1}
ba(e;) {b1, b2} {b1, 02,04, b5} {b1, 02} {b1,b2,b3}
b3 (e;) {b1, b3} {b1,b3,b4,bs5} {b1,b3,bs5} {b1, 03}
ba(e;) | {b1,b3,ba} {b4, bs} {b1,b2,b3,b4,bs} | {b1,b2,b3,b4}
bs(e:) {bs} {bs} {b1,bs} {bs}
It follows that,b;](A) = {b1},02](A) = {b1,b2},b3](A) = {b1,b3},b4](A) = {b4} and bs5|(A) =
{bs}.
Let us consider I/ = {b1,b2,b3,b4,bs} and FE = {e1, ez, €3,

€4, €5, €6, €7, 63} and A = {61 ,€2,€3, e4}then bl](A) = {bl}, bz} (A) = {bl, bz}, b3](A) = {bl s b3},
b4](A) = {b4}, bﬂ(A) = {bs}.Let H :~ {b2~, b4}.Then EE(H) = {b4} ,Uﬁ(H) = {b],bz7 b4} and
Bn(H) = {b1,b2}.Hence 7x(H) = {¢n,Un, {bs}, {b1, b2, bua}, {b1,b2}}

Proposition 3.4. [2]Let (I ,7n(H)) be a redefined neutrosophic soft nano topological space
with respect to H gand let P, Q C U/. Then the following properties hold:

Proof. (a) Ly(P) C P C Ux(P).
(b) Ly (0) =0 = Ux(3).
(©) Ly(U) = U=Ux(P).
(d) P C Q which implies that £

—~

0 Ln(PNQ)=Ln(P)NLN(Q
(8) Ln(PUQ) 2
(h) UW(P nQ)C
1) UW(P nQ) =

Example 3.5. By Example 3.3 ,if P = {b; },then Ly (P) = {b1} and Ux;(P) = {b1, b2, b3}.
Hence,Uxr(P) # PandP # U (P).

Example 3.6. By Example 3.3 ,if P = {b,} and Q = {by,bs},then Ly (P) = {0}, Ly (P) =
{bs} and Usp(P) = {b1, b}, U (Q) = {b1, b2, ba}.
Hence, Ly (P) # £/(Q) and Uy(P) # U (Q).

Example 3.7. By Example 3.3 ,if P = {b;} and Q = {b>},then Lx(P) = {0}, Ln(P) = {b1}
and UN(P) = {bl, bz}, UN(P) = {bl,bz, b4}
Hence,Ly (P) # Ly (@) and U (P) # Ux(Q).

Example 3.8. By Example 3.3 ,if P = {b;, b4} and Q = {by, b4 },then Ux;(P) = {b1, b2, b3, b4, },
Ux(Q) = {b1, b, b4}andU (PNQ) = {ba}.
Hence,Ux(P N Q) = Ux(P) N Ux(Q).

Proposition 3.9. [2]Let H4 be a neutrosophic soft set on a universe ¢/ and (U, 7n(H)) be a
neutrosophic soft nano topological space with respect to H 4. Also let P C U/.Then the following
properties hold:

@ Ly(Ln(P)) = Ln(P).
(b) Ly (Ux(P)) = Ux(P).
Proof. (a) LetY = Ly(P)andy € Y = J{h]a : h € U, h]a C X }.Then,there exists some
h] 4 containing y,such that h]4 C Y. Soy € Ln(Y).Hence,Y C Ly (Y).Thus ,Ly(P) C
Ly (Ln(P)).Also,from property(a) of Proposition 3.9 we have Ly (P) C P by using
property (d),of proposition 3.2, we get Ly (Ln(P)) C Ly (P).Therefore Ly(Ln(P)) =
Ly (P)).
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(b) LetY = Ux(X) by using property (), of Proposition 3.9, we have Ly (Y') C Y.Conversely,

lety € Y = J{hJa : h € U,h]a N X # 0} ,hence there exist , h] scontaing y such that

y €,h]a. It follows that y € Ly(P). Then Y = Ly(P).But Y = Ux(X). Hence
Ln(Ux(P)) = Ux(P)

o

Proposition 3.10. /2]Let H 4 be a neutrosophic soft set on a universe / and (U, 7y (H)) be a
redefined neutrosophic soft nano topological space with respect to H 4.Moreover, let P, Q C
U . Then the following properties are

(@) Uy(Ux(P)) = Ux(P).

(b) Ux(Ly)(P) = Ln(P).

(© Ln(P)® = [Ux(P)]

(d) Ux(P)® = [Ln(P)]"

() Ly(P—-Q)=Ln(P)-Lyn(Q)
(0 Ux(P - Q) =Ux(P) - Ux(Q)

Remark 3.11. The following counter example proves (a) of Proposition 3.10. By example 3.3,if
P = {b},then Ug(P) = {b1,b} and Uxp(Ux(P)) = {b1,b2,b3}. Hence Ux(Ux(P)) #
Ux(P).

Remark 3.12. The following counter example proves (b) of Proposition 3.10 From example 3.3,
if P = {bi},then (Ly)(P) = {b1} and Ux(Ln)(P) = {b1,b2,b3}. Hence Ux(Ln)(P) #
Ux(P).

Remark 3.13. The following counter example proves (c) of Proposition 3.10 . By example
3.3,if P = {by}, then (Ly)(P)® = {b1,b3,bs,bs} and [Uz(P)]¢ = {b3,bs,bs}. Therefore
Ly (P)e # [Ux(P)]".

Remark 3.14. The following counter example proves (d) of Proposition 3.10. By example 3.3,
if P = {b1,b3,b4,bs},then (Ly)(P)¢ = {b1,bp} and [Ux(P)]¢ = {bs}. Therefore U (P)¢ =
[Ln(P))°.

Remark 3.15. The following counter example proves (e),(f) of Proposition 3.10. By example
3.3, if P = {bl,bz} andQ = {bl, b3}, then (ﬁN)( ) = {bl, bz} and (,CN)( ) = {bl, b3},(£ﬂ)(P—
Q) = @, Uﬁ(P) = {b],bz,b3},Uﬁ(Q) = {b],bz, b3} U~ ( ) = {b],bz}. Therefore
Ly(P=Q)# Ly(P) = Ln(Q). Uy(P = Q) # Ux(P) — UN(Q)

Remark 3.16. In redefined neutrosophic soft nano topological space, the .45 boundary cannot

be empty. Since the difference between .45 upper and .45 approximations is defined here as the
maximum and minimum of the values in the neutrosophic soft sets.

Definition 3.17. Let I/ be a non-empty finite universe, R an equivalence relation on Uand Ha
neutrosophic subset on /. Then we define the redefined neutrosophic soft nano topologies as
follows:

(i) The collection 7y (H) = {éN,Z]N}, is the indiscrete redefined neutrosophic soft nano
topology on U.

(i) If Ly(H) = Ux(H) = H, then the redfined neutrosophic soft nano topology,
v (H) ={¢n,Un, Ly (H), By(H)}.

(i) If Ly (H) = By(H), then 75 (H) = {¢n,Un,Ln(H),Ux(H)} is a redefined neutro-
sophic soft nano topology

(iv) If Uy(H) = By (H) then 75 (H) = {én,Un, Ux(H), Bn(H)}.

(v) The collection 7 (H) = {dn, Zflj\[, Ln(H),Ux(H), By(H)} is the redefined discrete neu-
trosophic soft nano topology on .
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4 Redefined Neutrosophic soft nano closure and interior

In this section we have investigated redefined neutrosophic soft(.#s shortly nano closure and
redefined neutrosophic soft(.#s shortly ) nano interior on redefined neutrosophic soft nano topo-
logical space. Based on this we also prove some properties.

Definition 4.1. If (4, 7y (H)) is a redefined neutrosophic soft nano topological space with re-
spect to neutrosophic soft subset of Z/ and if G is any neutrosophic soft subset of {, then the
redefined neutrosophic soft nano interior of G is defined as the union of all redefined neutro-
sophic soft nano open subsets of G and it is denoted by N, int(G). That is, Ns, int(G) is
the largest redefined neutrosophic soft nano open subset of G. The redefined neutrosophic soft
nano closure of G is defined as the intersection of all redefined neutrosophic soft nano closed

sets containing G and it is denoted by N, cl(G). That is, N, cl(G) is the smallest redefined
neutrosophic soft nano closed set containing G.

Example 4.2. Let us consider Example 3.3 and let G = {b3, b4} C U. Then the redefined neutro-

sophic soft nano interior of G i.e Ns, int(G)={bs}. Also,the redefined neutrosophic soft nano
closed sets are [T (H)]¢ = {on,Un, {b1, b2, b3,b5}, {b3, b5}, {b3, ba, bs } }. Then the neutrosophic
soft nano closure of G ie.Ns,, cl(G) = {b3, bs, bs}.

Remark 4.3. Let (U, 7x(H)) be a redefined neutrosophic soft nano topological space with re-
spect to H, where H is a neutrosophic subset of /. The redefined neutrosophic soft nano closed
sets in U are dn.Un, (Ln(H))C, (Ux(H))C and (By(H))C.

Theorem 4.4. Let (U, 7y (H)) be a redefined neutrosophic soft nano topological space with re-
spect to H, where H is a neutrosophic subset of ¢/. Let I and J be neutrosophic subsets of 4.
Then the following statements hold:

(i) I C Nsyc(I).
(i1) I1is redefined neutrosophic soft nano closed if and only if N Ngl(l )=1.
(ii) Ns,cl(dn) = by and Ns, cl(Uy) = Uy.
(iv) I CJ = Ns,c(I) C Ng,cl(J).
(V) Nsycl(IUJ) = Ns,cl(I)UNs,.cl(J).
(vi) Ns,cl(I)(IN.J)C Ns,cl(I)N Ng,cl(J).
(vii) Ns, cl(Ns,cl(I)) = Ns,cl(I).
Proof. :
(i) By definition of redefined neutrosophic soft nano closure, I C NSNgl(I ).

(ii) If Iis redefined neutrosophic soft nano closed, then I is the smallest redefined neutrosophic
soft nano closed set containing itself and hence N, cl(I) = . Conversely, if N, cl(I) =1,
then I is the smallest redefined neutrosophic soft nano closed set containing itself and hence
I is redefined neutrosophic soft nano closed.

(iii) Since ¢, and Uy are redefined neutrosophic soft nano closed in (4, 7 (H)), N Nc~l(¢~5 N) =
(;5]\] and NSNCZ(I)(UN) = Z/[N.

(iv) If I C J, since J C Ns,cl(J), then I C Ns,.cl(J). Thatis, Ng,.cl(J) is a redefined
neutrosophic soft nano closed set containing A. But N, cl(I) is the smallest redefined
neutrosophic soft nano closed set containing A. Therefore, Ns,.cl(I) C Ng,.cl(J).

(v) Since I C TUJ and J C IUJ, Ns,cl(I) C Ns, cl(IU.J) and N, cl(J) C Ns, cl(IU.J).
Therefore, Ns,.cl(I) U Ns,.cl(J) € Ns,.cl(I U.J). By the fact that I U J C Ngs,.cl(I) U
Ns,cl(J),and since N, cl(IU.J) is the smallest redefined nano closed set containing 1U.J,
50 Ng, cl(IUJ) C Ng,.cl(I)UNg,.cl(J). Thus, Ns,.cl(IU.J) = Ng,.cl(I)U Ng,.cl(J).
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(vi) Since INJ CTandINJ C J,Nsycl(INJ)C Nsycl(I) N Ng,cl(J).
(vii) Since N, cl(I) is redefined neutrosophic soft nano closed, Ns,.cl(Ns, cl(I)) = Ns,.cl(I).

O

Theorem 4.5. Let (U, 7y (H)) be a redefined neutrosophic soft nano topological space with re-
spect to H, where H is a neutrosophic subset of /. Let K and L be neutrosophic subsets of 1.
Then the following statements hold:

(i) Ns,int(K) C K and N, int(K) is the largest open set.
(i) K C L = Ns, int(K) C Ns, int(L).
(iii) Ns, int(K) is an open redefined neutrosophic soft set ie.,Ns, int(K) € ry (H).
(iv) K is an redefined Neutrosophic soft nano open set iff Ng N%(K =K
(V) Ns,int(Ns, int(K)) = Nsyint(K).
(vi) Ns,int(K N L) = N, int(K) N Ng, int(L).
(vii) Ns, int(K)U Ns, int(L) C Ns, int(K N L)

Conclusion The neutrosophic soft set, which sums up the idea of exemplary sets, for exam-
ple, fuzzy set,neutrosophic set and soft set.This paper can be presented by redefined neutrosophic
soft nano topological space and contemplated their properties and models are given.Finally we
explored the redefined neutrosophic soft nano interier and redefined neutrosophic soft nano clo-
sure are additionally examined.
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