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Abstract. The two popular research of interests in graph theory are dominating set theory
and metric dimension theory. The two no tions can clearly model the real life problems and
give a breakthrough to analysing a graph representation in term of distance and domination. In
this paper, we try to combine the two concepts, it rises a new notion, namely a resolving strong
domination set. A set Rp C V/(H) is said to be a resolving strong domination of H if Rp
satisfies two conditions, namely resolving set and strong dominating set in H. The minimum
cardinality of Rp such that Rp satisfies resolving set and strong dominating set is called the
resolving strong domination number of H, denoted by ~,.s;(H ). In this paper, we have obtained
the exact value of the resolving strong domination number of corona and cartesian product of
graphs, i.e. the corona and cartesian product of path and cycles.

1 Introduction

A graph (also known as an undirected graph or a simple graph to distinguish it from a multi-
graph) is a pair of H = (V, E), where V is a set of vertices (singular: vertex) and F is a set
of paired vertices with elements called edges (sometimes links or lines). In this study, we only
use a finite, simple, un-directed and connected graph. In graph H, the vertex set V' represents
some elements, they could be computers, cities, bus, train, plane, etc and the edge set F repre-
sents some connection or relation between those elements. For detail definition of graph and its
elements, it can be referred to Chartrand et. al [1].

The two popular research of interests in graph are dominating set theory and metric dimension
theory. The two notions can clearly model the real life problems and give a breakthrough to
analysing a graph representation in term of distance and domination. We refer to Slater [2] for
the concept of resolving set of graph. Let H be a connected graph of order p and let W =
{v1,v2, ..., ux } be an ordered set of vertices of G. For a vertex u of G, the k-vector r(u|W) =
(d(u,v1), d(u, v2), ..., d(u,vy)), where d(u, v) represents the distance between the vertices v and
v, is called the representation of vertices with respect to W. The set W is a resolving set for H
if r(u|W) = r(v|W) implies that u = v for every pair u, v of vertices of H. A resolving set of
minimum cardinality is called a minimum resolving set. The minimum cardinality of resolving
set of H is its dimension of H, denoted by dim(H ). The concepts of resolving set and minimum
resolving set have previously appeared in the literature [2, 3].

A subset D of the vertex set V' of a graph H is said to be a dominating set of H if every
vertex in D — V' is adjacent to a vertex in D . The minimum cardinality of a dominating set
is called the domination number of H and is denoted by v(H)[4]. In this paper we study a
variant of this classical notion, namely the strong domination. A set D C V is called a strong
dominating set if for every vertex v € V — D, there exists a vertex u € D such that uv € E(H)
and deg(u) > deg(v). The minimum cardinality of a strong dominating set is called the strong
domination number of H and is denoted by .. (H) [5, 6].

We initiate to study a new notion, namely the combination resolving set and strong dominat-
ing set. A set Rp C V(H) is said to be a resolving strong domination of H if Ry, satisfies two
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conditions, namely resolving set and strong dominating set in /. The minimum cardinality of
Rp such that Rp satisfies resolving set and strong dominating set is called the resolving strong
domination number of H, denoted by ~,..:(H). Dafik et al [10] have obtained the bound of the
resolving strong domination number of any graph. Furthermore, Wardani et al [7, 8, 9] have de-
termined some results on the domination number of some graphs, while Dafik et al have studied
the resolving domination number of some graphs in [10, 11].

Lemma 1.1. [10] The strong domination number of any graph H satistisfies
maz{vse(H), dim(H)} < ypse(H) < min{vyse(H) + dim(H), |V (H)| — 1}.

Now, we recall the definition of corona and cartesian product of graphs. Let H; and H; be
two graphs of order n and m, respectively. The corona product of graph H; and H,, denoted
by H; ® H; is defined as the graph obtained from H; and H; by taking one copy of H; and n
copies of H, and joining by an edge each vertex from the ith-copy of H, with the ith-vertex of
H;. While the cartesian product of H; and H, denoted by H; x H, is the graph of order n x m
with vertex set V(H,) x V(Hz) = {(z,y)|x € V(H,) and y € V(H,)} such that two vertices
(z,y), («',y’) are adjacent if only if either = z’ in H, and yy’ in E(H;) or z2’ in E(H;) and
y =1’ in H,. Iswadi €t. al stated the exact value of dimension number of corona product of any
two graphs as follows.

Theorem 1.2. [12] Let G, H be connected graph, with H with order of at least 2. The dimension
number of dim(G ® H) is

|G|dim(H), if H contains a dominant vertex;

dim(GoO H) =
im(G© H) {|G|dim(K1+H), otherwise

From now on, we start to give our result on resolving strong domination number in the fol-
lowing sections.

2 The Resolving Strong Domination Number of Corona Product Graphs

We have obtained the resolving strong domination number of the corona product of graphs, i.e.
path and cycle, denoted by ~,5¢ (P, © Pp,).

Theorem 2.1. For every positive integer n,m > 3,

’Yrst(Pn O] Pm) = nlr%-‘ .
Proof. Graph P, ® P,, is a connected graph with vertex set V (P, ® P,,) = {z;;1 <i <n} U
{yj;1<j<m, 1 <i<n}andedgeset E(P,® Py,) = {zizit1;1 <i <n—1}U{yjyl, ;51 <
j<m-1,1<i< n}U{xlyj‘, 1 <j <m,1 <i < n}. The cardinality of vertex set V (P, ® P,,)
is n + m and the cardinality of edge set E(P,, ® P,,) is 2nm — 1.

We divide two cases to show the proof. First, determining the lower bound and upper bound
of st (Pn, © Pp,). We use Lemma 1.1 to show the lower bound of 7,.s: (P, ® P,,), thus we have
Yrst(Pn © Py) > max{ysi(P, ® Pp),dim(P, ® P,)}. Based on Theorem 1.2 we know that
dim(P,, ® Pp) = n dim(K; + P,,) = n[%]. Itis easy to see that v (P, ® P,,,) = n. Hence, it
implies

'Yrst(Pn © Pm) Z ma‘r{'}/st(Pn O] Pm),dZm(P7, O] Pm)}
=maz{n,n[ 5]} =n {%—‘

Furthermore, we determine the upper bound of ~,.: (P, ® P,,) by defining the resolving strong
dominating set Rp(P, ® P,,). By considering the above vertex and edge sets, we define the
following resolving strong dominating set Rp = {z;,y};1 <i <n,2 < j<m—1landj=
0(mod2)}.

Secondly, we need to show the distinction of r(u|Rp) showing the distance between the
vertices u € V(P, ® P,,) and v € Rp. They are all different and it can be shown in Table 1. It
concludes the proof. O
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Table 1. The distinction of r(u|Rp) where u € V(P,, ® Py,)
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Resolving Strong Dominating Set (Rp

V(PyOPw) | X1 | X3 | X3 AN AR AR AN AR AR AR AR ¥i | vi | g
S 0 1 2 - | n-1 1 1 1 | 2 2 2 3 3 3 n n n
X2 1 0 1 - | n-2 2 2 2 1 1 1 2 2 2 n-1 | n-1 | n-1
X3 2 1 0 n-3 3 3 3 2 2 2 1 1 1 n-2 | n-2 | n2
X n-1| n-2 | n-3 0 n n n n-1 [ n-1| n-1 - | n2|n2|n2 1 1 1
y 1 2 3 n 1 2 2 3 3 3 4 4 4 ntl | ntl | ntl
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yy 1 2 3 n 2 2 2 3 3 3 4 4 4 n+l | n+l | ntl
¥y 2 1 2 n-1| n-2 3 3 1 2 2 3 3 3 n n n
y 2 1 2 n-1 | n-2 3 3 0 2 2 3 3 3 n n n
y: 2 1 2 n-1 | n-2 3 3 1 1 2 3 3 3 n n n
¥y, 2 1 2 n-l|n2| 3 3 2 2 2 3 3 3 n n n
y 3 2 1 n2 | n2| 4 4 3 3 3 1 2 2 n-1 | n-1 | n-1
y: 3 2 1 n-2 4 4 4 3 3 3 0 2 2 n-1 | n-1 | n-1
y: 3 2 1 n-2 4 4 4 3 3 3 1 1 2 n-1 | n-1 | n-1
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Figure 1. The illustration of the resolving strong dominating set of Py ® Ps

For more detail explanation, we give an illustration of the resolving strong domination of
Py @ Ps in Figure 1. Based on the Figure 1, the resolving strong dominating set Rp (P © Ps) =

{x1, T2, x3, 24, yé,yi,y%,yf,yg,yi,yé,yj}. Thus ~,.s:(Py @ Cs) = 4[%—‘ = 12. We present the

r(u|Rp) showing the distance between the vertices u € V(Py4® Ps) and v € Rp in the following.
=(0,1,2,3,1,1,2,2,3,3,4,4), 2, = (1,0,1,2,2,2,1,1,2,2,3,3),
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Proof. Graph P, ® C,, is a connected graph with vertex set V (P, © Cy,) = {z;;1 <i <n}U
{y;’ 1<j<m,1<i< n} and edge SetE(Pn@Orn) = {xixi+l;1 <i<n-— I}U{U;yj+1, 1<
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j<m-11<i<n}U{ylyl;1<i< n}U{xiy;-;l < j <m,1 <i<n}. The cardinality of
vertex set V (P, ® Cy,) is n + m and the cardinality of edge set E(P,, ® Cy,) is 2nm +n — 1.
To prove this theorem, We divide two cases, namely determining the lower bound and upper
bound of ;.5 (P, ® C,). We use Lemma 1.1 to show the lower bound of 7, (P, ® Cl,), thus
we have v,5:(P, © Cp) > maz{yst(Pn ® Cp), dim(P, ® Cy,)}. Based on Theorem 1.2 we
know that dim(P,, ® Cy,) = n dim(K; +Cy,) = n[5]. Itis easy to see that v, (P, ©Cp,) = n.

Hence, it implies

=maz{n,n[% ]} = n[%_‘

Furthermore, we determine the upper bound of ,.s:( P, ® C,,,) by defining the resolving strong
dominating set Rp (P, ® C,,). By considering the above vertex and edge sets, we define the
following resolving strong dominating set Rp = {xi,y§;1 <i<n2<ji<m-landj=
0(mod2)}.

Secondly, we need to show the distinction of 7(u|Rp) showing the distance between the
vertices u € V(P, ® Cy,) and v € Rp. They are all different and it can be shown in Table 1. It
completes the proof. O

3 The Resolving Strong Domination Number of Cartesian Product Graphs

In this section, We show two theorems on the resolving strong domination of the cartesian prod-
uct of graphs, namely path and cycle. The definition of this graph are shown in the introduction.

Theorem 3.1. For every positive integer n,m > 3 and m > n,

’Yrst(-PnXPm):{ n+17 lfm_S

[%]n, otherwise

Proof. Path graph, namely P, and P, have vertex set V (P,) = {u1, u2,u3,...,u, and V(P,,) =
{v1,v2,v3,...,vm}, respectively. Graph P, x P,, is a connected graph with vertex set {(u,v)|u €
V(P,) and v € V(P,,), such that two vertices (uj,v;), (uz,v2) are adjacent if only if either
w1 = up in P, and vjvy in E(P,,) or ujuy in E(P,) and v; = v, in P,,,. We divide two cases to
show the proof.

Case 1. For m = 3.

First, determining the lower bound and upper bound of 7,.s; (P, X P5). We use Lemma 1.1 to show
the lower bound of 7,.5; (P, X P3), thus we have vt (P, x P3) > maz{ys (P X P3), dim (P, X
P3)}. We know that v (P, x P3) = n and dim(P,, x P;) = 2. Hence, it implies

Vrst(Pn, X P3) > maz{ys:(P, x P3),dim(P, x P3)}

= maz{n,2} =n

Furthermore, we determine the upper bound of .5 (P, X Ps) by defining the resolving strong
dominating set Rp(P, x P3). Suppose Rp(P, x P3) = {(u;,v2) : 1 < i < n} and we
illustrate this resolving strong dominating set in Figure 2. Based on the illustration in Figure 2,
the vertices (u;,v;) and (u;,v3) will receive the same representation for 1 < ¢ < n. Hence, we
add 1 vertex to the resolving strong dominating set Rp (P, x Ps), such that the representations
of vertices in V (P, x P;) are all distinct. The resolving strong dominating set of (P, x Ps) is
Rp(P, x P3) = {(ug,v1), (u;,v2) : 1 <4 < n}, see Figure 3 to this illustration. Based on the
Figure 3, we give the all representation of each vertex in V' (P, x P3) in the following.
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(uy,vy) (uz,v1)

(uy,v2)] (uz, V).

(uy,v3) (uz,v3)

Figure 2. The illustration of the resolving strong dominating set of P,, ® Ps.

(uy,v1) ) (u3,v1) (y-1,v1) (n,v1)

v) (13.05) (13.5) <un,.,v_z>
-

(u3v3) (u2v3) (3.v3)

Figure 3. The illustration of the resolving strong dominating set of P,, ® P;.

—Ln-2n-3,..,21,2)

)

n
ynn—1n—2..321)

(Un,v1) = (n—2

(ur,v2) =(2,0,1,2,....,n —3,n — Z,n—l)
(uz,v2) = (1,1,0,1,....,n —4,n —3,n —2)
(uz,v2) = (2,2,1,0,....,.n —5,n—4,n—3)

(Up—1,12)=(M—-2,n—2,n—-3,n—4,.,3,2,1)
(Up,2) =(n—1,n—1,n—2,n—3,..,2,1,0)

(ur,v3) = (3,1,2,3,....n—2,n— 1,n)
(up,v3) =(2,2,1,2,...,n—=3,n—2,n—1)
(U3,v3) = (3 3,2, 1

sy —4n—3n—2)

(up—1,v3) =(n—1,n—1,n—-2,n-3,..,2,1,2)
(Up,v3) = (nymy,m—1,n—2,...,3,2,1)

It It completes the proof that v,.; (P, x P3) =n+ 1 form =3. 0
Case 2. For m otherwise.

First, determining the lower bound and upper bound of v, (P, x P,,). We use Lemma 1.1
to show the lower bound of 7,5 (P, X Pp,), thus we have v,5 (P, X Py) > maz{ys (P, X

P,,),dim(P, x Pp)}. We know that s (P, X Pp,) = [%—‘n and dim(P, x P,,) = 2. Hence, it

implies

Yrst(Pn X Pp) > max{vst(Pn X Pp),dim(P, X Py)}
= ma:z:{[ —‘n 2} = [—Wn

Furthermore, we determine the upper bound of v,.s:(P, X P,,) by defining the resolving
strong dominating set Rp(P, X P,,). We divide three cases for defining the resolving strong
dominating set of (P, x Py,), namely

(i) Form = 0(mod), Rp(Py, x Pp) = {(u,v) : 1 <1< n,1 <k <mandk=2(mod3)}
(ii) For m = 2(mod), Rp(Pp X Pp) = {(ug, vm—_1), (ug,vr) : 1 <1 <n, 1 <k <mandk =
2(mod 3)}
(iii) For m = 1(mod), Rp(P, X Py) = {(ug,vm—1), (u,vr) 1 1 <1 <n1 <k <m-—
1 and k = 2(mod 3)}
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Let the representations of each vertex in V(P,, x P,,) to Rp is 7[(ui,v;)|Rp] = (af : 1 <1 <

n,1 <k <mandk =2(mod 3)). af is a distance of a vertex (u;,v;) € V (P, x Py,) to every
vertices in Rp (P, x P,,) by the function f : d[(u;,v;), Rp(Pn x Pp)] — aF, where

ik, ifisi

! i—l+|j—k|, ifi>1

It easy to see that the representations of vertices in V (P, x P3) are all distinct. It It completes
the proof that ,.s (P, x P3) = [%1 n for m otherwise. O

Theorem 3.2. For every positive integer n,m > 3 and m > n,

’Yrst(PnXOm): { n: 1’ lfm_3

[%]n, otherwise
Let P, and C,, are path and cycle graph, respectively. The vertex set of path is V(P,) =
{u1,up, u3, ..., u, and vertex set of cycle is V(Cy,) = {v1,v2,v3,...,vm}. Graph P, x Cp, is
a connected graph with vertex set {(u,v)|u € V(P,) and v € V(C,,), such that two vertices
(u1,v1), (uz, v2) are adjacent if only if either w; = w; in P,, and vyv; in E(Cy,) or ujuy in E(Py,)
and v; = vy in C,,,. We divide into two cases to prove the resolving strong domination number
of P, x C,,.
Case 1. For m = 3.
First, determining the lowerbound and upperbound of ;. (P, x C3). We use Lemma 1.1 to show
the lowerbound of v,.s; (P, x C3), thus we have .5 (P, x C3) > maz{ys (P, x C3), dim(P, X
(3)}. We know that v (P, x C3) = n and dim(P,, x C3) = 2. Hence, it implies

Yrst(Pn X C3) > maz{ys(Pn x C3),dim(P, x C3)}

= maz{n,2} =n

Furthermore, we determine the upperbound of ;. (P, X C3) by defining the resolving strong
dominating set Rp (P, x C3). By considering the above vertex and edge sets, we define resolving
strong dominating set Rp (P, X C3) = {(u;,v2) : 1 < i < n} and we illustrate this resolving
strong dominating set in Figure 4. Based on the illustration in Figure 4, the vertices (u;, v;)
and (u;,v3) will receive the same representation for 1 < ¢ < n. Hence, we add 1 vertex to
the resolving strong dominating set Rp (P, x C3), such that the representations of vertices in
V (P, x C3) are all distinct. The resolving strong dominating set of (P, x C3) is Rp (P, x C3) =
{(uz,v1), (us,v2) : 1 < i < n}, see Figure 5 to this illustration. Based on the Figure 5, we give
the all representation of each vertex in V(P,, x C3) in the following.

(ur,v1) =(1,1,2,3,....,n —2,n— 1,n)
(ug,v1) =(0,2,1,2,....,n =3,n—2,n—1)
(uz,v1) = (1,3,2,1,....n —4,n—3,n—2)

(Up_1,v1)=(m—-3,n—1,n—2,n-3,..,2,1,2)
(Up,v1)=(n—=2,m,n—1,n—2,...,3,2,1)
(ur,v2) =(2,0,1,2,....n —3,n—2,n—1)
(uz,v2) = (1,1,0,1,....n —4,n —3,n —2)
(uz,v2) = (2,2,1,0,....,n —5,n —4,n—3)

(Up—1,2) =(n—2,n—2,n—-3,n—4,...,3,2,1)
(U, ) =(n—1,n—1,n—-2,n—-3,..,2,1,0)

2,12
2,1,2,..,n—3,n—-2n—1)
3,2,1,..,n—4n—-3n-2)
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(ug,v9) (uz,vq) (u3,vq) (Up-1,v1) (Up, V1)

(uq,v3) (uz,v3) (u3, v3) (Un-1,v3) (Up, v3)

Figure 4. The illustration of the resolving strong dominating set of P,, ® C;.

(uyg,v9) (ug,vy) (us,vy) (Up-1,v1) (up,vy)
[l

(uy,v3) (uz,v3) (us3,v3) (Up-1,v3) (U, v3)

Figure 5. The illustration of the resolving strong dominating set on P, ® Cs.

(up—1,v3) =(n—2,n—1,n—-2,n-3,..,2,1,2)
(Up,v3) =(n—1,m,n—1,n—2,..3,2,1)

It completes the proof that ,.s; (P, X P;) =n + 1 form = 3.0

Case 2. For m otherwise.

First, determining the lowerbound and upperbound of v,.s; (P, X Cy, ). We use Lemma 1.1 to show
the lowerbound of ;.5 (P, X Cyn ), thus we have ,.5: (P, X Cpy) > maz{yst( Py X Cry), dim( Py, X

Cpm)}. We know that vs (P, x Cpp) = [%1 n and dim (P, x Cp,) = 2. Hence, it implies

Vrst(Pr, X Cr) > max{vs:(Pn X Cp), dim (P, x Cp)}
= maz{ [%-‘ n,2} = {%-In
Furthermore, we determine the upper bound of .5 (P, x Cy,) by defining the resolving

strong dominating set Rp(P, x C,,). We divide three cases for defining the resolving strong
dominating set of (P,, x Cy,,), namely

(i) Form = 0(mod), Rp (P, x Cpy) = {(u,vx) : 1 <1< n,1 <k <mandk=2(mod3)}

(ii) For m = 2(mod), Rp(Pp, X Cp,) = {(ug,vm—1), (u,vg) : 1 <1 <n, 1 <k <mandk =
2(mod 3)}

(iii) For m = 1(mod), Rp(P,, x Cp) = {(ur,vm-1), (ug,vg) : 1 <1 <m,1 <k <m-—
1 and k = 2(mod 3)}

Let the representations of each vertex in V (P, x Cy,) to Rp is 7[(u;,v;)|Rp] = (af : 1 <1 <
n,1 <k <mandk = 2(mod 3)). af is a distance of a vertex (u;,v;) € V(P, x Cy,) to every
vertices in Rp (P, x Cp,) by the function f : d[(u;,v;), Rp(Py x Cp)] — aF, where
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=i+ |j—kl ifi <l,k<nandj< (k+n)or
k>mnand j > (k+ n)mod m
i— 1L+ — k|, ifi>Il,k<nandj<(k+n)or

k>mnand j > (k+ n)mod m
l—i+2n—|j—kl—1, ifi<lk<nandj> (k+mn)or

k>nand j < (k+n)mod m
i—1l4+2n—1]j—k|—1, ifi>lk<nandj>(k+n)or

k>nand j < (k+ n)mod m

of =

It easy to see that the representations of vertices in V (P, x C,,,) are all distinct. It completes
the proof that v,.s:(P, x C3) = [%1 n for m otherwise. O

4 Concluding Remark

The results in this paper are finding the exact values of 7,.;(H ), where H are P, ® Py, P, ® Cyy,,
P, x P,, and P,, x C,,. However, to determine -,s; of any graph H is considered to be an NP-
problem. Therefore we propose the following open problems.

(i) Determine ,.s; of any graph H apart from above investigated graphs.

(i) Determine the sharpest lower and upper bound of ~,; for any coronation and cartesian
product of graphs.
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