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Abstract In this paper, we introduce and characterize a new class of functions called r-fuzzy
weakly b-open (r-fuzzy weakly b-closed) functions between smooth fuzzy topological spaces.

1 Introduction

The fuzzy concept has invaded almost all branches of Mathematics since its introduction by
Zadeh [20]. Fuzzy sets have applications in many fields such as information [15] and control
[18]. The theory of fuzzy topological spaces was introduced and developed by Chang [1] and
since then various notions in classical topology have been extended to fuzzy topological spaces.
S &stak [16] and Kubiak [8] introduced the fuzzy topology as an extension of ChangdAZs fuzzy
topology. It has been developed in many directions. S dstak [17] also published a survey article
of the developed areas of fuzzy topological spaces. In this paper, we introduce and character-
ize a new class of functions called r-fuzzy weakly b-open (r-fuzzy weakly b-closed) functions
between smooth fuzzy topological spaces.

Definition 1.1. A fuzzy point x; in X is a fuzzy set taking value ¢ € I at = and zero elsewhere,
zy € Aif and only if ¢t < A(z). A fuzzy set ) is quasicoincident with a fuzzy set p, denoted by
Aqu, if there exists € X such that A\(z) + p(z) > 1. Otherwise Agpu.

Definition 1.2. [8, 16] A function 7 : IX — I is called a smooth fuzzy topology on X if it
satisfies the following conditions:

i 7(0)=7(1) =1,
(i) 7( A pa) > (1) A7(p2) for any py, po € 1%
(i) 7( vV ;) > Vv 7(p;) forany {p;}jer € IX.
jer jer
The pair (X, 7) is called a smooth fuzzy topological space.

A fuzzy point in X with support x € X and the value o(0 < « < 1) is denoted by z,,.

Definition 1.3. [11] A fuzzy set A € IX is said to be g-coincident with a fuzzy set y, denoted by
Aqu, if there exists x € X such that A\(x) + p(x) > 1. It is known that A < g if and only if A and
1 — p are not g-coincident, denoted by Ag(1 — ).

Definition 1.4. [3] A fuzzy set \ is said to be r-fuzzy Q-neighbourhood of xz,, if 7(\) > r such
that z,,¢g\. We will denote the set of all r-fuzzy open Q-neighbourhood of z,, by Q(z,, ).

Definition 1.5. [2] Let (X, 7) be a smooth fuzzy topological space. For each AeT X r el an
operator Cl : IX x Iy — IX is defined as follows: CI(\,7) = A{p: > X\, 7(1 — p) > r}. For
A, € IX and r, s € I, it satisfies the following conditions:

() C1(0,r) = 0.
(i) A < CI(\, 7).
(iii) CUN,7)V Cl(p,7) = CIAV p, 7).
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@iv) Cl(A\ 1) < Cl(N, s)ifr <s.
(v) Cl(CI(A,1),7) = Cl(\T).

Proposition 1.6. [12] Let (X, T) be a smooth fuzzy topological space. For each \ € IX, r € I,
an operator Int : IX x Iy — I is defined as follows: Int(\,v) = V{p : u < X\, 7(u) > r}. For
A\ € IX and r, s € Iy, it satisfies the following conditions:

(i) Int(1 — )\,r) =1-CI(\ 7).
(ii) Int(1,r
(iii) X > Int(\, 7).
Int(p,r) = Int(A A i, 7).

A
(v) Int(\,r) > Int(),s), ifr < s.

) =
(
(iv) Int(\r)
)
i) Int(Int(\r),r) = Int(\, 7).

Definition 1.7. [10] A fuzzy point z,, is said to be a r-fuzzy f-cluster point of a fuzzy set A if and
only if for every p € Q(xy, 1), Cl(p, ) is g-coincident with \. The set of all r-fuzzy #-cluster
points of X is called the r-fuzzy #-closure of A and will be denoted by Cly(),r). A fuzzy set
A will be called r-fuzzy 6-closed if and only if A = Clg(\,r). The complement of a r-fuzzy
f-closed set is called r-fuzzy 6-open and the r-fuzzy f-interior of A\ denoted by Inty(A,r) is
defined as Intg(A\,r) = {x,: for some 8 € Q(z,,7), CL(B,7) < A}

Lemma 1.8. [10] Let ) be a fuzzy set in a smooth fuzzy topological space (X, 7). Then,
(i) X is r-fuzzy 6-open if, and only if X = Intg(\,r);
(i) 1 — Intg(\, 1) = Clo(1 — \,r) and Intg(1 — \,r) = 1 — Clg(\,1);
(iii) Clg(\, 1) is a r-fuzzy closed set but not necessarily is a r-fuzzy 0-closed set.
Definition 1.9. A fuzzy set A of a smooth fuzzy topological space (X, 7) is called:
(i) r-fuzzy preopen [12] if X < Int(CI(A,7),7);
(ii) r-fuzzy regular open [6] if A = Int(Cl(\,r),r);
(iii) r-fuzzy a-open [12]if A < Int(Cl(Int(\,r),7),7);
(iv) r-fuzzy preclosed [12]if Cl(Int(\,7),r) < X;
(v) r-fuzzy regular closed [6] if A = Cl(Int(\,r),7);
(vi) r-fuzzy a-closed [12]if CL(Int(Cl(A,7),r),7) < X;
(vii) r-fuzzy b-open if A < Cl(Int(A\,7),7)V Int(Cl(\ 1), 7);
(viii) r-fuzzy b-closed if CU(Int(\,r),r) A Int(CL(A,7),7) < A,

Definition 1.10. Let (X, 7) be a smooth fuzzy topological space. For each A\ € IX, r € Iy, an
operator bC1l : IX x Iy — IX is defined as bCI(\,7) = A{p: p > A, pis r-fuzzy b-closed}. An
operator bInt : IX x Iy — I is defined as bInt(\,7) = V{u: p < A, p is r-fuzzy b-open}.

Definition 1.11. A function f : (X,7) — (Y, o) is called:
(i) r-fuzzy b-open if f()) is a r-fuzzy b-open set in Y for each fuzzy open set A of X;

(ii) r-fuzzy weakly open if f(\) < Int(f(Cl(A,r)),r) for each fuzzy open set A of X.
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2 r-Fuzzy weakly b-open functions

Definition 2.1. A function f : (X,7) — (Y, 0) is said to be r-fuzzy weakly b-open if f(\) <
bInt(f(Cl(A,r)),r) for each 7(\) > r.

Remark 2.2. It is evident that, every r-fuzzy weakly open function is r-fuzzy weakly b-open and
every r-fuzzy b-open function is also r-fuzzy weakly b-open. But the converse need not be true
in general.

Example 2.3. Let X = {a,b,c} and 1 = (%, o5 o5 )» and B = (5% g5+ g5 )- Define 7 : LX —
Lando: LY — L as follows:
1 ifx=0orl 1
T(\) = % ifA=p o(A) = % ifA=p
0 otherwise 0 otherwise.
Then the identity function f : (X,7) — (Y, 0) defined by g(a) = ¢, g(b) = a and g(c) = b is
%—fuzzy weakly b-open but not %—fuzzy b-open.

Definition 2.4. A smooth fuzzy topological space (X, 7) is r-fuzzy regular if for each x € X,
p € 10,1], 7(X\) > r with z, < A, there exists 7(u) > r such that 2, < Cl(p,7) < A.

Theorem 2.5. For a surjective function f : (X,7) — (Y, ), the following conditions are equiv-
alent:

(i) f isr-fuzzy weakly b-open;

(ii) f(Intg(\, 7)) < bInt(f(N\),r) for every A € IX;
(iii) Into(f~'(8),r) < f~(bInt(B,r)) for every B € I;
(iv) f=1(bCIU(B,7)) < Cla(f~1(B),r) forevery B € IY;

(v) For each r-fuzzy 0-open set X € IX, f(\) is r-fuzzy b-openin Y;

(vi) For any B € IY and any r-fuzzy 0-closed set \ € IX containing f~'(3), where X is
a r-fuzzy regular space, there exists a r-fuzzy b-closed 6 € IY containing (3 such that
7o) <A

Proof. (1)&(2): Let A € I and z, be a fuzzy point in Ints (), 7). Then there exists a fuzzy open
g-neighbourhood y of z;, such that u < Cl(u,r) < A. Then f(u) < f(Cl(u,7)) < f(N). Since f
is r-fuzzy weakly b-open, f(p) < bInt(f(Cl(p,r)),r) < bInt(f(A),r). Then f(z,) is a fuzzy
point in bInt(f(\),r). Hence x, € f~1(bInt(f(\),r)). Thus Intg(X,r) < f=1(bInt(f(N),7)),
and so f(Int(\),r) < bInt(f(X\),r). Conversely, let 7(p) > r. Since p < Intg(Cl(u,r), 1), we
have f(p) < f(Intg(Cl(p,r),r)) < bInt(f(Cl(u,r)),r). Hence f is r-fuzzy weakly b-open.
(2)=3): Let B € IY. Thenby (2), f(Inte(f~1(B),7)) < bInt(3,r). Therefore, Inty(f~1(B),7)
f~Y(bInt(B,7)). The converse is clear.

(3)=(4): Let f € ™. By (3) L—Clg(f~1(B),7) = Intg(1 — f~'(B),r) = Inte(f~' (1 - B),7)
< [ (bInt(1— B,1) = [~ (T bOU(B.r)) =1 — [~ (bCU(B. 7). Therefore, /! (bCL(5. 7))
< Cly(f~1(8B),r). The converse is clear.

(4)=(5): Let X be a r-fuzzy 6-open set in X. Then 1 — f(\) € I* and by (4), f~'(bCI(T —
fN),7) < Clo(f~1(1— f(\)),r). Therefore, 1 — f (bInt(f( ),7)) < Clg(1—=A,r) =1—\.
Then we have A < f~!(bInt(f(\),r)) which 1mphes F(A) < bInt(f(N),r). Hence f(N) is
r-fuzzy b-openin Y.

(5)=(6): Let 3 € IY and X € IX be a r-fuzzy 6-closed set such that f~'(3) < \. Since T — X is
r-fuzzy #-open in X, by (5), f(1 — )\) is r- fuzzy b-openinY. Letd =1 — f(T — ). Then § is
r-fuzzy b-closed and 3 < 4. Now, f~1(6) = f~'(1— (f(1 - )))_l—f L)) <A
(6)=(4): Let B € IY. Then by Corollary 3.6 of [?2] A\ = Cly(f~'(B),r) is r-fuzzy 6-closed in
X and f~'(B) < \. Then there exists a r-fuzzy b-closed set § € YX containing 3 such that
F=1(0) < A Since § is r-fuzzy b-closed, £~ (bC1(B,7) < f~1(8) < Clo(f~1(B),7). O

Theorem 2.6. A function f : (X,7) — (Y, 0) is r-fuzzy weakly b-open if, and only if for each
fuzzy point x,, in X and each (p1) > r containing x,, there exists a r-fuzzy b-open set 6 contain-
ing f(xp) such that 6 < f(Cl(p,r)).

<
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Proof. Let x, € X and 7(p) > r such that p containing x,,. Since f is r-fuzzy weakly b-open,
f(p) < bInt(f(Cl(u,r)),r). Let § = bInt(f(Cl(u,r)),r). Hence 6 < f(Cl(p,r)) with §
containing f(z,). Conversely, let 7(x) > r and let y, € f(u). Then 6 < f(Cl(u,r)) for some
r-fuzzy b-open set ¢ in Y containing y,,. Hence we have, y,, € 6 < bInt(f(Cl(u,r)),r). Hence
f(p) <oInt(f(Cl(p,r)),r) and f is r-fuzzy weakly b-open. i

Theorem 2.7. Let f : (X, 7) — (Y, 0) be a bijective function. Then the following statements are
equivalent:

(i) f isr-fuzzy weakly b-open;
(ii) bC’l(f()\),T) < f(C’l()\,T))for each 'r()\) >r;
(i) bCI(f(Int(B,r)),r) < f(B) foreach (1 — B) >r

Proof. (1)&(3): Let 7(1— ) > r. Then f(1—8)=1— f(8) < bInt(f(Cl(1—B,r)),r) and so
1— f(B) <1—=bCI(f(Int(B,r)),r). Hence bCI(f(Int(B,7)),r) < f(B). The converse is clear.
(3)=(2): Let 7(A) > r. Since CI(\,r) is a r-fuzzy closed and A < Int(Cl(A,r),7) by (3),
bCI(f(N),r) <bCI(f(Int(ClL(A7),7)),7) < f(CI(A,7)). The converse is clear. i

The proof of the following theorem is obvious and thus omitted.
Theorem 2.8. For a function f : (X, 1) — (Y, o) the following statements are equivalent:
(i) f isr-fuzzy weakly b-open;
(ii) for each (1 — B) >, f(Int(B,r)) < bInt(f(B),r);
(iii) for each (X)) > r, f(Int(ClL(\,7),7)) < bInt(f(Cl(\, 1)), 7);
(iv) for each r-fuzzy regular open set X € I, f(X) < bInt(f(Cl(\,1)),7);
(v) for every r-fuzzy preopen set A € I, f(X) < bInt(f(CI(\,7)),7);
(vi) for every r-fuzzy a-open set A € IX, f(\) < bInt(f(CL(\, 7)), 7).

Definition 2.9. A function f : (X,7) — (Y, 0) is said to satisfy the r-fuzzy weakly b-open
interiority condition of bInt(f(CI(A,7)),r) < f(A) for every 7(\) > r.

Theorem 2.10. If f : (X, 7) — (Y, 0) is r-fuzzy weakly b-open and satisfies fuzzy weakly b-open
interiority condition, then f is fuzzy b-open.

Proof. Let 7(X\) > r. Since f is r-fuzzy weakly b-open, we have f(X\) < bInt(f(Cl(\,r)),r).
However, because f satisfies the r-fuzzy weakly b-open interiority condition, f(\) =bInt(f(CI(\,1)),r)
and hence f()) is r-fuzzy b-open. i

Theorem 2.11. Let (X, 7) be a r-fuzzy regular space. Then f : (X, 1) — (Y, o) is r-fuzzy weakly
b-open if and only if f is r-fuzzy b-open.

Proof. Let 7(A\) > r and A # 0. For each fuzzy point z,, in A, let 7(y,,) > r such that z,, € p,
< Cl(pa,,r) < X\ Hence we have X\ = V{ju,,: z, € A} V{Cl(pz,,7): 2, € A} and, f(N)
V{f (e, ): ©p € A} S VABINE(f(Cl(pte, 7)), 7): Tp € A} < bInt(f(V{Cl(pta,,7)),7): Tp € A}
=bInt(f(A\),r). Thus, f is r-fuzzy b-open.

~—

O

Definition 2.12. A function f : (X,7) — (Y, 0) is said to be r-fuzzy contra-pre-b-closed pro-
vided that f(\) is r-fuzzy b-open for each r-fuzzy b-closed subset A € IX.

Theorem 2.13.If f : (X,7) — (Y,0) is r-fuzzy weakly b-open and Y has the property that
union of r-fuzzy b-closed sets is r-fuzzy b-closed and if for each r-fuzzy b-closed subset B of X
and each fiber f~'(y,) < 1 — j3 there exists (1) > r for which 8 < p and f~'(y,) @ Cl(p),
then f is r-fuzzy contra-pre-b-closed.

Proof. Assume that 8 € I is r-fuzzy b-closed set and let y, € 1-
1 — B and hence there exists 7(p) > r for which 8 < pand f~!(y,) g
€1 — f(Cl(p,7)) <1— f(B). Since f is r-fuzzy weakly b-open, f (1) t

Hence y, € bCU(1 — £(Cl(u,1)),7) < 1 — £(B). Let Ay, = bCI(T — fF(Cl(,7)),7). Then X, is
a r-fuzzy b-closed set of Y containing y,. Hence 1 — f ( ) =V{Ay,: yp € 1 = f(B)} is r-fuzzy
b-closed and f () is r-fuzzy b-open. i

Thus, f~!(y,) <
r). Therefore, y,

f(B).
Cl(p,
< bInt(f(Cl(p,r)), 7).
(p,7)
€
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Definition 2.14. Two non-zero fuzzy sets A and x in a smooth fuzzy topological space (X, 7)
are said to be r-fuzzy b-separated if A § bCl(u,r) and p G bCI(A, 7) or equivalently, if there exist
two r-fuzzy b-open sets p and np such that A < pand p <n, A gnand p q p.

Definition 2.15. A smooth fuzzy topological space (X, 7) which cannot be expressed as the
union of two r-fuzzy b-separated sets is said to be a r-fuzzy b-connected space.

Theorem 2.16. If f : (X, 7) — (Y, 0) is a r-fuzzy weakly b-open surjective function of a smooth
fuzzy topological space (X, T) to a r-fuzzy b-connected space (Y, o), then (X, 1) is r-fuzzy con-
nected.

Proof. If possible, let (X, 7) be not r-fuzzy connected. Then there exist fuzzy separated sets A
and g in X such that 1 = AV p. Since A and u are r-fuzzy separated, there exist 7(p) > r and
7(n) > rsuch that A < p, u < m, A g nand p G p. Hence we have f(\) < f(p), f(n) < f(n),

F(N) @ £(n) and f(1) G f(p). Since f is r-fuzzy weakly b-open, £(p) < bInt(f(Cl(p,7)),r)
and f(n) < bInt(f(Cl(n,r)),r) and since p and n are r-fuzzy open and also r-fuzzy closed,

we have f(Cl(p,r)) = f(p), f(Cl(n,7)) = f(n). Hence f(p) and f(n) are r-fuzzy b-open in
Y. Therefore, f(\) and f(n) are r-fuzzy b-separated sets in Y and 1 = f(1) = f(AV pu) =
F(A) V f(u). Hence this contrary to the fact that Y is r-fuzzy b-connected. Thus, X is r-fuzzy
connected. O

Definition 2.17. A function f : (X, 7) — (Y, 0) is said to be fuzzy weakly b-closed if bC1( f(Int(A,r)),7)
< f(A) foreach 7(1 — A) > r.

The proof of the following two Theorems are obvious and hence omitted.

Theorem 2.18. For a function f : (X, 1) — (Y, 0), the following conditions are equivalent:
(i) f isr-fuzzy weakly b-closed;

(ii) bCU(f(N),7) < f(ClU(\, 1)) for every T(X) > r;

(iii) bCI(f(N\),r) < f(CIL(N),7) for every r-fuzzy regular open set \ € IX;

(iv) For each u € 1Y and every T(n) > r with f='(u) < n, there exists a r-fuzzy b-open set
§eI¥ withp < §and f~(u) < Cl(n,r);

(v) For each fuzzy point y, in Y and each T(n) > r with f~(y,) < n, there exists a r-fuzzy
b-open set § € IY withy, < § and f~'(8) < Cl(n,r);

(vi) bCU(f(Int(ClL(\,7),7)),7) < f(CIU(\, 7)) for each X € IX;
(vii) bOU(f(Int(Clg(A\,7),7)),7) < f(Clg(\, 7)) for each X € IX;
(viii) bCL(f(N),r) < f(ClL(\, 1)) for each r-fuzzy b-open set X € TX.

Theorem 2.19. For a function f : (X,7) — (Y, 0), the following conditions are equivalent:

(i) f isfuzzy weakly b-closed;

(ii) bCI(f(Int(A\,7)),7) < f(N) for each r-fuzzy b-closed set \ € IX;

(i) bCI(f(Int(\,7)),7) < f(N) for each r-fuzzy a-closed set \ € IX.

Theorem 2.20. If f : (X,7) — (Y, 0) is r-fuzzy weakly b-closed injective, then for each \ € I¥
and each () > r with f~1()\) < p there exists a r-fuzzy b-closed set p € 1Y with \ < p and

= p) < Cl(p).

Proof. Follows from the definitions. O
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