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Abstract This paper deals with the packing chromatic number of the middle, total, central
and line graph of the fan graph and the jump graph of the following graphs: path, cycle, wheel,
double wheel, helm, closed helm and sunlet graph.

1 Introduction

Graph theory is one of the most flourishing branches of mathematics with applications to a wide
variety of subjects. An assignment of colors to the vertices of a graph so that no two adjacent
vertices get the same color is called a coloring of the graph. Usually a given graph can be colored
in many different ways. One such way is packing coloring.

The area of frequency assignment in wireless networks issues the concept of packing coloring
which was introduced by Wayne Goddard et al.[4] in 2007 under the name broadcast coloring.
It has several operations like resource placements and biological diversity. Bresar et al.[1] intro-
duced the term packing chromatic number x,.

A packing k- coloring of a graph G[1,2] is a mappingr from V(G) to {1, 2, ..., k} such that
any two vertices of color i are at distance at least ¢ 4 1. The packing chromatic number x, of a
graph G is the smallest integer k for which G has packing k- coloring. In a particular network
the signals that are using the identical broadcast frequency of two different stations will hinder
unless they are situated adequacy far apart. The distance in which the signals will broadcast is
directly associated to the power of those signals. Bresar et al. [1] stated that this concept might
have numerous added applications-for example, in resource placement and biological diversity
(diverse species in a particular area need diverse amounts of territory).

The packing coloring problem is NP-complete for general graphs which is justified by God-
dard et al.[4] and it is NP-complete even for trees is confirmed by Fiala and Golovach [3].

The line graph [5] of G denoted by L(G) is the intersection graph of the edges of G, repre-
senting each edge by the set of its two end vertices. Otherwise L(G) is a graph such that

(i) Each vertex of L(G) represents an edge of G.

(i) Two vertices of L(G) are adjacent if their corresponding edges share a common end point
in G.

The middle graph [7] of G, denoted by M(G) is the graph whose vertex set is V(G) U E(G)
where two vertices are adjacent if

(i) They are adjacent edges of G or
(i) One is a vertex of G and the other is an edge incident with it.

The total graph [7,11] of G, is the graph whose vertex set is V(G) U E(G) and two vertices
are adjacent whenever they are either adjacent or incident in G.

The central graph [11] of a graph G denoted by C(G) is formed by adding an extra vertex on
each edge of G, and joining each pair of vertices of the original graph which were previously
non-adjacent.

The jump graph [6] J(G) of G is the graph whose vertices are edges of G, and where two
vertices of J(G) are adjacent if and only if they are not adjacent in G. Equivalently, the Jump
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graph J(G) of G is the complement of line graph of G.

A fan graph F, ,, [12] is defined as the graph join K,, + P,,, where K, is the empty graph
on n vertices and P, is the path graph on m vertices. In particular, when n=1 the graph F} ,, is
called the fan graph of order m.

Rajalakshmi and Venkatachalam [8,9,10] have discussed the concept of packing coloring of
double wheel graph families. Further, this paper exhibits the packing coloring of Fan and Jump
graph of certain graphs.

2 Packing coloring of middle, total, central and line graph of Fan graph

Theorem 2.1. If m > 5, then the packing chromatic number of the middle graph of fan graph is

S’rg—H ifm=0mod3

XP[M(FI,m)] = 57%44 ifm=1mod3

5’”3—” ifm=2mod3

Proof. Let us assume that V(F) ) = {v,v; : 1 <1 < m}and E(F,,) = {w :1 <1<
m}U{z; : 1 <1 < m— 1}, where w; is the edge correspondmg to vy, and z; is the edge
corresponding to v;vi+1. VM (F) )] = {v,v,u 0 1 <1 <m} U {ul 1<i<m-1}

For1 <l<m

 Each edge vv; is subdivided by v; of F ,,
« Each edge v, is subdivided by u, of F

Let us prove the lower bound of x,[M (Fj ,,)] by contradiction method. In x,[M(Fj )], we
have to prove three cases. So, we assume x,[M(F) )] < 57”3+3, 57";’4 and 5m3+2 for m =
0 mod 3, m = 1 mod 3 and m = 2 mod 3 respectively. Now, we need to select the colors
for each valid vertex in all cases of x,[M(Fy )] as 22, 3% and 2= for m = 0 mod 3,
m = 1 mod 3 and m = 2 mod 3 respectively. From middle graph of fan graph, we observed
d(ug,u;) = 1,d(vy,u41) = 2 and d(u;l_27u;l+1) = 3 are true in all the cases. Here the maxi-
mum distance is 3 and the diameter of x,[M (F ,,)] is also 3. This shows that we can repeat only
the colors 1 and 2 in x,[M (F} ,,)]. Since, we assumed 2, 3t and 22=1 for m = 0 mod 3,
m = 1 mod 3 and m = 2 mod 3 respectively. Therefore, we are left with remaining colors as
57"3_6, 5’”3_5 and 57"3_7 for m = 0 mod 3, m = 1 mod 3 and m = 2 mod 3 respectively. Ac-
cording to the definition of packing coloring, if two vertices of color ¢ are at distance of at least
i+ 1 apart and d(v;, u;+1) = 2 then c(vl) # c(w11) and the following colors are required 7%=,
57” 3 and 5’”3 ! for m = 0 mod 3, m = 1 mod 3 and m = 2 mod 3 respectively for each ]
and u;+1. While this proves a contradictory value compared to the desired output, the statement
Xp[M (P )] < 383, 3mEd and 32 for m = 0 mod 3, m = 1 mod 3 and m = 2 mod 3
respectively are wrong. Hence, we conclude that the lower bound

—57";3 if m=0mod 3

Xp[M(Fim)] > 22 i f m = 1mod 3
242 i f m =2 mod 3
Next, we need to calculate the upper bound
23 i f m = 0mod 3
Xp[M(Fi )] < w if m=1mod?3
A2 f m = 2 mod 3
Consider the color functlon
c:V(M(Fim)) —{1,2,3,...,p} is defined as follows,
57’;—“ if m=0mod3
where p = %ifmzlmod'j

A2 f m = 2 mod 3

c(w) =c(y) =1 for1<l<m
C(U‘/3Z72) =2 forl1 <l<m
c(uy_;) =20+ 1 for1 <l<m
cuy) =21 +2 for1 <l<m
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If m=0mod3
() = B2 for1 <i<m
Ifm=1mod3
c(ul)zw for1 <l<m
Ifm=2mod3
c(y) = =BT forl <i<m

Therefore, the upper bound
yifm50m0d3
Xp[M(Fim)] < S 222 if m=1mod 3
22 i f m =2 mod 3
3mE3 i fm = 0mod 3

3

Hence, x,[M(Fi,,)] = ¢ 24 if m = 1 mod 3 |

242 f m = 2 mod 3

Theorem 2.2. If m > 6, then the packing chromatic number of the total graph of fan graph is

Bmt6  ifm =0 mod 6

Bt ifm =1 mod 6
Bmtd ifm =2 mod 6
T(F, ) ={ .6
Xo [T (Frm)] Lms3 r =3 mod 6

Bmt2  jfm =4 mod 6

% ifm=5 mod6

Proof. Let us assume that V(F) ) = {v,v; : 1 <1 < m}and E(F,,) = {w : 1 <1<
m}U{x; : 1 <1 < m — 1}, where w; is the edge corresponding to vv; and x; is the edge
corresponding to v;ui1. V[T (Fim)] = {v,v,u;: 1 <1 <m}uU {ul 1<l<m-—1}

For1 <l <m

+ Each edge vv; is subdivided by v; of F ,,
« Each edge v;v; 4 is subdivided by u} of F ,

Let us prove the lower bound of x,[T'(Fj .,)] by the contradiction method. In x,[T(Fy )], we

have to prove six cases. So, we assume X, [T'(Fy )] < 126, Bmts = Dmid 13”6”3 Limt2

%form = 0 mod 6, m = 1 mod 6, m = 2 mod 6, m = 3 mod 6, m = 4m0d6
m = 5 mod 6 respectively. Now, we need to select the colors for each valid vertex in x,[T'(F} )]

as 136m, Bl Bm=2 Bm=3  Dm=t Bm=3 for m = 0 mod 6, m = 1 mod 6, m = 2 mod 6,

=3 mod 6 m = 4 mod 6,m =5 mod 6 respectlvely Bt the definition of total graph of fan
graph we observed that c(vy_1) = 1 and d(ug, ;) = 1, d(vy14,u43) = 2 and d(u3l_2,u3l+])
3 are true in all the cases. Here the maximum distance is 3 and the diameter of x,[T(F )]
is also 3. This shows that we can repeat only the colors 1 and 2 in Xp[T(Fl m)]- Since
we assumed 1B Bm=l L3m=3 3m=3 D3m—d Dm=3 for ;= 0 mod 6,m = 1 mod 6,m =
2 mod 6, m =3 mod 6,m = 4 mod 6, m = 5 mod 6 respectively. Therefore, we are left w1th a
remaining colors as 13”2 12 13m-13 13”16 14 B3mol3 B3m=16 Bm=1T for 1y = 0 mod 6,m =
1 mod 6,m = 2 mod 6,m = 3m0d6m = 4mod6m = 5 mod 6 respectively. Ac-
cording to the definition of packing coloring, if two vertices of color 4 are at distance of at
least 7 + 1 apart and d(vj44, uj+3) = 2 then c¢(v;44) # c(ui43) and the following colors are re-
qulred 13m6 ]2’ 13m6 137 ]3m6 14’ 13m6 15 13m6 ]6’ 13m6 17 for m = 0 mod 6 m = 1 mod 6 m =
2 mod 6, m = 3 mod 6, m = 4 mod 6, m = 5 mod 6 respectively for each v; 4 and ;3. While
this proves a contradictory value compared to the desired output, the statement x,[T'(F} )] <
13m+6 l3m+5 l3m+4 13m+3 13m+2 l372+l form = 0mod6 m=1 m0d6 m=2 m0d6 m=

6 6 6 6
3 mod 6,m = 4 mod 6,m = 5 mod 6 respectively are wrong.
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Hence, we conclude that the lower bound x,[T'(Fi )] >

Next, we need to calculate the upper bound x,[T'(F} )] <

Consider the color function,
c:V(T(Fim)) — {1,2,3,...,p} is defined as follows,

%ifm50m0d6
%ifmzlmod6
Bmtd i f m =2 mod 6
%ifmz3mod6

Bmtd i f m =4 mod 6

%ifm55m0d6
%ifm50m0d6
%z’fmzlmod6
%ifm52m0d6
Bmt3 i f m =3 mod 6
%ifmz4mod6
%imeSmodd

%ifm50m0d6

%ifmzlmod6

13m+4 . _

where p — @%fmi2m0d6

== if m =3 mod 6

%ifmz4mod6

%ifm55m0d6
C(Uzl_l) =1 for 1 Slgm
c(v) =3
c(vy) =2 form = 1 mod 3
c(uy_,) =2 for1 <l<m-—1
cluy_;) =21+2 for1 <I<m-—1
cluy) =20 +3 for1 <l <m—1

For even vertices of ;
1) If m = 0 mod 6 and if m = 3 mod 6

c(vy) = o2 forl <l<m
i) If m = 1 mod 6 and if m = 4 mod 6
c(vzl)zw forl1 <l <m

iii) If m = 2 mod 6 and if m = 5 mod 6

_ 4m+61+10

c(vy) 5 forl1 <l<m

For the vertices of u;

clup) =1
) Ifm=0mod6andif m =1 mod 6
c(ul) _ 3m+6l+3(%]+3 =1

C(ul):w for3<I<m

ii) If m = 2 mod 6 and if m = 3 mod 6

_ 3mA-6l+[ 2 ]+2 =1

3

c(uy) 3
iii) If m = 4 mod 6 and if m = 5 mod 6

_ 3mA46l+[ 5]+
)= ——2

c(u)

=1

3
_ 3m43l4+[m2]+1
= 33t [m2]41 for3<i<m
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Therefore, the upper bound of

Bmit6 i f m = 0 mod 6

13m+5 _
=E=if m=1mod6

Bmtd =2 mod 6
T(F Y] < e ifm
XplT (Fi,m)] < %Z‘fmz3mod6

Bmtd i f m =4 mod 6

Bmtl i fm =5 mod 6

6
%ifm50m0d6

%ifmzlmod6
Bm4d 5 £ m =2 mod 6
Hence, v,[T(F..,)] = 6

Xp [T (Fim)] 713”6”3 if m=3mod6

%z’fmz4mod6

Brtl jf m =5mod 6

Theorem 2.3. If m > 3, then the packing chromatic number of the central graph of fan graph is
XplC(Fim)] =m+2.

Proof. Let us assume that V(Fy,,) = {v,v, : 1 <1 < m}and E(Fi,,) = {w; : 1 <1 <
m}U{z; : 1 <1 < m— 1}, where w; is the edge corresponding to vv; and z; is the edge
corresponding to v;vi1. V[C(F1,m)] = {v,vl,ul,u; 1 <i<m}uU {u; 1<i<m-—1}

Forl1 <l <m

+ Each edge vv; is subdivided by v; of F ,,
» Each edge v;v;; is subdivided by u; of Fi

Let us prove the lower bound by the contradiction method. In x,[C(F} )], we assume x,[C'(Fi )] <
m + 2 and we need to select m + 1 colors for each valid vertex in C(F} ,,,). By the definition
of central graph of fan graph, we have two rules c(u;) = c(u;) = ¢1,d(vi, ;) = d(vie1,uy) =
d(vy, 1) = d(v,u) = d(v;,w) = 1 and (v, u;2) = 2. Here the maximum distance is 2
and the diameter of x,[C(Fy )] is also 2. This shows that we can repeat only the colors 1
in x,[C(Fi,m)]. After the selection of m + 1 colors we are left with a remaining of m colors.
According to the definition of packing coloring, if two vertices of color ¢ are at distance of at
least ¢ + 1 apart and d(v;, u;42) = 2 then ¢(v;) # c¢(u;42) and m colors are required for each v;
and v;;. While this proves a contradictory value compared to the desired output, the statement
Xp[C(Fi,m)] < m+ 2 is wrong.

Hence, we conclude that the lower bound of x,[C(F} .,)] > m + 2. Next, we need to calculate
the upper bound x,[C(F )] < m+ 2.

On considering the color function ¢ : V[C(F} ,,)] — {1,2,...,m + 2} is defined by,

c(w) =1 for1 <i<m
c(u;)zl forl1 <l<m-—1
cv) =2
clu)) =142 forl1 <l<m
Therefore, the upper bound x,[C'(Fi,)] < m + 2. Hence, x,[C(Fi,m)] =m+ 2. i

Theorem 2.4. [f m > 4, then the packing chromatic number of the line graph of fan graph is

% ifm=0 mod4

M3 ifm =1 mod 4

L(Fim)]=14 4
XplL(Fi,m)] Sm2if =2 mod 4

il jfm =3 mod 4
Proof. Letus assume that V(Fy ,,) = {v,v; : 1 <1 <m}, E(Fi ) ={w; : 1 <1 <m}U{z;:
1 <1 < m — 1}, where wj is the edge corresponding to vv; and z; is the edge corresponding to
w1 VIL(Fim)] = E(Fim) = {v,v,w,u 0 1 <U<m}U{y, 1 <1 <m-—1}

For1 <i<m
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« Each edge v, is subdivided by v; of F .,
« Each edge v is subdivided by u; of Fy

Let us prove the lower bound by the contradiction method. In x,[L(Fi )], we need to prove
four cases. So, we assume Y ,[L(F},,)] < 2wt Smd3 dmi2 Smtl for ;= 0 mod 4,m =
1 mod 4,m = 2 mod 4,m = 3 mod 4 respectively. For that, we assume x,[L(F} )] < 2%,
ot Smi2 3mtl for m = 0 mod 4, m = 1 mod 4, m = 2 mod 4, m = 3 mod 4 respectively.
And select the colors for each valid vertex in L(Fj ,,) as follows ST"’, 5”21 1 5”3 2 5’" 3 for

=0mod 4, m =1mod4, m=2mod4, m =3 mod4 respectlvely By the deﬁnltlon line
graph of fan graph, we have observed that c(uy,) = 1 and d(u;,u;) = 1,d(uy, qu) = 2 and
d(uy_3,ty,,) = 3. Here the maximum distance is 3 and the diameter of x,[L(F} )] is also
3. This shows that we can repeat only the colors 1 and 2 in x,[L(F} ,,)]. Since, we assumed
STm, 57"4’1, 5"2’2, 5"2’3 form = 0mod4, m =1 mod4, m = 2 mod 4, m = 3 mod 4
respectively. Therefore, we are left with a remaining colors 27%=8, m=2 2m=10 - 3m_ll for
m = 0mod4, m =1 mod4, m =2 mod 4, m = 3 mod 4 respectively. According to the
definition of packing coloring, if two vertices of color i are at distance of at least s + 1 apart and
d(ur,uy ;) = 2 then c(u;) # c(u,, ) and the following colors are required 7=8, dm=9 3m=10,
57"47_“ form = 0 mod 4, m = 1 mod 4, m = 2 mod 4, m = 3 mod 4 respectively for each v,
and u; +1- While this proves a contradictory value compared to the desired output, the statement
Xp[L(Fi )| < St Smdd Smi2  Smil for = 0 mod 4, m = 1 mod 4, m = 2 mod 4,
m = 3 mod 4 respectively are wrong.
Hence, we conclude that the lower bound
mtd i m = 0mod 4
% if m=1mod4
% if m=2mod4
% if m=3mod4
Next, we need to calculate the upper bound
% if m=0mod4
% if m=1mod4
W if m=2mod4
# if m=3mod4
Consider the color function,
V(L(Fi,m)) — {1,2,3, ..., p} is defined as follows,

5’3—“ if m=0mod4

M i f m = 1mod 4

XP[L(Fl,m)] >

Xp[L(F1m)] <

h =
wherep 5"’2—+zifm£2mod4
il i f m = 3 mod 4

c(u;l): forl<l<m-—1
c(u;l_3) = forl <l<m-—1
clugy_|)=1+2 for1 <l<m-—1
c(y) =1 forl =1

If m = 0mod 4
c(qu) = w for 1 Slgm

If m =1mod4
c(upyr) = W forl1 <I<m

If m =2 mod4
C(ul+1) = %M forl1 <l<m

If m =3 mod 4

c(upy) = mHES forl <l<m
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Therefore, the upper bound of

mtd i f m = 0mod 4

Sm+3 ; _
XP[L(Fl,m)] < 4 Zf m = 1 mod 4

Mt f m =2 mod 4

5m4l ; —
2= i f m = 3 mod 4

%z’fmz()mod4

Smt3 £ = 1 mod 4
Hence, \,[L(Fy.n)] = 4 o0, W m=1mo

%ifm52m0d4

mtl i m = 3 mod 4

3 Packing coloring of jump graph of certain graphs

Theorem 3.1. If n > 5, then the packing chromatic number of the jump graph of path graph is
Yol J(P)] = n—2.

Proof. Letusassume V(P,) ={v: 1 <l <n}and V[J(P,)| ={e : 1 <1 <n-—1}
For1 <i<n

« ¢ is the vertex corresponding to the edge v;v; 4 of P,

Let us prove the lower bound of x,[J(P,)] by the contradiction method. For that, we assume
that x,[J(P,)] < n—2. Now, select the colors for each valid vertex in x,[J (P, )] as n — 3. From
jump graph of path graph, we observed c(e1) = c(ez2) = ¢; and d(ey, e3) = 1,d(e;, e141) = 2 are
true. Here, the maximum distance is 2 then the diameter of J(P,) is also 2. This shows that we
can repeat only the color 1 as much as possible in J(P,). Since, we assumed n — 3 colors for
J(P,), now, we are left with a remaining colors as n — 4. According to the definition of packing
coloring, if two vertices of color i are at distance of at least ¢ + 1 apart and d(e;,e;1) = 2
then c(e;) # c(ei41) and n — 4 colors are required for each e; and e;4;. While this proves a
contradictory value compared to the desired output, the statement x,[J(P,)] < n — 2 is wrong.
Hence, we conclude that the lower bound x,[J(P,)] > n — 2.

Next, we need to calculate the upper bound x,[J(P,)] <n — 2.

On considering the color function ¢ : V[J(P,)] — {c1,¢2, ..., ¢cn—2} is defined by,

cle)) =clex) =1
cle) =1-1 for3<i<n-1

Therefore, the upper bound x,[J(P,)] < n — 2. Hence, x,[J(P,)] =n — 2. i

Theorem 3.2. If n > 5, then the packing chromatic number of the jump graph of cycle graph is
XplJ(Cn)] =n— 1.

Proof. Letus assume V(C,,) = {v;: 1 <l <n}and V[J(C,)] ={e;: 1 <1 <n}.
For1 <i<n

* e, is the vertex corresponding to the edge v;v,, of C),
For1 <i<n-1
« ¢y is the vertex corresponding to the edge v;v;41 of C),

Let us prove the lower bound of x,[J(C,,)] by the contradiction method. For that, we assume
that x,[J(Cy)] < n—1. Now, select the colors for each valid vertex in x,[J(C},)] as n—2. From
jump graph of cycle graph, we observed c(e;) = c¢(e2) = ¢1, d(e1,e3) = 1 and d(ej, e141) = 2
are true. Here, the maximum distance is 2 then the diameter of J(C,,) is also 2. This shows that
we can repeat only the color 1 as much as possible in J(C,,). Since, we assumed n — 2 colors for
J(C,), now, we are left with a remaining colors as n — 3. According to the definition of packing
coloring, if two vertices of color i are at distance of atleast ¢ + 1 apart and d(e;, e;41) = 2
then c(e;) # c(e+1) and n — 3 colors are required for each e; and e;;. While this proves a
contradictory value compared to the desired output, the statement x,[.J(C,)] < n — 1 is wrong.
Hence, we conclude that the lower bound x,[J(P,)] > n — 1. Next, we need to calculate the
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upper bound x,[J(C,)] < n — 1.
On considering the color function ¢ : V[J(C,,)] — {ci1, c2, ..., ¢n—1 } is defined by,

cler) =clex) =1
=l-1

c(er) for3<i<n
Therefore, the upper bound x,[J(C,)] <n — 1.
Hence, x,[/(Cy)] =n — 1. o

Theorem 3.3. If n > 4, then the packing chromatic number of the jump graph of wheel graph is
XplJ (W) =n+ 1.

Proof. Letus assume V(W,,) = {v,a;: 1 <1 <n}and
V[J(Wn)] = {dl,el 01 S l S TL}
For1 <i<n

« d, is the vertex corresponding to the edge a,,a; of W,,

« e, is the vertex corresponding to the edge va; of W),
For1 <li<n-1

« d; is the vertex corresponding to the edge a;a;;1 of W,

Let us prove the lower bound of x,[J(W,,)] by the contradiction method. For that, we assume
that x,[J(W,)] < n + 1. Now, select the colors for each valid vertex in x,[J(W,,)] as n. From
jump graph of wheel graph, we observed c(e;) = ¢y, d(dy,e3) = 1 and d(e;,dj+1) = 2 are
true. Here, the maximum distance is 2 then the diameter of J(W,,) is also 2. This shows that
we can repeat only the color 1 as much as possible in J(W,,). Since, we assumed n colors for
J(W,,), now, we are left with a remaining colors as n — 1. According to the definition of packing
coloring, if two vertices of color 7 are at distance of atleast ¢ + 1 apart and d(e;, d4+1) = 2
then c(e;) # ¢(di+1) and n — 1 colors are required for each e; and d;;;. While this proves
a contradictory value compared to the desired output, the statement x,[J(W,)] < n + 1is .
Hence, we conclude that the lower bound x,[J(W,,)] > n + 1.

Next, we need to calculate the upper bound x,[J(W,,)] < n + 1.

On considering the color function ¢ : V[J(W,,)] — {c1, 2, ..., cn+1} is defined by,

c(er) =1 forl <i<mn
o(d) =1+1 forl <l<n

Therefore, the upper bound x,[J(W,,)] < n + 1.
Hence, x,[J(W,)] =n+ 1. o

Theorem 3.4. If n > 3, then the packing chromatic number of the jump graph of double wheel
graph is x,[J(DW,)] =2n + 1.

Proof. Let us assume that V(DW,,) = {v,a;,b; : 1 <1 < n}and V[J(DW,)] = {di, e, fi, 01 :
1 <l<n}.
For1 <i<n

« ¢ is the vertex corresponding to the edge va; of DW,,

« fi is the vertex corresponding to the edge vb; of DW,,

* d,, is the vertex corresponding to the edge a,,a; of DW,,

* gn 1s the vertex corresponding to the edge g,,g; of DW,,
For1<i<n-1

* d; is the vertex corresponding to the edge a;a;+; of DW,,

* g is the vertex corresponding to the edge b;b;+1 of DW,,
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Let us prove the lower bound of x,[J(DW,,)] by the contradiction method. For that, we assume
that x,[J(DW,,)] < 2n + 1. Now, select the colors for each valid vertex in x,[J(DW,)] as 2n.
From jump graph of double wheel graph, we observed c(e;) = c(f;) = c1, d(di,e3) = 1 and
d(fi,q1) = 2 are true. Here, the maximum distance is 2 then the diameter of J(DW,,) is also
2. This shows that we can repeat only the color 1 as much as possible in J(DW,). Since, we
assumed 2n colors for J(DW,, ), now, we are left with a remaining colors as 2n — 1. According
to the definition of packing coloring, if two vertices of color ¢ are at distance of atleast i + 1 apart
and d(f;,g;) = 2 then ¢(f;) # ¢(g;) and 2n — 1 colors are required for each f; and g;. While this
proves a contradictory value compared to the desired output, the statement x ,[J(DW,,)] < 2n+1
is wrong. Hence, we conclude that the lower bound x,[J(DW,,)] > 2n + 1.

Next, we need to calculate the upper bound x,[J(DW,,)] < 2n + 1.

On considering the color function ¢ : V[J(DW,,)] — {c1, c2, ..., c2n+1} is defined by,

cler) = c(fi) =1 forl <l<n
c(d)) =1+1 forl<i<n
cg)=n+1+1 forl <i<n

Therefore, the upper bound x,[J(Dw,,)] < 2n + 1.
Hence, x,[J(DW,)] =2n + L. O

Theorem 3.5. If n > 4, then the packing chromatic number of the jump graph of helm graph is
XplJ (Hp)] =2n+ 1.

Proof. Let us assume that V (H,,) = {v,a;, f;: 1 <1 <n}and V[J(H,)| = {d,e;,q1: 1 <1<

For1 <i<n

* ¢; is the vertex corresponding to the edge va; of H,

« g is the vertex corresponding to the edge a; f; of H,,

« d, is the vertex corresponding to the edge a,,a;, of H,,
For1<i<n-1

* d; is the vertex corresponding to the edge a;a;,; of H,

Let us prove the lower bound of x,[J(H,)] by the contradiction method. For that, we assume
that x,[J(H,)] < 2n + 1. Now, select the colors for each valid vertex in x,[.J(H,)] as 2n.
From jump graph of helm graph, we observed c(e;) = ¢, d(gi1, gi+1) = 1 and d(e;, d;) = 2 are
true. Here, the maximum distance is 2 then the diameter of J(H,,) is also 2. This shows that
we can repeat only the color 1 as much as possible in J(H,). Since, we assumed 2n colors
for J(H,,), now, we are left with a remaining colors as 2n — 1. According to the definition of
packing coloring, if two vertices of color 4 are at distance of atleast ¢ + 1 apart and d(e;, d;) = 2
then c(e;) # ¢(d;) and (2n — 1) colors are required for each e; and d;. While this proves a
contradictory value compared to the desired output, the statement x,[J(H,,)] < 2n+ 1 is wrong.
Hence, we conclude that the lower bound x,[J(H,,)] > 2n + 1.

Next, we need to calculate the upper bound x,[J(H,)| < 2n + 1.

On considering the color function ¢ : V[J(H,)] — {c1,c2, ..., can+1} is defined by,

cle)) =1 forl1 <l <n
c(d)) =1+1 forl1 <l <n
clg)=n+1+1 forl1 < <n

Therefore, the upper bound x,[J(H,)] < 2n + 1.
Hence, x,[J(H,)] =2n+ L. o

Theorem 3.6. If n > 3, then the packing chromatic number of the jump graph of closed helm
graph is x,[J(CH,)] = 3n + 1.

Proof. Let us assume that V(CH,,) = {v,a;, f; : 1 <1 <n}and V[J(CH,)] = {di,er, g, b :
1 <l<n}.
For1 <i<n
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« ¢, is the vertex corresponding to the edge va; of CH,

* b is the vertex corresponding to the edge a; f; of CH,,

* d, is the vertex corresponding to the edge a,,a; of CH,,

* gp 1s the vertex corresponding to the edge f,a; of CH,,
For1 <li<n-1

« d; is the vertex corresponding to the edge a;a;.1 of CH,

« ¢ is the vertex corresponding to the edge f; fi+; of CH,

Let us prove the lower bound of x,[J(CH,,)| by the contradiction method. For that, we assume
that x,[J(H,)|] < 3n + 1. Now, select the colors for each valid vertex in x,[J(CH,,)| as 3n.
From jump graph of closed helm graph, we observed c(e;) = ¢y, d(e;,b;) = 1 and d(e;, d;) = 2
are true. Here, the maximum distance is 2 then the diameter of J(C'H,,) is also 2. This shows
that we can repeat only the color 1 as much as possible in J(C H,,). Since, we assumed 3n colors
for J(C'H,), now, we are left with a remaining colors as 3n — 1. According to the definition of
packing coloring, if two vertices of color ¢ are at distance of at least ¢ + 1 apart and d(e;, d;) = 2
then c(e;) # c(d;) and 3n — 1 colors are required for each e; and d;. While this proves a
contradictory value compared to the desired output, the statement x,[J(CH,)] < 3n + 1 is
wrong. Hence, we conclude that the lower bound x,[J(CH,)] > 3n + 1.

Next, we need to calculate the upper bound x,[J(CH,)] < 3n + 1.

On considering the color function ¢ : V[J(CH,)] — {c1,ca, ..., c3n+1} is defined by,

cler) =1 for1 <i<mn
cld)=1+1 forl1 <l <n
b)) =n+1+1 forl1 <i<n
clg)=n+4+1 forl1 <l <n
Therefore, the upper bound x,[J(CH,)] < 3n+ 1. Hence, x,[J(CH,)| =3n+ 1. o

Theorem 3.7. If n > 3, then the packing chromatic number of the jump graph of sunlet graph is
XplJ(Sn)] =2n — 2.

Proof. Let us assume that V(S,) = {a;, fi: 1 <1 <n}and V[J(S,)] = {e;, b : 1 <1< n}.
For1 <I<n

« b is the vertex corresponding to the edge a; f; of S,

* e, is the vertex corresponding to the edge a,a; of S,
For1 <I<2n-4

« ¢ is the vertex corresponding to the edge a;a; of S,

Let us prove the lower bound of x,[.J(S,,)] by the contradiction method. For that, we assume that
Xp[J(Sn)] < 2n — 2. Now, select the colors for each valid vertex in x,[.J(S,)] as 2n — 3. From
jump graph of sunlet graph, we observed c(e;) = c¢(e2) = ¢1, d(by, b;+1) = 1 and d(eq,b;) = 2
are true. Here, the maximum distance is 2 then the diameter of J(S,,) is also 2. This shows that
we can repeat only the color 1 as much as possible in J(.S,,). Since, we assumed 2n— 3 colors for
J(Sy), now, we are left with a remaining colors as 2n —4. According to the definition of packing
coloring, if two vertices of color i are at distance of atleast 4 + 1 apart and d(e;,b;) = 2 then
c(e1) # c(by) and 2n — 4 colors are required for each e; and b;. While this proves a contradictory
value compared to the desired output, the statement x,[.J(S,)] < 2n — 2 is wrong. Hence, we
conclude that the lower bound x,[J(S,)] > 2n — 2. Next, we need to calculate the upper bound
XplJ(Sn)] <2n —2.

On considering the color function ¢ : V[J(S,)] — {c1, ¢a, ..., c2n—2} is defined by,

cler) =clex) =e(by) =1 forl<i<n
cle)) =1-1 for3<i<n
c(by) =clen) +1—1 for2<i<n

Therefore, the upper bound x,[J(S,)] < 2n — 2.
Hence, x,[J(Sn)] = 2n — 2.
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