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Abstract In this paper, the concept of A-Expansion 3*ga(u, A)-continuity is introduced.
Also some properties and characterization of A-Expansion 3*ga(u, \)-continuity are discussed
briefly.

1 Introduction

The idea of generalized topology and hereditary class was introduced and studied by Csaszar][3,
4]. A subfamily p of P(X) is called a generalized topology if ® € p and union of elements
of 1 belongs to p. And we say a hereditary class H on X is a non-empty collection of subset
of X such that A C B, B € ‘H implies A € H. With respect to the generalised topology p and
a hereditary class 7, for a subset A of X we define A% (H) [4] as A% (H) = {ze X: M N A
¢ H for every M € y such that z € M }. The closure cj(A) = AU Af. H is said to be j-
codense[4] if N H = {¢}. With respect to o we define p* = {ACX : ¢« (X — A)=X — A}
iy (A) and ¢, (A) will denote the interior and closure of A in (X, 1*). The space (X, 1) with
the hereditary class is called hereditary generalized topological space and denoted by (X, i, H).
A subset A of (X, ) is pa-open [3] (resp.p-semi open [3], u-pre open [[3]], u-B-open[3]), if A
Cip(ep(in(A))) (resp.A C (cu(in(A)),A Ciu(eu(A)),AC cyulin(cu(A))).We denote the family
of all ua-open sets, p-semiopen sets, p-pre open sets and pS-open sets by a(n), o(u), 7(p)
and () respectively. On GT, 1 € a(p) € w(p) € B(p). In GTS ¢, (A) and ¢, (A) denotes
a-closure and S-closure respectively.

A subset A of (X, ) is said to be p regular open[5] if A =4,(c,(A)). The finite union of
regular open set is called pr-open sets and its complement is pm-closed set. A set A is said to be
pg-closed [3]if ¢, (A) C U, whenever A C U and U is p-open and its complement is y1g-open.

Definition 1.1. For a subset A of hereditary generalized topological space (X, u, H),
DAY (H) [4]={zc X: M N A¢Hforevery M € a(p) such that z € M }.
iAx . (H) [4]={ze X: M N A ¢ H forevery M € B(u) such thatz € M }.

Hp

2 A — Expansion 3*ga(p, A)-continuous

Definition 2.1. A subset A of (X, p is said to be

i)gap-closed if ¢, (A) C U, whenever A C U and U is pa-open and its complement is govyi-
open.

ii)*gayp-closed if ¢, (A) C U, whenever A C U and U is pga-open and its complement is * gorpu-
open.

iii)8*gap-closed if ¢, ,(A) C U, whenever A C U and U is *gap-open and its complement is
B* gap-open.

Definition 2.2. [1] Let(X,u, H) be a hereditary generalised topological space. A map A: y —
2% is said to be an expansion on (X,u, H) if U C A(U) for each U € p.

Definition 2.3. [1]Let(X,u, #) be a hereditary generalised topological space.A pair of expan-
sions .4 and B is said to be mutually dual if A (U) N B (U) =U foreach U € p.
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Definition 2.4. [1]Let (X,u) be a generalized topological space. Let(Y ,\,4) be a hereditary
generalized topological space. Let .A be an expansion on Y. A map f:(X,u) — (Y ,A\H) is said
to be A-expansion continuous if f~1(V) Ci,(f~"(A(V)) foreach V € .

Definition 2.5. A map f : (X,u) — (Y,A) is said to be 5* ga(u,\)-continuous iff U € A implies
that f~1(U) € B*gapu.

Definition 2.6. Let (X,u) be a generalized topological space. Let(Y,\,H) be a hereditary gener-
alized topological space. Let A be an expansion on Y. A map f : (X,u) — (Y,\, H) is said to
be A-expansion 3*ga(u,\)-continuous if f~1(V) C B*gai,(f~1(A(V)) foreach V € A.

Theorem 2.7. Let (X, 1) be a quasi topological space and (Y, \,H) be a hereditary generalized
topological space. Let A and B be two mutually dual expansions on (Y,\H). Then a map
(X, p)— (Y, NH)) is Brga(p,A)-continuous if and only if f is A-expansion [5*gofp,\)-
continuous and B-expansion * go(p,\)-continuous.

Proof. Necessity: Given that .4 and B are mutually dual expansions on (Y,.A and B). So A(V)
N B(V) =V foreach V € X and hence f~'(V) = f~1(A(V)) N f~1(B(V)). Since f is f*ga
(u,A\)-continuous, f~1(V)=p*gai, (f~1(V)).

So. f~1(V) = B*gaiu(f~ (A(V)) N B*gai, (f~ (B(V)). Thus ~1(V) € B*gai,(f~ (A(V))
and f~1(V) C B*gai,(f~'(B(V)) forevery V € \. Hence f is A-expansion 3*ga(u,\)-continuous
and B-expansion 5*ga(u,A)-continuous.

Sufficiency: Let A and B be two mutually dual expansions on (Y ,\,4) and f be .A-expansion
B*ga(u,\)-continuous and B-expansion 3*ga(u,\)-continuous. Then we have f~1(V)

C Brgai,(f~1(A(V)) for each V € X and f~1(V) C B*gai,(f~1(B(V)) for every V € .
Also we have A(V) N B(V) = V. Therefore, f~'(A(V)) N f~1(B(V)) = f~1(V). Hence
B*gari, (£ (V) = 3*gari, (1 (A(V)) 0 Bgaci, (F (BV)) 2 f1(V) A 1 (V) = (V).
So B*gai, (f~1(V)) 2 f~Y(V). But B*gai,(f~1(V)) C f~1(V). Therefore

F=Y(V) = B*gai, (f~'(V)). This implies that f~! (V') € B*gayu for each V' € \. Therefore f is
B* ga(,A)-continuous.

Let I" be the set of all expansion on generalised topological space (X ,.),a partial order ” < ” can
be defined by a relation A < Bifand only if A (V) < B (V) forall V € p. O

Theorem 2.8. Let (X, 1) be a generalised topological space and (Y,\H) be a hereditary gen-
eralized topological space. A be an expansion on (Y, \H). Let f:(X,u)—> (LAH) be A-
expansion [*ga(u,\)-continuous. Then f is B-expansion *ga(u,\)-continuous for any ex-
pansion B on (Y,\,H) such that A < B

Proof. Given that f is A-expansion *ga(u,\)-continuous and A < B. ThenforeachV € A\, A
(V)< B (V)and f~1(V) C B*gai,(f~1(A (V))) and hence f~1(V) C B*gai,(f~1(B (V))).
Therefore, f is mathcal B-expansion S*ga(u,\)-continuous for any expansion B on (Y,\,H)
suchthat A < B O

Definition 2.9. [1] Let (X,u) be a generalized topological space and (Y ,\,/) be a hereditary
generalized topological space. Let B be an expansion on (Y ,A\,H). Amap f: (X,u)— (Y ,\H)
is said to be closed A- expansion continuous if f~'((A (V))¢) is p-closed in (X ,u) for each
Ve

Definition 2.10. Let (X,u) be a generalized topological space and (Y,A,) be a hereditary gen-
eralized topological space. Let A be an expansion on (Y ,A\,H). A map f : (X,u)— Y \H)
is said to be closed .A- expansion B*ga(u,\)-continuous if f~1((A (V))¢) is B*gau-closed in
(X,u) foreach V e A.

Definition 2.11. [1] An expansion .4 on (X ,u,H) is said to be open if A(V) € pforall V € p.

Definition 2.12. [1] An expansion A on (X,u,H)is said to be idempotent if A(A(V))=A (V)
forallV e pu
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Theorem 2.13. Let f:(X,1)— (Y, N\ H), where H is A codense and A be an open and idempo-
tent on (Y,\H). Then f is A- expansion B*ga(u,\)-continuous if and only if f is closed A-
expansion 5* ga(p, )-continuous

Proof. Necessary part: Let f be A- expansion 8*ga(u,\)-continuous, where A is idempotent
and V € \. Since A is open and idempotent, A (V) € A and A(A (V)) = A (V). Then f~1(A

(V) € Brgaiy(f 1 (A(A (V)))) = Bgaiy(f 1 (A (V)

Sufficient part:We prove (f~1(A (V))¢)¢ = f~1(A (V)). Letx € (f~'(A (V))¢). Then z ¢
YA (V))°) and f(z) ¢ (A (V)). Hence x € f~1(A (V). So, (f~1(A (V))9)c C f (A
(V). Conversely, let x € f~'(A (V)). Then f(z) € A (V) and so f(x) ¢ (A (V))¢ which
impliesz ¢ f~1((A (V))¢) andz € (f~1 (A (V))*)e. So,(f~1(A (V))¢)¢ C f~1(A(V)). There-
fore, (f~1(A (V))°)¢ = f~1(A (V)). Since f is closed A- expansion 5*ga(u,\)-continuous,
YA (V)¢ is B*gau-closed in (X,u). This implies (f~1(A (V))¢)¢ € B*gau. Hence f~1(A
(V) € B*gau and so f~H(A (V) = B*gai (f~1 (A (V))). Also V C A (V), and this implies
F7HV) € A (V) = Brgain(f~1 (A (V). Therefore f~1(V)) € B*gaiy(f~' (A (V))) for
each V € A\. Hence f is A- expansion 5* ga(p,\)-continuous. O

Definition 2.14. Let .4 be an expansion on a hereditary generalized topological space (X,u,H),
A and B be expansions on (X,u) and (Y ,\,H) respectively.We say that the map f:(X, p) —
(Y, \H) is (A,B) weakly-continuous if and only if A (f~1(V)) C i, (f~1(B (V))) for every
Ve

Definition 2.15. Let .4 be an expansion on hereditary generalized topological space(X,u,#), A
and 5 be expansions on (X,u) and (Y ,\,H) respectively. We say that the map f:(X, pu) —
(Y, \H) is (A,B) weakly B*ga-continuous if and only if A(f~1(V)) C B*gai, (f~1(B (V)))
forevery V € A.

The expansion A ((V')) = V is called the identity expansion and it is denoted by Zd-expansion.

Definition 2.16. Let (X ,u,) be a hereditary generalized topological space. An expansion
A on (X,u,H) is said to be subadditive if for every collection of u- open set {U, : a€A},
A(UOLEAUQ) - UaEAA(Ua)'

Definition 2.17. Let (X,u,#) be a hereditary generalised topological space. An expansion .A on
(X,u,H) is said to be S*ga-subadditive if for every collection of 5*gau- open set {U,, : a€A},
A(UOLEAUOZ) g UO/GA-A(UQ)

Theorem 2.18. Let (X, ) be a quasi topological space and (Y, \,H) be a hereditary generalized
topological space and A be an expansion on (X,u). If B and B* are two mutually dual expan-
sions on (Y, \,H) then a map f: (X,;))— (Y, \H) is (A Zd) weakly 5*ga-continuous if and
only if f is both (A,B) weakly B*ga-continuous and (A,B*) weakly 5* ga-continuous

Proof. Suppose f is (A, Zd) weakly B*ga-continuous. Then for every V € A, we have A
(f~HV)C Brgai(f~1(V)) C Brgai, (f~1H(B(V)))NB*gai, (f~1(B*(V))). This implies that
fis (A.B) weakly 5*ga-continuous and (A,B*) weakly 5*ga-continuous. Conversely, sup-
pose f is (A, B)weakly 5* ga-continuous and (A,B*) weakly 8*ga-continuous. Then for every
Ve X we have A (f~'(V)) C B*gai,(f~1(B(V)) and A (f~'(V)) € B*gai,(f~ (B*(V))).
Thus A (f~'(V)) C B*gai,(f~1 (V) C Brgain(f~1BOV)) N B*gai(f~1 (B (V) =
B*gai#(f’l(B(V)) N B*(V))). Since B and B* are mutually dual expansions on (Y,\,{), we get
A(f=1(V)) C B*gai,, (f~1(V)), which implies that f is (A, Zd) weakly B*ga-continuous. O

Definition 2.19. Let A be an expansion on (X, u,H). A subset A of X is said to be A-open if
for each x € A there exist U € u(z) such that A (U) C A and A-closed if X — A is A-open.

Definition 2.20. Let A be an expansion on (X, u, H). A subset A of X is said to be S*gapu
A-open if for each x € A there exist U € 8*gau(x) such that A (U) C A and 8*gau A-closed
if X — Ais f*gap A-open.
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Theorem 2.21. Let f:(X, u) — (Y, \H), where H is A\-codense and B be an open and idempotent
expansion on (Y ,\H) and if A is subadditive and monotone expansion on (X, p). Then f
is(A B)-weakly 5*ga-continuous if and only if closed (A,B)5* ga-continuous.

Proof. Necessary part: Let f be (A,B)-weakly 5* ga-continuous, where 15 is open and idempotent,
then A(f~1(V)) C B*gai,(f~1 (B(V))) for each V€. Since B is open and idempotent, B(V)

& Aand BB(VY) = B(V). Then f= (B(V)) € A(j~(B(V))) € *gai, (/= (B(B(V)))=5"ga

i, (f 71 B(V))). Thus f~YB(V)) € B*gapand A(f~1H(B(V)))= f~1(B(V)) and hence (f~1(B(V)))°
= f~Y((B(V))®) is B*gapu A-closed. Therefore f is closed (A,B)3* ga-continuous.

Sufficient part. Let f:(X, u) — (Y ,\,H) be closed (A,B)3*ga-continuous and let V' € A\.We
prove (f~'(B (V))C)“=f*1 (B(V)). Let ze(f~1(B(V)))e. Thenz¢ f~(B(V))°) and f(z)¢(B(V))".
Hence z€f~1(B(V)). So, (f~1(B (V))¢)¢ C f~1(B (V)). Conversely, let z€ f =1 (B(V')). Then
f(z) e B( ) and so f(z ) ¢ (B (V)¢ which implies = ¢ f~1((B (V))¢) and ze(f~1(B(V))°)e.
So,(f~HA (V))e)e C f~Y(B (V)). Therefore, (f~1(B (V))¢)=f~1(B (V)). Since f is closed
(A,B)-B*ga- contmuous Y B (V))eis B*gau A-closed in (X ,u1). This implies (f =1 (B (V))¢)c €
B*gap. Hence f~(B (V )) Brgapand so £ H(B(V)=5*gai, (f~1(B(V))). Also VCB(V),

and this implies f~'(V)Cf~1(B(V))=B*ga i, (f~'(B (V))). Therefore A(f~'(V)) C

B*gai, (f~1(B (V))) for each V€. Hence f is (A,B)-weakly 3*ga-continuous. O
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