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Abstract In this paper we study systems of difference equations numerically and theoreti-
cally. These systems were considered by many researchers. We will focus on the general form
of the solution and the limits. We use in certain cases the computer to verify the limit properties.
In all the systems the first equation is independent of the second equation.

1 Introduction

Difference equations appear as natural descriptions of observed evolution phenomena because
measurements of time evolving variables are discrete and as such, these equations are in their
own right important mathematical models. More importunately, difference equations also appear
in the study of discrimination methods for difference equations. Several results in the theory of
difference equation have been obtained as more or less natural discrete analogues of correspond-
ing results of difference equation. Recently many researchers worked in the topic of the behavior
of the solution of difference equations. Stevic, Kurbanli and Elsayed are working recently on
this topic cf. [8], [4] and cf. [3], especially on the rational difference equations.

In [1] the authors studied the global stability, the boundedness character and the periodic
nature of the positive solutions of the recursive sequence

Tn+1
xn+1“'a-+ T,

where the initial conditions z_1, x(y and « are arbitrary positive real numbers. In [9] the authors
established that every positive solution of the difference equation

A 1
Tl = -+ ——,
Tn Tn—-2

where A is a positive constant, converges to a periodic two solution. In [8] Stevic proved that if
A > 1 then every positive solution of

A 1
Tn+1 % 2(k
. +1) .
[[imo®n—i ] |j:,€+2 T

converges to a period k + 2 solution. The following difference equation

G
Tp+l = MAT § —, )

Tp Tp—1

was studied by El-Metwally, Elabbasy and Elsayed (cf. [6]). In some cases they found the
general form of the solution, also they proved that every positive solution of this equation is
bounded. In [3] Elsayed computed the general form of the solutions of difference equation

Tn—5
1+ Tn—1 Lpn—-3Tn-5

Tnt+1 =
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Further, he proved that every positive solution of this equation is bounded and

lim z, =0.
n—roo

In [4] Kurbanli consider the following system

o Tn—1 _ Yn—1
Tnt1 = o —1° Unt+1 =
Tn—1Yn —

d o Zn—1
e and 7y =
TnYn—1 — Ynin—1 —

He derived a formula for x,, ,y, ,z,. In [5] the following system of equations was studied by

Ibrahim
Tn—1
Tn+1 _ Ty 14T
- Yn—1
Yn+1 T Yn—1+r

where 7 is a fixed real number and the following initial condition

o= bx_1=cy= a, y_1 =d.

In[5] Ibrahim proved the following result: Let a ,b ,c ,d and r be positive real numbers. Then,
the general solution of the system is

b c
g = mwzkﬂ = m ,
y ack
2k — , , T — )
ack +a Zf:z ch—itl pi=l H;:(z) Ge,k—j)+rk H;::Ol G (e, k—37)
dbk-+1
Y2k+1 =

dbFHT 4 db 3, B TG G (b k — ) + T2 G (b k= 5)
where
G(c,0) =c+1,G(c,i) = c+rG(e,i —1).
In [2] Bany Khaled considered the system

Tp+l — Tn-l s Yn+l — Tn—1n-
Ty + T Tp—1Yn—1+7T
with initial values
z_1=a,xo=0,y_; =b.

Hence, according to definition we obtain
Ta = 0,901, = 0.

Bany Khaled proved an estimate for the solution. Based on it she proved: If a,b > Oand r > 1
such that a> < r, then

lim 2441 = 0, lim yox = 0.
k—o0 k—o0

2 Two Simple Systems

We are interested in a sequence, where the coefficients are generated by a sequence or a gener-
ating function in general. Hence, it is easier to write it in the form of a system. In this paper we
consider the following systems

Tn Tn—1Yn
n T e— 5 n = oeee— 2.1
Tl PP Yn+1 Tntu 41 2.1
Tn—1 Tp—1Yn—1
L | 22
T+l PP Yn+1 T 1 (2.2)
We define ;
1
W(p, f) = ZW,R(M =T () -T(b1). (2.3)
k=0
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We verified the following result by Mathematica for p > 0:

zf:F _W-1DRp-1) (f+p)R(+p) (2.4)

—T(+p) [ (p) T +1+p)

where e is the Euler number (approx. 2.718) and I'(a,x) is the incomplete gamma function. We
verified also the following summation laws by Mathematica for m,n > 0:

”;l‘ [+d d+(9i m) 2 2.5)
’: 1 d+l - +F1()cl(—i-n) - e
Hence, we obtain
H I+d di+7711)+ - ”Z‘Z (andjrlr;)' - +F1()d(tznz g T+ @D
mZ_:g E(jff)‘? :<drid1§<2+—l1>> IR (Fz(iﬁz)). =
@Aty T T (28)

z": C(d+m + 1) _"z*:l C(d+j) _ T(d+n+2)

- ; = I(d+1)-T(d+2) (2.9)

2.1 The general solution of system (2.1)

We study now the system (2.1) with initial values

T =a,r_1 =b,yo = c.
We find that in general
a a™ be
= =— forn=1,2,...
Ln na+]7yn P, , n )

Pooy= a"bc+ ((n—=1)a+1)P, , P =bct+l.

Hence
1+a

a

Pn:a”lbd—‘(n—Z—i— )*W(a,n—Z)—i—Z,

where
a™ T (n -2+ lfT“)

r ()

a

7 =

P,.

We reach the following result
Proposition 2.1. The general solution of the system (2.1) is

a be a

a—l—l’yl:bc—i—l’%":na—i—l7

r =

B abce 'T(1+a HT(n+a™")
T oD@+ Lo DR -T(OR(m+a " 1) +T(n+ L 1)

,n> 1.

1
a
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Proof. We concluded previously that

F<1+ail> a™ lhe
Yn = _
C(n—14a=1) jn—t1pr (1 + a—l) W (a,n —2) 4+ a"2(bc+ 1)

If we set p = 1 + a~! in (2.4), then we obtain for n=2, 3, 4, ...

ale(T(a™!) =T (a7', 1)) B

W(a,n—2) = T +a )
en=14+a)T(n-14a')-T(n—14+a""1)) F(I‘H‘_l)
T(nt+al) I Th—1+a)
abe abce"l—‘(l +a_l)r(n+a_l)
ach(l—l—a*l)W(a,an)—i—bc—i—l_ H ’

where H denotes the quantity
F(n—14+a")+bcT(n+a)R@")+T(n—1+a")—
(an+1-a)T(1+a”" )R(n+a'=1) =
F(n+a'=1)a ((an+1-a)R(a ) +a)~(an+1-a)T(1+a ) R(n+a'=1) =

(n—l—a_l —1) (F(n—l—a‘l —I)R(a_l) — F(a_l)R(n—i-a_l — 1))+F(n+a_1 — 1),

F'(n+ta )R(@")+T(n-1+a)=T(n+a'=1)(n-14+a)R(a")+1) =

IF(n+ta'=1)a ' ((an+1—-a)R(a')+a).

The proof is complete. O

Remark 2.2. We consider for example: ¢ = b = ¢ = 3. Then the solution of the system (2.1) is

according to the formula
L2
rO0+2-i+4) 8x \3)’
_ 81

or(3)
TR —1+50Or (1)« 280 (2) +3%3%3+3%3+1) 229

1 1 45 V3L
W(l)zzr(uz—H) 287 (3)

NE

W(0) =

7

Il
=}

Y3 =

=0
or(1) 243
Ys = = )
T(4—1+HOr (L) «8L8r(2)+27+9+1) 1846
2
1 981f
W2 =2 i+ 1) 560 (3)
—=r(Q2+2-i+y) 7r

) or(}) 729
5= = :
L —1+H)OF (1) + 52T () +27+9+1) 19189
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On the other hand

x| 3
T2 — z1+1 —
ZoYi
Y2 zoy1+1
3 0 3
Ta ) _ P | _ 31%:11 _ 13
T2Y3 2% e 243 ?
Ya T2ys+1 poT) 1846
Z4 13 3
T5 | _ T4+l _ L _ 16
T3Y4 =k 729 .
Ys T3yat1 R 19189

2.2 The general solution of system (2.2)

AR s
v
/N
< 8
[9%) (98]
\—/
I
/
8
=g 8
@ |2
T EF
\/
Il
1)
* B0
-
\]E’:,‘Tﬁt\.w
iR
I
/
N
gzl
v

We consider now the system (2.2) with the following general initial values
T =a,r0=cy-1=by=d.

Proposition 2.3. If a, c > 0, then the general solution of the system (2.2) is

Lok = ﬁ>x2k+l = m,
_ T2
PR T+ IO+ YW 42,k 3) + Tk + D(c+ 1)’
()
P T TN+ B W42,k D R TGt ot )
Proof. According to definition
T_q a a T_1y_1 ab ab

T = y Y1 = =

z1+1 a+tl G s_y1+1 ab+1 H(1)’

where we denote by G(n) (res. H(n)) the denominator of z,, (res. y,, ). Since the variables z,,
and y,, are separated in the even and the odd cases we are going to consider just one case. Now,
we obtain

X0 _ C _ C o A _ G(]) _ a _ a
o+l e+l GRYT T aHl T g+l a+G() GBI

Iy =

_ o rsyYs G((ls) *H) _ a*b _ a*b
w1 g gkl @I GOAE) | H)
In general we denote by
Gj(a) =aj+1
‘We conclude that
c a aktlp ckd

ok = m,xzkﬂ = mﬂﬁkﬂ = mw% = m7

H(1)=ab+1,H3) =a*b+G(1)H(1) = a*b + Gi(a)(ab+ 1), H(5) = ’b+ G(3)H(3) =
a’b 4+ Ga(a)(a*b + Gi(a)(ab+ 1)) = ab + a?bGa(a) + G1(a)Ga(a)(ab + 1),
H(7) = a*b+ G(5)H(5) = a*b + G3(a)(a’b + a*bGa(a) + Gy (a)Ga(a)(ab + 1))
= a*b+ a*bG3(a) + a*bGy(a)G3(a) + G1(a)Ga(a)G3(a)(ab + 1).
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We use the notation

‘We rewrite

_ Bs(a) Bs(a)
H2%3+1)= a4b+a3sz(a) —f—aszl(a) + Bs(a)(ab+ 1).

Thus the general form for k£ =3, 4, 5, ...

k—1
H2k+1) = k+1b+zak“ ‘b Bi(a) + By(a)(ab + 1),

Bk 1(0,)
k—1 k—1 .
_;. Bg(a) a™"
k+1—i k k+1
a b———— =a""'bBi(a ,
2y ) 2 5w
since
Bn(a)=HG-a Haj—i—
7j=1 7j=1
But
n +
(p+ql) ”“F( +1TP p>F (p)
=0 q q
Hence,
Bn<a)_an+lr< 1+CL> l"*l <1>7
a a
k=1 i l+a) k-1 a—T (1
k41 a T k417 k41 F(k"' T) F(*)
a”""bBy (a —— =a""ba , =
{2 B M) S E ()
k—1 k
1+a 1
b k“r( ) = ba* T <k+ > ,
a ~ Tk Z+l+a) a a Z:F(iqti)
1=1 =2 a
H(2k+1 1 1 1 1\ !
% b(1+F(k+ +a)> W<+2,k2>+F<k+ +a)r(> (a+bd71),
a a a
bl (a~!
P2k+1 = ( )

Fa ) (14T (k+1+a” ) )W (240 k=2) + T (k+1+a"") (at+b7)

Similarly we can prove the other case. O

Corollary 2.4. If a, b, c,d > 0, then the solution of the system (2.2) converges to zero.

Proof. Since

k-2 1

R AN (e

then it is an increasing function in k. So the denominator of y,j+ increases to infinity. Similarly
we can prove that 1, Zok+1 and x;, converge to zero other case. O
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3 Generalization of System (2.1)

We generalize system (2.1) by replacing the form of x,, by a more general form as follows

a Tn—1Yn
= — n :7, :071,2,...
Ln G(n)vyl+1 $n71yn+1 n
where yo = ¢, G (n) ,n = —1,0,1,... are known nonzero values,
1Yo G(a—l)c ac ac
yl pr— pr— a pr— pr— 3

r_1yo+ 1 G(—I)C+1 ac+G(—1) P(l)
Toyi G PO a*c a*c

zoyr + 1 gy pm +1 a’c+G(0)P(1) — P(2)’

a a c 3 3
Y2  G() P2 a’c a’c

ziypp+ 1 e 2 1 @+ G()P(2)  P(3)’

‘We obtain in general

c
Yn = Wforn— 1,2,3,...

where
P(n)=a"c+G(n—-2)P(n—1) forn=1,2,3,...

We make the convention P(0)=1. In details:
P (2)=d’c+ G (0) P (1) = a*c + acG (0) + G(—-1)G (0),
P (3)=a’c+ G(1)P(2) = a’c + G(1)(a*c + acG (0) + G (-1) G (0)) =
a‘c+a*cG (1) +acG (0)G (1) + G (-=1)G(0)G (1).

In general whenn =4, 5,6, ...

P(n) _ anc_i_anfch(n_2)+...+aCG(0)G(1) G(n—Z)—l—G(—l)G(O)G(H—Z):

cla”+a"'G(n—2)+-+aG(0)G(1)...G(n—2))+G(-1)G(0)G(1)...G(n—2) =

777.

-2 1n-2)=
" ;Blmz) B(-1,n-2)

B(—1,n—-2) (Cz_zlm—ﬁn;n—z)“)

Now, we are going to consider two cases regarding the form of G (I). We study the limit of
the solution in both cases and prove that

lim y,, = 0.

n—o0

Case 1: If we choose 12
G0 = [+2+d A7 -

then we obtain G (1) # 0 for all I= —1,0, 1, .... Also,

d+1)r(m+1)
B(~1,m—2) -
e HH—d T(d+m+1)
I'(d+1)m! _om 1

(d+m)...(d+ 1) (d+1) d+m ~d+1
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If d >0then0 < B(—1,m —2) < 1. Also,

lim B(—1,n—2)=0.

n—oo

We know according to (2.5)-(2.9)

S T(d+m)  T(d+n)
2 D) = @y L@

m=2

" T(d+m+1) L T(d+m) T(d+n+2)
mZ:1 m! mzzz(m—l)! (d+1)n! (
Hence, in case a= 1
n am _ n 1 B n F(d+m+1)_
“~ B(-l,m-2)  “~ B(-1l,m-2) < T(d+l)m!
1 T (d+m+1) 1 C(d+n+2) I (d4+n+2)
= -T ))=—o—-""—
r(chrl)mZ::1 m! F(d—l—l)((d—l—l)n! @+D) = Faraym b
= a™ n!T (d+1) (T (d+n +2)
(=Ln )mz::lB(—l,m—2) F(d+n+l)(F(d+2)n!
d+n+1  nIT(d+1)
d+1 T(d+n+1)
We note that
n! _n n—1 1 1
F(d+n+1) d+nd+n—1"""d+1T(d+1)’
n!l (d+1) n n—1 1

F{d+n+1) d4+nd+n—1"""d+1

If d is a positive number, then

T 0, lim T = lim B(~1,n—2)) —————— =oc.
Jlim Tldtntl) 0, lim oo, lim B(-1,n—2) 1 CiLm—2) 00

Hence, when ¢ # 0

Hence in case a =1

Case 2: If we choose

G(-1)=ab"',G()=1la+1, forn=0,1,2,...
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then we obtain G (1) # 0 foralll = —1,0, 1, .... Also, form > 1

m—1p (m — 1+l)

a —

m—2
B(-t,m=2)=ab™" J[ (la+1)=ab'2

120 al"(l-i—é)
am_lr(m - 1+é)
ol (141) '
z”: am 2": abl’ (1+1)
S B(-Lm=2) &= (m—1+])
n a™ a"‘lr(n—l—i—l) n abF(H—l)
B(-1,n-2 = a al  —
(=Ln );B(—l,m—Z) or(1+1) ;r(m_wg)
nm D(n—147)
“ zr(m—lﬁ)’
Fn—141)  m-249)T(n-2+1)  m-241) .. (m-141)T(m-1+1)
L(m—1+1) L (m—1+1) - L (m—1+1) ’
n —m+ 1 n n—m-+1 1
If a > 1then o™ > 1 and
B(-1,n-2) & a™
A ;B(—l,m—Z) o

B(-1,n—2 "I (p - 141 1 1 1
fm BELn=2) e T ldy) 1 (n—2+> o (14) = o
a a

n—0o0 a™ 7l_>r20 a”bF (1+%) n—00 ab

Hence, whena > 1,¢ >0

a

B(~1,n—-2 B(-l,n-2

‘ ( . )77L:13(_17m_2)+ ( o )’

. B(-1,n-2) = am™

lim ———— =~ ST | -

Jim, = (CMZIB(_W_N ) >

C &

lim y,, = lim Iy = lim =0.
n—00 n—oo P(n) n—oo B(—1,n—2 am
o S Bl s Bl (o e )

4 Two Systems With General Parameter r
We consider the following system just in case of positive initial values and positive value for r:

Tn TnlYn
= = 4.1
Tn41 %1 +r7yn+1 Tn 1Un1tT 4.1)

We will study the first equation at the begining since this equation is separated from the second

one.

Lemma 4.1. Suppose x_1,r > 0,20 =a > 0. Then x,, < ar~" forn =1,2,3,...



22 Saleem AL-Ashhab

Proof. We start with z; = IIOH == 1“+T <t = ar—'since x_; +r > r > 0. We consider

this relation as basis step. We continue by induction: Suppose that 2, < ar~* for some integer
k. Then according to definition and that z;_; > 0

Tk < Tk < ar—k a
Tl = — — = i1
Th_1+7 r r rk+l

Lemma 4.2. Assume r,x_1,y_1, %o, Yo > 0. Then the sequence vy, is positive.

Proof. We start with

LoYo 1Y
Yor1=———>0,y111 =

— > 0.
To—1Yo—1+ 7T Toyo + 1

We consider this relation as basis step. We continue by induction: Suppose that y; > 0 for some

integer k. Then, we obtain

_ TE+1Yk+1
Y2 = —

as the fraction of positive quantities. This is the induction step. O

Lemma 4.3. Assume that r,x_1,y_; > 0and xo = a > 0,yp = b. Then
Yo < a"br 0T forp =1,2,3,...
Proof. According to Lemma 4.2

T a ab T T 1aab a%b
0Y0 Yo 1Y1 < 1y1< _

y T_1y_1+7 r Y Toyo + 1 r reor r3

We consider this relation as basis step. We denote by

1
f(n) :1+2+3+4+--~+n:%
Moreover,
2 3
21 a aa’b a’d
BT TSRS 5 T e
We continue by induction: Suppose that
< a*b

)

for some integer k. Then, we obtain
_ TrYk TrYk ayr o« akb _ aktlp _ akt1p -
Yt = e e+ T r 7B kAl f (k) T pfTRAL o f(keD)

Proposition 4.4. Assume that v > 1 and x_1,y_1,70,9y0 > 0. Then the sequence (x,,yn)
converges to zero.

Proof. According to Lemma 4.3
O<z, < %n: 1,2,...

On the other hand |
— =0 as n— oo.
,,an

We apply the Squeezing Theorem in order to conclude the result for x,,. Now, for y,, we know
that according to Lemma 4.3
z0"Yo

< ——n=12...

0<wn < Fm
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Since f(n) — oo as n — oo we are done. O

We consider a special case, namely » = 0. In this case it is easy to compute the general
solution. If we take the initial values
T =a,x0=c¢Yy_1=byo=d

Then we obtain forn = 1,2,3, ...

2n

a a\2" cbh a?

Ten—2= —Yon—2=73) —» Ten-1 =0, Yen—1=|—| d,
c c d c

and forn =0,1,2,...

2 2n
m c c cd
Ten = C,Yon = (ac)”d,  Tent1 = =, Yon+1 = | — —,
a a ab

1 1 (C)ZHH 1 1
Ton+2 = —HYon+2 = 7\ 5 Ton+3 = =, Y6n+3 — ——5——F7 -
n-+ avy n-+ b az ) n+ Cay n+ (ac)2n+1d

We notice that we have a periodic solution, which consists of 6 elements. This is an essential
change in the behavior of the sequence. It is an open problem, what will happen if r is negative.

We study now the system

Tn—1 Yn
Tpt] = ——— | =— 4.2)
nr Tn + r’ Yt Tp—1Yn—1+7T
We consider one vanishing initial value in order to simplify the calculations. For example, we
set

z_1=a,20=0,y_1 =b,yo=d 4.3)
We obtain .
a d 0 bl d
{L‘:—7 = 7x: :07 :a+’l”_77
1=pu ab+r 2 1 +1 2 r abr + 12
d
T3 = g Yz = abr+r2 — d
2’ %ﬁ—!—r ad + abr? + 13’
—d d
T4 = 0, — ad+abr’+r — ,
4 b4 r adr + abr3 + r4
d
T5 = ﬁ ys = adr+abr3+rt —_ dr

,,13 1% ad+n,}c)lr2+r3 +r ad(TO + 7”0+3) + abr2+3 + 7‘3+3

d

Vo = dr! oy = n,d(r+r4):tabr6+r7
6 — s Y71 — -
(Ld(?" + T4) + abrﬁ + 7"7 1% ad(1+7’3;ﬁabr5+r6 +r
dr!t? dr't?
113 Y8 = 5 ’
ad (r‘ +r 4+ r1+6) + abrdt4 4 poté ad (7"2 +7r7 + 7“8) + abrl0 4 1l
d,r,l+2+3

yg p— p—

ad <r1+2 LS L e r‘+2+9> T abr9+5 4 1045
drf3)
ad (1@ § 117 § (706 (1@) § ab IO 1 4 170

We use as previous the notation

1
f(n):1+2+3+4+-~-+n:%.
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Proposition 4.5. Assume that r # 1. Then for n > 2 the solution of the system (4.2) and (4.3) is
given by
B dr*(r3 — 1) 1
Yon+l = adr(r3" — 1) ¥ abr3”(r3 — 1) + T’3n+l(’l"3 — l)ay2n+2 - Ty2n+l'

Proof. According to previous calculations we see that for n = 3,4,5, ...

a
Top = 0,221 = m,
drf(nfl)
Yon+1 = adE(T‘, n) + ab,r.f(nJrl)fl 4 ,rf(nJrl)a
drf(n—1)-1
Yon2 = ; T
adE(r,n) + abrf(n+1) 4 pfntD)+
where
E(T’ n) = Tf(n_z) + Tf(n72)+3 + . + rj’(n72)+3(n71)'
Hence

= 3n

E(ﬂ n) = rf(n—2) Z P30 — 0-5(n=2)(n—1) r 31 _11 |
T —_

i—0

drO.Sn(n—l)(,,ﬁ _ 1)
Yont1 = ad,r.OAS(n—Z)(n—l)(r:%n _ 1) + (abTOAS(n+])(n+2)—1 + TO.S(n+l)(n+2))(7ﬂ3 _ 1) :

After some simplifications we are done. O

Corollary 4.6. If ab + r,ad > 0 and |r| > 1, then the solution of the system (4.2) and (4.3)
converges 1o zero.

Proof. We rewrite 15, as follows

d(r3 — 1) d(r*—1)

adr(r?® —r=n) + abr?n(r3 — 1) 4+ r20H+1(r3 — 1) adr(r?» —r=7) +r22(r3 — 1)(ab+ 1)’

According to our assumptions 72" tends to infinity, 7~" tends to zero. Further the denominator
consists of two terms, which have the same sign. So its absolute value tends to infinity. Thus
odd terms tend to zero, and the even terms do so, since they have less absolute value according
to the formula. O

Finally, we turn our attention to system with general value for . This system was
studied first by Mashaqgbeh (see [8]). We consider the system
Tp LTn—1Yn
= — = 4.4
Tn+1 7’ Yn+1 T 1Un T 4.4
with initial values
Ty =a,x9=0b,yo =c.

Proposition 4.7. Let a, b, ¢ and r be real numbers with r # 1. Then the solution of (4.4) is

. b(r —1) B ac(l —r)n=!

rr—Drm =5 " (1T 5 ), V(n)

where (a,q),, gives the q-Pochhammer symbol and

V(n) = (=1)""'aclU(n - 3) + aber™* + "~ (ac + 1),

n r— 1) T2—i(_p)i
U(n):Z( 1) ( )

=0 (1 + L;l; r)n+27i
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Proof. We reach after tedious computations

b b b(r=1)
G(n) b+ b= br—rrn

Also,
—ach" I=ipd _Bln=2) +aber"?B(n —2) +r"'B(n - 2)H(1) =
B(n—2—1i)
ab™'eB(n -2 ;bl = —z) + (aber™ 2 + " 'H(1))B(n - 2) =
n—3 i
o n—1 n—2 n—1
B(n 2)<b ;)biBn—z— )—l—abcr H(l))
But . B
_ k
[Tt =TI 1+
k=1 k=1
ﬁ (b+r—1rF—b  n((b+r—1)rF—b)  (=b)" (1 + 5 r) g
P (r—1) (r—1) (r — 1)+l ’
So we reach
—p)n—1(1 4 =1L e
H(n) = (=) (( 0 bl :7) 1( b LeT 4 aber™ ™ + "1 H(1)),
r— n
where
n-3 1)n—i—] i
T =
Zbl o Zsz n 1 Z(1+Th17r)n 1—i
n—3 . .
l)nfzflrz -
= (=b) ""W(n —3).
; n l + El;’r)n—l—i ( ) ( )
Thus,
-b n—1 1 r—]; .
() = E R (e (0= 3) + aber™ 2+ (D),
ab™ e B ab™le(r — 1)1 I ac(l —r)n=!

TTHM) T Gy + i) V() (14 Zr)Vin)

Remark 4.8. Let « = b = ¢ = 3 and r = 4. The solution of (4.4) is according to the formula

3 3 3
T3\ _ [ 127 T4\ _ 511 Ts | _ 2047
81 ) 243 ) 729 )
Y3 2293 Y4 284575 Ys 144564829

0 ) )
81 2293 (4—1)27i(—4)1 _ 32(—4) 9
V(3)=—=4+1084+208 = —,W(0) = = =Z,
() =7 +108+ 7 WO Ty T,

7=l

0
H(3) = ab’c + rabeG(1) + r*G(1)H(1) = 81 +4 %277+ 16 % 7 x 13 = 2293,

7\2 =1,
() = COU+ 5

(r— 1) GCW(O)+abcr+r2H(1)):M

32

(9*3+27*4+16*13> —7(87]4—27*44—16*13) =814 756 + 1456 = 2293,
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y 9(-3)> —9%27 243
4: N = = B
(2:4)3V(4) 217« BIST5 — 284575
1143 284575
—(_1)3 — _ =
V() = (~179W (1) + 27516+ 64 5 13 = =9 x (— 1) + 1264 = ===,
1 . .
33-i(—4) 33 32(—4) 27 =36 1143
1) = = = =-
WO T, Tma T ea, T

_(3)23'((_1)39W(1)+27*16+64*13):—(—217)(—9W(1)+27*16+64*13):

1143

217(=9 * (——==) + 27 % 16 + 64 « 13) = 284575,
217

H(4) = 243+ 45 G(2) « H(3) = 243+ 4% G(2) %2293 = 243 + 4+ (34 4%7) x2293 = 284575,

2 2ds, | (mAn | (4 (), 2159 217 7 27559

W(Z):Z(3)4_i(_4)i 3 34(—4) 3%(16) 81  —108 144 580725

22652 14456482
V(S) = (~1) 9w (5 - 3) 427452 4 471 (13) = 2220080 1 1705 4 3308 = 1000

27559 27559
gy #3143 3430 <34 - DA 59049 _ 19
H(S) (—3)51(1+455;4)5, V(5) ~ 8127559 « 145682 — 144564829
” H(5) =3%3* %3+ 4G(3)H(4) = 729 + 4 % 127 x 284575 = 144564829,
343143 729
BTTTHG) T 144564829
On the other hand

T o 3 3
L zo+4 _ 3+4 7
= T_1y0 = 343 9
i T_1y0+4 35314 13
3
x| %
T2 _ x+4 7+94
- oY - 3k 2
y2 7 13
Toy1+ 3k L +4
T ) . 31 3
3 = xz2+4 — +4 _ 127
- 1Y, - %2 - 81
Y3 z 1y, +4 EJ W 2293
3
T3 27 3
T4 _ z3+4 _ 31% tj‘ _ 311
T2Y3 37 * 3503 243
Ya Tyy3-+a T3 284575
3
4 S 3
Ts ) _ T +4 _ St _ 2047
T3Y4 55 ¥ 554695 729
Ys 3ys+a p R 144564829

127 ™ 284575

Conclusions

We determined the limit of some sequences without determined the explicit formula of the so-
lution, which might be not easily expressible in closed form. We encountered many formulas,
which were given by the software Mathematica. This was in the case » = 1. There are still
cases to be studied in the future since we studied special cases due to the lack of formulas of
summations in some cases. In one of the systems we set one initial value zero in order to sim-
plify calculations. We can analogously set other initial values to zero. But, the general case of
arbitrary initial values is more likely to be complicated. This case can be a subject for future
studies. Also the explicit formula of the solution was calculated in case r # 1. But, the limit was
determined based upon this knowledge for |r| > 1 for some equations, while for other equations
this was not possible since we do not have enough information about the Pochammer symbol.
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