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Abstract In this paper, a brief study about index Kontorovich-Lebedev transform (index KL-
transform) has been carried out. Translation and convolution operator associated to it have been
defined. Estimates for translation and convolution operators in Lebesgue space are obtained.
Further, continuity of index KL-transform on certain function space is discussed.

1 Introduction

In this article, study related to an index Kontorovich-Lebedev transform (index KL-transform)
has been carried out. Kontorovich-Lebedev transform first studied by Kontorovich and Lebe-
dev [1], which contains modified Bessel function or MacDonald function K, (z), with purely
imaginary index in its kernel as

o0
(KLf)(r / Ko (2)f(2)de,
0

and then various researcher have carried the research in this area with different approach. As
Hankel transform with various modification in the kernel function, that is in Bessel function
of first kind, has been defined in several ways [2, 3]. Similarly, with some modifications in the
kernel, KL-transform has been defined in several ways and various studies related to it have been
done [4, 5, 7, 8, 6]. Yakubovich is one of the pioneers’ in this field and has done several work
related to KL-transform and its modified forms.

Yakubovich [6, p. 691], considered the definition of index KL-transform as

o0

(Kg)(x) =2 / T Kir (2V/E) (7 dr, (L.1)

0

where K;,(2+/x) represents modified Bessel function with purely imaginary index.
From [4, p. 14], its integral representation is given as

Kir(2y/7) = / e~ 2VEeosh(t) cog(rt)dt. (1.2)
0
Inversion of (1.1), is given as
¥ da:
¢(7) = 5= sinh(77 /KZT (2vz)(Kp)(x ) (1.3)
0

The modified Bessel function K;,(2+/x) is an eigenfunction of differential operator

A, =2’D? + 2D, — x, (1.4)
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where D, = %. Moreover, we have

AoKir (2V7) = = Kir (2V/7). (1.5)

This can be easily verified using recurrence relation for modified Bessel function. The series
representation of A is given as

Az =Y a2/ PP (x)DJ, Vn € N, (1.6)

where the P}* are polynomials of degree n — % for even j and n — Gt H

Further, the adjoint of index KL-transform (1.1), can be written as

) for odd j respectively.

(Ko)(r) = 2r / K (27)p()dx, (1.7)
0
and the corresponding inversion of (1.7), is
- / K,y (27/) sinh(r7) (Ke) (7)dr (1.8)
0
Using the relation 1.103 from [4, p. 15], we can write
1 T Yy +yz + zx dz
KZT(Z\/'%)KZT(Z\/:I?) - Z /exp( - (T))KW(Z\/E)7
0
= /K(ac7 Y, 2)Kir (2v/2)dz, (1.9)
0
where
1 Xy + yz + zx
K(z,y,2) = @exp< _ (W)) (1.10)

From (1.10), we can see that K (z,y, z) is symmetric in z, y but not in 2.
From [6, p. 692], Parseval’s relation for index KL-transform (1.1), is given as

2 _ 2
/I Kep) (= | /smhw)w( ) [Pdr.
0

In the similar manner, Parseval’s relation for index KL-transform (1.7), can be written as

T h

[ 1) gy g / (o) P
T

0

2 Preliminary results and convolution operator

In this section, we obtain some useful results that will play an important role in investigation of
estimates of convolution operator and continuity of the index KL-transform.
From [9, p. 344], we have

oo

/w“ilef"“’*%dw = 2(5>7 o(2v/uv), Re(u), Re(v) >0, a € R.

0
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Putting u = %, v = /Ty and w = \/z, we get

9]
|
0

In view of (1.10) and for oo = 0, above equation reduces to

o
zytyztze 2

-1, _ Yy \?2
e dz 4<x+y) K,(2vx +vy)

ol

/K x,y,2)dz = Ko(2v/z + y). 2.1
0

From [10, p. 97(69)], an integral representation of modified Bessel function is

oo

[Kir (2/)P sinh(rr) = = / Jo(4/z sinh(t)) sin(27t)dt.

0

From [8, p. 32], we have
[Jo(z)| < C(b)z~",

where 0 < b < 1/2. Thus
I[Kir(2y/x)])?sinh(n7)] < C(b b/ [sinh(t)]~dt
0

involved integral is convergent for 0 < b < 1/2. Hence

—b

€T 4

| K (2V2)| < C(h) ————. 22)
sinh(7r)
For n € N, using (1.2), we have
K- (2V/) ZC 2t /cosh Ve 2V eosh(t) cog(7)dt,

0

where C' is positive constant. It can be estimated as

oo

n o0
DrEL VD) < Y Cat 2”/etr Ve gy Zcx*f"/ur—le—ﬁudu

r=1 0

r=1 0
n r—in - !
- Yoo T oo 2.3)

where C is positive constant. Again from (1.2), we can write

DK, (2V7) = / e 2T cos (7t + n%)dt. 2.4)
0
Which can be estimated as
|IDIKi-(2Vz)] < / e VI (1 4 t)mdt < / e~V ein gy
0 0
00
< / ul e VE gy = (n;;)! 2.5)

0
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where n € N. Again from (2.4), we have
DMK (2Vz)] < C / e~ V@ eosh®) cosh(t)dt = CK,(2/x), (2.6)

where C' > 0 is constant depends upon n € N.
Next, we move on to the theory of translation and convolution operator associated to index KL-
transform (1.7). In view of (1.7) and (1.9), we have

(KK (z,y,))(1) = 27K 2V2) K- (21/Y). 2.7
Using (1.8) and (1.10), (2.7) can be written as
ex (f (W)) - 471{- (2vX)Kir (24/5)Kir (2v/2)7 sinh(r7)dr 2.8)
P \/m 7'(2 17 17 y 17 . .
0

Moreover, we can define the translation operator associated to index KL-transform (1.7), as
/ K(z,y,2)p(z)zdz, (2.9)
and the convolution operator corresponding to translation operator (2.9) as
(o)) =5 [T w)otdy = 5 / /K £, ) )ly) 2 dy do. (2.10)

Theorem 2.1. If translation and convolution operators associated to index KL-transform (1.7)
are defined as above, then we have following operational relation

() (KToo)(r) = K/ (K) (7). @1
() (K(p= )(r) = 5-(Ke)(7) (K) (7). @12

Proof. (i) Using (1.7), (2.9), (1.9) and (1.10), (2.11) can be obtained easily.
(4) Using (1.7), (2.10), (1.9) and (1.10), we have

(K(p*9))(7)

-] 0/ e - (L)) )00 asay

227/
0

Kir (2\/5) Kir (2/2)0(9)(2) dz dy

= B [ K umtody = oK) () (7).
0
Hence, (2.12) is obtained. O

3 Estimates for translation and convolution operator

In this section, we obtain estimates of translation and convolution operators in Lebesgue space.
Before moving to the estimation of convolution operator, we obtain estimate for the function
K(z,y,z). Forall z, y, z € Ry, we can write

\/?4‘\/?4’@ > \/:E(\/z+\/§)>2\/§> NG
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Thus

exp(— (\/xjy+ \/yf+ ﬁ)) < e V7, 3.1)

Similarly, we can obtain

exp( - (\/xjy+ \/f—i- ﬁ)) < e Yor e VZ. (3.2)

Using (3.1), (3.2) and (1.4), we get

e Ve e~ VY e V7
|K(z,y,2)] < or or . (3.3)
z z z

Theorem 3.1. If the translation and convolution operators are defined as (2.9) and (2.10) re-
spectively, then

(Z) ||7-If||L‘(R+; ydy) <C ||fHL'(R+; dz)» (3.4)
(@) Nf*glloim,: vy < Clfllnw.: anlglloi®,: ay)s (3.5)
where C' is some positive constant.

Proof. (i) Using (2.9) and (3.3), we get

e’\/y 7
IO < S /|f(z)|dz.

0

Hence

HIEE.}CHLI(RJr; ydy) < C ||fHL1(]R+; dz)»

where C' is some positive constant.
(4¢) Using (2.10) and (3.3), we get

(9@ < 6;77} y) dy d
0 0

S

Hence
1f*gll®: edary < Clflloiee anllglloi . dy)s
where C' is some positive constant. O

Theorem 3.2. If the translation and convolution operators are defined as (2.9) and (2.10) re-
spectively, then

(@) O Tefllee@®,: ay)y < CIfllor(r,: az), (3.6)
(@) N *Dirry: de) < Cllflr@.s a9l i, ; ay)s (3.7

where C'is some positive constant and 1 < p < oo.

Proof. (i) Using (2.9) and Holder;s inequality, we have

Tt )] (/ny, )17z d) (/ny, zdz>
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Further, using (3.3), we get

VTP < eﬂ( / f(Z)Ide)< / eﬁdz>q.
0 0

IO Tefllrmy: ay) < ClfllLr(r,: az)s

where C' is some positive constant.
(1) Using (2.10) and Holder’s inequality, we have

( [ [ 1t 2015l = dy dz>p
0 0

X (77|K(x,y,2)l lg(y)| = dy d2>é-
0 0

Thus

[(f+9)(@)] <

SR

Further, using (3.3), we get

7|w(f xg)(x)|Pde < (76‘“%6) IR, a2 <7|g(y)| dy )
0 0 0
X <7€_ﬁ dZ> % (/Oolg(y)l dy) %
0 0

Hence

H(')(f*g)”LP(R+; de) < C||f||LP(R+;dz)||g||L‘(R+;dy)a

where C' is some positive constant. O

4 Continuity of index KL-transform

In this section, we discuss the continuity of index KL-transform in certain suitable function
space.
Let us consider the function space G™"

Definition 4.1. The function space G"", m € [0,00), n € Ny consists of all complex-valued
infinitely differentiable functions f, defined on R+ such that

Ao (f) = suns le=™* D2 f(x)| < oo. 4.1
relRy

Theorem 4.2. The index KL-transform (1.6), is continuous linear mapping from G°° into G>™,
where s € (0,00), n € Ny.

Proof. Using (1.6), Leibnitz rule of differentiation and (2.6), we have

n

DNl < 2ceer > (") D:rfm (23 f(@)\dr
0

r=0

Thus, in view of (4.1), we have

r=0 r TER,

Asn(Kf) < 2¢ /\0,0(f)z (n) sup efSTD:T/K] (2y/7)dz.
0
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Clearly the involved integral is finite as supremum is finite for s € (0,00), n € Ny, so from
above we can write

Asn(Kf) < C'op(f) < o0,
where C’ is some positive constant. Hence, the theorem is proved. O

We consider another function space, similar to above where operator D, is replaced by the
operator A, as (1.4).

Definition 4.3. The function space H™", m € [0,00), n € Ny consists of all complex-valued
infinitely differentiable functions f, defined on R+ such that

Lon(f) = suﬂg le”™* A f(z)] < oo. 4.2)
zeRL

Theorem 4.4. The differential operator A, is continuous linear mapping from H™" onto itself.
Proof. Using (4.2), proof is straightforward. O

Theorem 4.5. The index KL-transform (1.6), is continuous linear mapping from H? into H*™,
where s € (0,00), n € Ny..

Proof. Proof can be done easily by using (1.6), and proceeding as proof of above theorem. O
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