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Abstract In this work, all lattices are complete modular lattices with the greatest element 1
and the smallest element 0. Let L be a lattice and a € L. If forevery b € L suchthataVvb=1,a
has a g-supplement z in L such that = < b, then we say a has ample g-supplements in L. If every
element of L has ample g-supplements in L, then L is called an amply g-supplemented lattice
(See [7]). In this work, some properties of these lattices are investigated.

1 Introduction

Throughout this work all lattices are complete modular lattices with the smallest element O and
the greatest element 1. Let L be a lattice, a,b € L and a < b. A sublattice {x € L|a < z < b}
is called a quotient sublattice of L, denoted by b/a. Let L be a latticeanda € L. Ifa At # 0
for every element ¢ # 0 of L, then a is called an essential element of L and denoted by a < L.
a <JLifand onlyift =0 foreveryt € L withaAt=0.Let Lbealatticeanda € L. If t =1
for every element ¢ of L with a V¢t = 1, then a is called a small (or superfluous) element of L
and denoted by a < L. The meet of all maximal (# 1) elements of L is called the radical of L
and denoted by r(L). If L have no maximal (# 1) elements, then we call r(L) = 1. Let L be a
lattice and @,b € L. If a V b = 1 and b is minimal with respect to this property, or equivalently,
aVb=1and aAb < b/0, then b is called a supplement of a in L. If every element of L has
a supplement in L, then L is called a supplemented lattice. Let L be a lattice and a € L. If for
every b € L with a Vb = 1, a has a supplement x in L with x < b, then we say a has ample
supplements in L. If every element of L has ample supplements in L, then L is called an amply
supplemented lattice. Let L be a lattice. If b < L for every element b of L with b # 1, then L is
called a hollow lattice. If L has the greatest element (# 1), then L is called a local lattice. Let L
be a lattice and a € L. If t = 1 for every essential element ¢ of L with a V¢t = 1, then « is called
a generalized small (or briefly, g-small) element of L and denoted by a <, L. Let L be a lattice
and a,b € L. bis called a g-supplement of a in Lif a Vb = 1 and t = b for every ¢ < b/0 with
aVt=1. bisag-supplementof ain LifandifaVb=1and a Ab <, b/0. L is said to be
g-supplemented if every element of L has a g-supplement in L.

More details about (amply) supplemented lattices are in [1] and [3]. Supplemented and
amply supplemented modules are studied in [2] and [9]. G-supplemented modules are studied in
[4] and [5]. The definition of g-supplemented lattices and some properties of these lattices are in
[8].

Lemma 1.1. Let L be a lattice and a, b, c,d € L. Then the followings hold.
(i)Ifa <band b <, L, then a <4 L.
(it) If a <4 b/0, then a <, t/0 for every t € L with b < t.
(iti) If a <4 L, then a V b <4 1/b.
(iv) If a <4 b/0and c <4 d/0, then a V ¢ <4 (bV d) /0.

Proof. See [8, Lemma 1]. o

2 Amply g-Supplemented Lattices

Definition 2.1. Let L be a lattice and « € L. If for every b € L such thata Vb = 1, a has a
g-supplement z in L such that < b, then we say a has ample g-supplements in L. If every
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element of L has ample g-supplements in L, then L is called an amply g-supplemented lattice
(See [7]).

Lemma 2.2. Every amply supplemented lattice is amply g-supplemented.

Proof. Let L be an amply supplemented lattice and ¢ V b = 1 with a,b € L. Since L is amply
supplemented, « has a supplement « in L with < b. Since x is a supplementofain L, 1 = aVzx
anda Az < x/0. Since a Az < x/0, a Az <4 /0. Hence z is a g-supplement of a in L. Thus
L is amply g-supplemented. O

Corollary 2.3. Let L be an amply supplemented lattice. Then 1/a is amply g-supplemented for
every a € L.

Proof. Since L is amply supplemented, 1/a is amply supplemented. Then by Lemma 2.2, 1/a
is amply g-supplemented. O

Corollary 2.4. Let L be a finite lattice. Then L is amply g-supplemented.

Proof. Since L is finite, L is amply supplemented. Then by Lemma 2.2, L is amply g-supplemented.
O

Proposition 2.5. Let L be an amply g-supplemented lattice. If every nonzero element of L is
essential in L, then L is amply supplemented.

Proof. Clear from definitions. O

Proposition 2.6. Let L be an amply g-supplemented lattice. If every nonzero element of L is
essential in L, then 1/a is amply supplemented for every a € L.

Proof. Since L is amply g-supplemented and every nonzero element of L is essential in L, by
Proposition 2.5, L is amply supplemented. Since L is amply supplemented, 1/a is amply sup-
plemented for every a € L. O

Proposition 2.7. Let L be an amply g-supplemented lattice. If every nonzero element of L is
essential in L, then L is supplemented.

Proof. Since L is amply g-supplemented and every nonzero element of L is essential in L, by
Proposition 2.5, L is amply supplemented. Since L is amply supplemented, L is supplemented
too. O

Lemma 2.8. Let M be an amply supplemented R—module and A be the family of all submodules
of M. Then A is an amply supplemented lattice by the operation C.

Proof. Clear from definitions. O

Corollary 2.9. Let M be an amply supplemented R—module and A be the family of all submod-
ules of M. Then A is an amply g-supplemented lattice by the operation C.

Proof. Since M is an amply supplemented R—module, by Lemma 2.8, A is an amply supple-
mented lattice. Then by Lemma 2.2, A is amply g-supplemented. O

Corollary 2.10. Let M be a m—projective and supplemented R—module and A be the family of
all submodules of M. Then A is an amply supplemented lattice by the operation C.

Proof. Since M is a m—projective and supplemented R—module, by [9, 41.15], M is an amply
supplemented R—module. Then by Lemma 2.8, A is an amply supplemented lattice. O

Corollary 2.11. Let M be a w—projective and supplemented R—module and A be the family of
all submodules of M. Then A is an amply g-supplemented lattice by the operation C.

Proof. By Corollary 2.10, A is an amply supplemented lattice. Then by Lemma 2.2, A is amply
g-supplemented. O
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Lemma 2.12. Let M be an R—module and A be the family of all submodules of M. If every
submodule of M lies above a direct summand in M, then A is an amply supplemented lattice by
the operation C.

Proof. Since every submodule of M lies above a direct summand in M, by [9, 41.15], M is an
amply supplemented R—module. Then by Lemma 2.8, A is an amply supplemented lattice. O

Corollary 2.13. Let M be an R—module and A be the family of all submodules of M. If every
submodule of M lies above a direct summand in M, then A is an amply g-supplemented lattice
by the operation C.

Proof. By Lemma 2.12, A is an amply supplemented lattice. Then by Lemma 2.2, A is amply
g-supplemented. O

Lemma 2.14. Let M be a m—projective R—module and A be the family of all submodules of M.
If every submodule of M is B* equivalent to a supplement submodule in M, then A is an amply
supplemented lattice by the operation C.

Proof. Since every submodule of M is 8* equivalent to a supplement submodule in M, by
[2, Theorem 3.6], M is supplemented. Since M is m—projective and supplemented, by Corollary
2.10, A is an amply supplemented lattice by the operation C. O

Corollary 2.15. Let M be a m—projective R—module and A be the family of all submodules of
M. If every submodule of M is 5* equivalent to a supplement submodule in M, then A is an
amply g-supplemented lattice by the operation C.

Proof. By Lemma 2.14, A is an amply supplemented lattice. Then by Lemma 2.2, A is amply
g-supplemented. O

Corollary 2.16. Let M be a projective R—module and A be the family of all submodules of M.
If every submodule of M is B* equivalent to a supplement submodule in M, then A is an amply
supplemented lattice by the operation C.

Proof. Clear from Lemma 2.14, since every projective module is m—projective. O

Corollary 2.17. Let M be a projective R—module and A be the family of all submodules of M.
If every submodule of M is 3* equivalent to a supplement submodule in M, then A is an amply
g-supplemented lattice by the operation C.

Proof. By Corollary 2.16, A is an amply supplemented lattice. Then by Lemma 2.2, A is amply
g-supplemented. O

Theorem 2.18. Let L be a lattice and 1 = aVbwith a,b € L. If a and b have ample g-supplements
in L, then a N\ b has ample g-supplements in L.

Proof. Let (aAb) Vit =1witht € L. Since (aAb)Vt=1l,a=aAl=aA((aANb)VE) =
(anb)V(ant)andl =aVb=(aAb)V(aAt)Vb=">bV (aAt). Similarly we can see that
aV(bAt)=1.SinceaV (bAt) = 1, by hypothesis, a has a g-supplement x in L with z < bAt.
Here l =aVzanda Az <4 x/0. Since b V (a A t) = 1, by hypothesis, b has a g-supplement y
in Lwithy <aAt.Herel=bVyandbAy <, y/0.Since l =bVyandy <a,a=aAl=
aN(bVy)=(aAb)Vyandl =aVz = (aAb)VzVy.SinceaNz <4 z/0and bAy <, y/0,
by Lemma 1.1, (a Ab) A (zVy) <aA(zV (bAy)) =(aAz)V (bAY) <, (zVy) /0. Hence
xVyisag-supplement of a Abin L. Moreover, x Vy < t. Hence a A b has ample g-supplements
in L. O

Theorem 2.19. Let L be an amply g-supplemented lattice. Then 1/a is amply g-supplemented
for every a € L.

Proof. Leta € Land 1 = x V y with 2,y € 1/a. Since L is amply g-supplemented, z has a
g-supplement ¢ in L with ¢ < y. Since ¢ is a g-supplement of = in L, by [8, Lemma 5], a V ¢
is a g-supplement of z in 1/a. Moreover, a V ¢ < y. Hence 1/a is amply g-supplemented, as
desired. O
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