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Abstract. In this paper, we study B—tangent developable of biharmonic 5—slant helices in

—_~—

the S£; (R). We characterize B—tangent developable of biharmonic B—slant helices in terms of
their curvature and torsion. Finally, we find out their explicit equations.

1 Introduction

Modeling developable surfaces through approximation is attractive as designers do not have to
concern themselves with developability constraints during the modeling process. Ideally, they
can freely utilize all sorts of modeling tools (e.g., blends, fillets) and then rely on an approxi-
mation algorithm to yield a developable result. In practice though, the approximation approach
is highly restricted since the methods can only succeed if the original input surfaces already
have fairly small Gaussian curvature. Moreover, in most cases the final result is not analytically
developable. While this is not a problem for applications such as texture-mapping, it can be
problematic for manufacturing, where the surfaces need to be realised from planar patterns (e.g.,
sewing).

This study is organised as follows: Firstly, we study tangent developable of biharmonic
B—slant helices in the S£, (R). Secondly, we characterize tangent developable of biharmonic

B—slant helices in terms of their curvature and torsion. Finally, we find out their explicit equa-
tions.

—_—

2 S, (R)

—_—

We identify S£;, (R) with
R} = {(z,y,2) e R*: 2> 0}

endowed with the metric

d dy* + dz?
g=ds* = (dx+£)2+ LQZ
z z
The following set of left-invariant vector fields forms an orthonormal basis for S£; (R)
0 0 0 0
=_—,e =2z —— —,e3=2-—. 2.1
R T VI L 2.1
The characterizing properties of ¢ defined by
gle,er) = g(er,e) =g(ese3)=1,
g(er,e2) = g(exe3)=g(e,e3) =0.

The Riemannian connection V of the metric g is given by
29(VxY,Z) = Xg(Y.Z2)+Yg(Z X)-Zg(X.)Y)
-9 (X, [, 2]) =g (Y, [X. Z]) + g (Z,[X,Y]),
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which is known as Koszul’s formula.
Using the Koszul’s formula, we obtain

1 1
Vee1 =0, Ve € = 73 Ve €3 = —Eemveze] = 7€ Ve, €2 = €3, Ve,e3 = —5e1—e,
2.2)
1 1
Ve3€1 = —5627 Ve3€2 = Eel, Ve3e3 =0.
Moreover we put
Rijk = R(eia ej)ekv Rijkl = R(ei,eja €L el)v
where the indices ¢, j, k and [ take the values 1,2 and 3
Rt = Rists = & Ryss = — 1 2.3)
212 = f313 = 7, f1233 = — o .

3 Biharmonic B—Slant Helices in SC, (R)

Assume that {T, N, B} be the Frenet frame field along . Then, the Frenet frame satisfies the
following Frenet—Serret equations:

V1T = kN, VN = —xT + 7B, 3.1
VTB = —TN,
where k is the curvature of  and 7 its torsion and

9 (T?T):LgN (N,N):Lg/-\—/

SL,(R) SL>(R) SL,(R) (Bv B) = 1; (32)

Ysom (TN) =955 (T.B) = g5 (N.B) = 0.

The Bishop frame or parallel transport frame is an alternative approach to defining a moving
frame that is well defined even when the curve has vanishing second derivative. The Bishop
frame is expressed as

VT = kM| + kM,,

VoM, = -k T, 3.3)
VM, = -k, T,
where
Isom (T, T) =1, 9o (M;,M;) =1, I$oT®) (M, M;) =1, (3.4)

Isem (T:Mi) = g0 (T M2) = g (M, M) = 0.
Here, we shall call the set {T,M,, M, } as Bishop trihedra, k; and k, as Bishop curvatures
and ) (s) = arctan {2, 7(s) = 9’ (s) and (s) = /K7 + k3.
Bishop curvatures are defined by
ki = r(s)cosY (s),
ky = &(s)sinQ (s).
With respect to the orthonormal basis {e;, e,, e;} we can write
T =T'e; +T%; + T e3, M| = M|e| + M}e, + Mjes, (3.5)

M, = leel -|—M2282 +M23€3.

P

Theorem 3.1. ([9]) v : I — SL (R) is a biharmonic curve according to Bishop frame if
and only if
15 1

k} + k3 = constant # 0,k — [k + k3] ki = —ki [4M§ - 4} — 2k, M| M3, (3.6)
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15 1
kY — [k} + k3] ko = 2k M| M} — Ky [4M11 _ 4} .

—_~—

Definition 3.2. A regular curve v : I — SL; (R) is called a slant helix provided the unit
vector M of the curve v has constant angle 20 with some fixed unit vector u, that is

Isom (M (s),u) =cosforall s € I. 3.7

The condition is not altered by reparametrization, so without loss of generality we may as-
sume that slant helices have unit speed. The slant helices can be identified by a simple condition
on natural curvatures.

To separate a slant helix according to Bishop frame from that of Frenet- Serret frame, in the
rest of the paper, we shall use notation for the curve defined above as B-slant helix.

We shall also use the following lemma.

P

Lemma 3.3. Let v : I — SL; (R) be a unit speed curve. Then ~ is a B-slant helix if and

only if
ki = —kp tan20. 3.8)

Theorem 3.4. ([9]) Let v : I — SL, (R) be a unit speed non-geodesic biharmonic B—slant
helix. Then, the parametric equations of ~y are

z(s) = Dicosﬁﬂsin [le—kﬂz]—kﬂicosﬂﬁcos [Q1s + Qo] + Qu,

1 1
y(s) = _Q%+Qsi3nz§m cos We ™ 5" W4 (0 cos [Qs + Qo] + sinWsin [Qs + Q1)) + s,
z(s) — Q3€7 sinQI]s’

where Q1,5,3,Q4, Qs are constants of integration.

We can use Mathematica in above theorem, yields

T
— |

20

05
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4 B—Tangent Developable Surfaces of 3—Slant Helices in SZ;(TR)

To separate a tangent developable according to Bishop frame from that of Frenet- Serret frame,
in the rest of the paper, we shall use notation for this surface as 5—tangent developable.

The purpose of this section is to study B—tangent developable surfaces of B—slant helices in
SL; (R).
The B—tangent developable of + is a ruled surface

R (s,u) =7 (s) +uy (s). 4.1

P

Theorem 4.1. Let v : I — SL; (R) is a unit speed non-geodesic biharmonic B—slant helix

in 8Ly (R). Then, the parametric equations of B—tangent developable of ~y are

xR (s,u) = 1 cos Wsin [Q;s + Q] + 1 cos Wcos [Q;s + Qo)
Qi Q)
+u [cos Wcos [Qys + Qs] — cos Wsin [Qys + Qo] + Qu,
yg (s,u) = _Q%—i-ﬂsinzfm cos We ™ "W (9; cos [Qy s + Q)] 4.2)

+sin2Wsin [Q;s + Qo)) +uQze” sinWs co5 AW sin [Q1s + Qo]+Qs, zr (s,u) = Qze” sin s _ ) ue™ S 5in Y,

where Q1, 5,3, 4, Qs are constants of integration.

Proof. By the Bishop formula, we have the following equation
T = cosWcos [Q1s + Q] e; + cosWsin [Qs + Qy] e; — sinWes. 4.3)
Using (2.1) in (4.3), we obtain

T = (cos Wcos [Qs + Qr] — cosWsin [Qs + Q] , zcos Wsin [Qs + Q] , —zsin2).
“4.4)
In terms of (2.4) and (4.4), we may give:

T = (cosWcos [Q5 + Q] — cosWsin [Qys + Q) 4.5)
Qae™ "W cos Wsin [Qis+ Qs — Qe 5" W5 5in ).

Consequently, the parametric equations of R can be found from (4.1), (4.5). This concludes
the proof of Theorem.

We can prove the following interesting main result.

Theorem 4.2. Let v : I — SL, (R) be a unit speed non-geodesic biharmonic B—slant

o~

helix and R its B—tangent developable surface in SL; (R). Then the equation of B—tangent
developable is

R(s,u) = [QL cosWsin [Q;s + Qo] + QL cosWcos [Q;s + Qo] + Qq
| 1
1
—m COS QU(Q] COS [DIS + QZ]
+sin2Wsin [Q;s + Qy)) + %esmws + ucos W cos [Qs + Qs)]e (4.6)
3
[—m COS QB(QI COS [Dls + QZ]

+sin2Wsin [Q;s + Qy)) + %esmms + ucosWsin [Q;s + Qo]|er
3

—u sinWes,
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where 1, 7,3, 4, Qs are constants of integration.

Proof. We assume that y is a unit speed 5—slant helix.
Substituting (2.4) to (4.2), we have (4.6). Thus, the proof is completed.

Thus, we proved the following:

—_~

Corollary 4.3. Let v : I — SL; (R) be a unit speed non-geodesic biharmonic B—slant

helix and R its B—tangent developable surface in SLy (R). Then, normal of B—tangent devel-
opable of v is

ng = [uk; sin [Q1s + Qo] —uk; sin W cos [Q;5 + Qy)]er+[—uk; cos [Qys + Qo] —uks, sinQWsin [Qs + Qo]]es
4.7)

—uky cos Wes.

where Q1,, are constants of integration.

Proof. Assume that n be the normal vector field on B—tangent developable defined by
ng = Rs AR, (4.8)
From Definition 3.2, we have the following equation
M, =sinWcos [Q;s + Qo] e; + sin2Wsin [Qs + ] e2 + cos Wes, 4.9)

where £, Q, are constants of integration.
On the other hand, using Bishop formulas (3.3) and (2.1), we have

M, =sin[Q;s + Qo] ey — cos [Q1s + Qo] ez.e;. (4.10)

Substituting (4.9) and (4.10) to (4.8), we have (4.7). This concludes the proof of corollary.

Finally, the obtained parametric equations are illustrated in Figures 1 and 2:
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