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Abstract. In this paper, we study the structure of cyclic codes of an arbitrary length n over
the ring F, + uF, + w’F, + ... + u*~'F,, where «* = 0 and ¢ is a power of prime. Also
we study the rank for these codes, and we find their minimal spanning sets. This study is a
generalization and extension of the works in references [9] and [12], the dual codes over the ring
F, + uF, + u’F,, where u® = 0 are studied as well

1 Introduction

Among the four rings of four elements, the Galois field F4 and more recently the ring of integers
modulo four Z are the most used in coding theory. Z4 -codes are renowned for producing good
nonlinear codes by the Gray map, namely Kerdok, preparata or Goethals codes. The structure
of cyclic codes over rings of odd length n has been discussed in Bonnecaze and Udaya [4],
Calderbank [5], Dougherty and Shiromoto [8], and van Lint [13]. Calderbank and Sloane [6],
and Pless [11] presented a complete structure of cyclic codes over Z4 of odd length. In [3],
Blackford studied cyclic codes of length n = 2k when £ is odd. The cyclic codes over Z4
of length a power of 2 are studied in Abualrub and Oehmke [2]. They showed that the ring
Z4[z]/{xz™ — 1) is not a principal ideal ring and hence ideals may have more than one generator.
Ping Li and Shixin Zhu in [12], studied cyclic codes of arbitrary length over the ring Fi, + uF,
with u? = 0 and F is a finite field of order ¢ where ¢ is a power of prime.

Let Ry, be the ring F, + uF, + u’F, + ... + u*~'F, with u* = 0, where ¢ is a power of
prime p.

In [1], Abualrub and Siap studied cyclic codes of an arbitrary length n over I, + ul, =
{0,1,u,u + 1} where v> = 0 and over F> + uF> + u*F>, = {0,1,u,u + 1,u*,1 4+ v*,1 +
u+ u*,u + u?} where u® = 0 and F, = {0, 1}. In [9], the authors Mohammed Al-Ashker and
Mohammed Hamoudeh extend these resultsto rings of the form I +uF> +u?F> + ... +uF 1B,
where u* = 0.

A. Singh and P. kewat in [14] extend some of the results in [9] to the ring F), +uF), + u*F, +

.+ uF1F, where u* =0, and F,, = {0,1,2,--- ,p— 1}.
In this paper, we study cyclic codes of an arbitrary length over F,, + uF, + u>F, +- -+ uF~1F,
where ¢ is a power of prime p and u* = 0, we also study their dual codes and find their properties
over these rings. We give a unique set of generators for these codes as ideals in the ring Ry, , =
Ry [x]/(z™ — 1). For this purpose, it is useful to obtain the divisors of 2™ — 1, but this becomes
difficult when the characteristic of the ring is not relatively prime to the length of the code,
because then 2™ — 1 does not factor uniquely over the ring F, + uF, + u*F, + --- + u*~'F,.
We show that the results of [12] concerning the codes over the ring F,, +uF, with u?> = 0 and of
[9] concerning the codes over the ring F5 + uF5 4+ u?F5 + - - - uF~ 1 F, with u* = 0 are valid for
Ry = F, + uF, + v’F, + ... + u*~'F, with «¥ = 0. The proofs of lemmas and Theorems in
this paper are some what similar to those discussed in [12], [9] and slightly different from those
discussed in [14]

The remaining part of this paper is organized as follows: In section 2, we give some basic
definitions and results that are used in the sequel of this paper. In section 3, we study cyclic
codes of an arbitrary length n over F, + uF, + u*F, + --- + u*~'F,. We find a unique set of
generators for these codes. In section 4, we study the rank and find minimal spanning sets for
these codes. In section 5, we study the dual codes of the codes over the ring F,, + uF, + u*Fq.
In section 6, we include some examples of cyclic codes over Ry.
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2 Preliminaries

Let F;' denote the vector space of all n—tuples over the finite field F,,. An (n, M) code C over
Fy is a subset of F' of size M. If C is a k—dimentional subspace of I, then we will called an
[n, k] linear code over F,.

A linear code C of length n over Fj, is cyclic provided that for each vector ¢ = (coc; .. . ¢p—2¢n—1)
in C, the vector (¢,—1¢p ... c,—2) obtained from c by the cyclic shift of coordinates i — ¢ + 1(
mod n), is also in C.

A code of length n over a commutative ring R is a nonempty subset of R™, and a code is linear
over R if it is an R—submodule of R™.

A free module C' is a module with a basis (a linearly independent spanning set for C').

A linear code of length n is cyclic if it is invariant under the automorphism o which is given by
a(cosCly-vyCnot) = (Cno1,C0s- -+ Cn_2)-

Definition 2.1. [7] An ideal I of a ring R is called principal if it is generated by one element. A
ring R is a principal ideal ring if its ideals are principal. R is called a local ring if R has a unique
maximal right (left) ideal. Furthermore, a ring R is called a right (left) chain ring if the set of
all right (left) ideals of R is a chain under set-theoretic inclusion. If R is both a right and a left
chain ring, we simply call R a chain ring.

Definition 2.2. The ring R, = Fy[u]/{u*) = F, +uF, + u*F, + ...+ u*~'F, is a commutative
chain ring of ¢* elements with maximal ideal uR},, where u* = 0.
Since w is nilpotent with nilpotent index k, we have

R, O uR; D U2RkD...D ukRk:(),

Moreover Ry /uRy, = F, is the residue field and |[u’ R | = q|(u*™ ' Ry)| = ¢*~%, 0 <i < (k—1).
Denote R, = F,, Ry = F, + uF,, Ry = F, + uF, + u*F,, . . .etc.

Definition 2.3. Let Cj, be a code of length n over the ring Ry, = F, +uF, +u*F,+...+u*~F,
with u* = 0, we mean an additive submodule of the R;—module R}.
A cyclic code of length n over Ry, is an ideal in the ring Ry, ,, = Ry, [x}/(x” - 1>.

Definition 2.4. [1] Let ¢ = (co, ..., ¢,—1) and u = (uo, ..., u,—1) be any two vectors over a ring.
We define their inner product by

cuU=coug+ ... +Ch_1Un_1-

If c.u = 0, then ¢ and w are said to be orthogonal. We define the dual of a cyclic code C' to be
the set
Ct={ceR}:c-u=0forallucC}.

Notation: We write a for a(x), g for g(z),. . .etc.

Proposition 2.1. [7] Let R be a finite commutative ring, then the following conditions are equiv-
alent:

(i) R is a local ring and the maximal ideal M of R is principal.

(ii) R is a local principal ideal ring.

(iii) R is a chain ring.

Notation:all rings studied in this paper are commutative chain rings.

3 A generator Construction

The structure of cyclic codes over R; depends on cyclic codes over R;_; fori =2,3,... k and
the structure of cyclic codes over R, depends on cyclic codes over R = Fj,.
By following results in [1] and [9], let C; be a cyclic code in Ry, ,, = Ry[z]/{z" — 1).
Define ¢ : Ry — Ry_1 by 11(a) = a, where u* = 0mod g. v, is a ring homomorphism that
can be extended to a homomorphism ¢, : Cy = Rj_1, = Rj—[z]/{(z™ — 1) defined by

¢1(C() +ciz+...+ Cnfll'n_l) = wl(CO) + L/J](C])x + ...+ 1/)1(Cn,1)1'n_1.
ker oy = {u" "1 (2) 1 r(z) € F,[2]}.

Let J; = {r(z) : u*~'r(z) € ker ¢}, Jy isanidealin Ry ,, = Ry[z]/(z" —1) = F,[z]/(z" — 1)
and and hence a cyclic code in Fy[z]/(z™ —1). So J; = {aj—1(z)) and ker ¢, = (v ~az_(z))
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with ag_1(z)|(z™ — 1).

Let C; be a cyclic code in Ry_1 ., = Ri_1[x ]/< -1).

Define ¢, : Rx—1 — Ry—2 by ¥2(a) = a. 1, is a ring homomorphism that can be extended to a
homomorphism ¢, : C, — Ri_>[z]/(z™ — 1) defined by

d)z(Co +cizx+ ...+ Cn_]l‘nil) = ¢2(Co) + ¢2(C])l‘ + ...+ ¢2(Cn_1)xnil.

ker ¢ = {u¥?r(z) : r(x) € Fyla]}.

Let J, = {r(z) = uf~?r(z) € ker¢,} is an ideal in Ry, = F,[z]/(z" — 1) and hence a
cyclic code in Fy[z]/(z™ — 1). So J, = (ax—»(x)) and hence ker(¢») = (u*2a,_»(x)) with
ap—2(x)|(z" - 1).

Let C5 be a cyclic code in Ry, = Ry—o[z]/{z™ — 1>

Define 93 : Rp_» — Rj_3 by 1/}3( ) = a. 13 is a ring homomorphism that can be extended
to a homomorphism ¢3 : Cs — Ry_3[z]/ <x" — 1>. Continue in the same way as above until
we define Y1 : Ry — Ry = F, by ¢4_1(a) = a%. ;_, is a ring homomorphism because
(a+b)? =a?+b?in Ry and in F,.

Extend vy, to a homomorphism ¢y, : Cx—y — Fy[z]/(z™ — 1) = Ry, defined by

dr—1(co+erx+ ...+ cn1z™ ) = Yp_1(co) + Yr—1(c)z + ...+ Yp_1(cp_1)z" !

= cg—l—c‘fx—l—...—i—cqflx"_l =co+ere+ -+ epa™

n

where Cj,_; be a cyclic code in Ry, = Ry[z]/(z™ — 1), where R, = F, + uF, with u* = 0
mod q.
ker ¢, = {ur(z) : r(z) is a polynomial in F,[z]/{z" — 1)}
= (ua;(z)) with a; (z)| (2™ — 1).
The image of ¢ is also an ideal and hence a cyclic code over F, generated by g(z) with
g(z)|(z™ — 1). The cyclic code over Ry = Fy, + uF, have the form in the following lemma:

Lemma 3.1. [12] Let Ci_ an arbitrary ideal of ring R, (i.e., it’s an arbitrary cyclic code of
arbitrary length n over ring R,), then there only exits a1 (x)|g(z)|z™ — 1, and the polynomials
g(2),a1(z),p(z) in F,z] with dega; > degp, such that C,_y =< g(x) + up(x), ua;(z) >.

Note that a; | ( —) because
" — 1 n_1
Pr—1( lg +up]) = dr—1(up )=0
= (upﬁ) € ker ¢ = (uar). Also ug € ker ¢, implies a;(z)|g(z)

Lemma 3.2. If Cj,—y = (g(x) +up(z), ua; (x)) over Ry = Fy 4+ uF, with (u* =0 mod q), and
g(z) = ay(z) with deg g(x) = r, then C— = (g(z) + up(x )> and (g + up)|(z™ — 1) in Ry[x].

Proof. Since u(g + up) = ug and g = a with deg g(z) = r, then Cx_1 = (g(z) 4+ up) and (g +
up)|z”™ — 1 in Ry[xz]. o
Lemma 3.3. (1) Let Cy_» be a cyclic code in R3,, then Cr_, = <g + upy + ulps,ua; +
wPqi,wraz) with azlar|g|(z™ = 1), ar(@)|pi(2) (55) mod ¢, azlgr (557), aslpi (25) and
az‘pz(%) (22=1). We may assume that degp, < degas, degqy < dega,, degp; < degay.

aj

(2)A cyclic code over the ring Rj ,, can be written uniquely as Cj,_» = <g + up; + u*po, ua; +
u2q1,u2a2>.

3)f Cr_r = <g + up; + uPpy, uay + uqu,u2a2> over Ry = Fy +uF, + uqu with (u* = 0),
and a, = g, then C_, = <g + up; + u2p2> and (g + up; + uzpz) ’(x" — 1) in Rs.

(4)If n is relatively prime to q, then C_, = <g, uay, u2a2> = <g + uay + u2a2> over Rj.

Proof. (1) Since the image of ¢;,_, is an ideal in Ry, = Ry[z]/(a" — 1> (where Ry =F, +
uF, with u* = 0) then I'm(¢r—2) = (g(x) + upi(z), ua;(x)) with a;(z)|g(z)|(z" — 1) and
a1 (2)|p1 (=) (%, e L). Also, ker(¢y—2) = (u*az(z)) with az(2)| (2" —1). Since u?a, Eker(q&k_z) =
(u?az), then the cyclic code Cy_p over Ry = Fy 4+ uF, + u*F, with v> = 0is Cy_, =
(9 + upr + wps, uay + u*q, utaz) with aslai|g|(z™ — 1), al(sc)|p1 (x)(%) mod ¢. Since
P2 (Tt (uar + vPq1)) = dr-a(u?q ) = 0. Hence (u?q1 i) € kergp o = (uaz).
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This implies that as(z)| (g1 % z” 1). Similarly, we have a;(z)|pi () (L;l) mod ¢. further,

ok ((55) (55 ”)(ﬁupﬁu ,)) = b ((25 *1) (=5 )u?p2) = 0. Thus, aapa (=5=1) (45-1).
We may assume that degp, < degap, degq < degap, degp; < dega because if ¢ —
(a,b), then e = (a, b+ de) for any d.

(2)The proof is similar to Lemma 6 in [1].

(3) Since a; = g, then a; = a; = g. From lemma 3.1. we get that (g + up)|(2™ — 1) in R, and
Cr—2 = (g + up1 + u’pa, u*ay). The rest of the proof is similar to lemma 3.1.

(4) The proof is similar to Lemma 8 in [1]. O

Following the same process we find the cyclic code C,_3 over Ry = F, +uF,+u*F,+u’F,
with (u* = 0). So, since the image of ¢_3 is an ideal in R3,, = Ra[z]/(z" — 1) (where
Ry = F, + uF, + u?F, with v? = 0), then Im((bk 3) = (9(x) + upi (z) + v?ps(x), ua (z) +
w1 (2), was(2) with sl gl (2" 1), a1 (o) |1 () (577)- ool ) (7 ) and
az|p2($)(%) (2= (’)1) Alsoker(¢y—3) = <u3a3( )) with az(z)| (2" —1). Since u’as € ker(¢—_3) =
(udaz(z)), then the cyclic code Cy_3 over Ry = Z; + uZs + u*Z, + uZ, with (u* = 0) is
Cr—3 = (g +up1 + u*p2 + u’p3, uay + v?q1 + v’ o, u?ay + v’ly, u’az) with

az|az|ai|g|(z™ — 1) mod g, al(x)‘pl(x)(x;(;>l),
" —1) " —1 n_1

(12|QI (x)((al(a:))’ a2|p2($)(
a3|11($)((i:2(;)1)>7 a3’qz(x)(an — 1)(1’

and a3(z)|ps(z (l(;)l)(;(;;)(i(;;) Moreover degp; < degaz, degqy < degas, degl; <
degas, degp, < degap, degq; < degap, degp, < dega,.

Lemma 34. If Cj,_3 = (g+up +u2ps +u3ps, uay +ulq) + gy, ular + 13l ulas) over Ry =
Fy+uFsq+u?Fy+u’ Fy with (u* = 0), and a3 = g, then Cy,_3 = (g +upi +u’ps +u’p3)and
(g +upy + ulpy + u3p3)‘(x" —1)in Ry.

Proof. Since az = g, thena; = ay = a3 = g. From lemma 3.3 we get that (g-+up; +u’p,) |(z" —

1) in R3 and Cj_3 = (g + upy + u’ps + u’p3, ua; + u’qy + vl g, udaz). The rest of the proof is
similar to lemma 3.3. O

Lemma 3.5. If n is relatively prime to q, then the cyclic code Cy_3 over R4 can be written as
Cr_3= <g,ua1, u2a27u3a3> = <g + ua; + uzaz + u3a3>.
Proof. The proof is similar to Lemma 3.5 in [9]. o

From all the above discussion, we can construct any cyclic code C| over Ry, k > 4 by using
the same process and induction on & to get the following theorem:

Theorem 3.6. Let C, be a cyclic code in Ry, = Ri[z]/(a™ — 1), Ry = Fy + uF, + v*F, +
.+ uFT E, with u* = 0.
(1) If n is relatively prime to q, then Ry, ,, is a principal ideal ring and

Cy = <g7ua1, u2a27 e ,uk_lak,1> = <g + uay + u2a2 + ...+ uk_lak,1>
where g(x),ai(z),ax(x), ..., ax—1(x) are polynomials over F, with
ak_l(x)|ak._2(x)| ‘ag(xﬂa](x) g(z).

(2) If n is not relatively prime to q, then
(a) Cy = (g +up1 + v?pr + ...+ uF~py_1) where g(z), pi(z) are polynomials over F,
Vi=1,2,...,k— 1 with g(x)}(x" —1), (g+up; +u’pr+ ... +uk’1pk_1)|(z" — 1) in Ry and
deg p; < degp;—1 forall2 <i<k-—1.
OR
(b)C) = <g+up1+u P2t U pr g uF agy) where a1 |g| (2" —1), (g+up1)|(z"—1)
in Ry, g()|p1 (55t and ai—1|p1 (553), ar—1lp2 (550 ) (510 - - and ar—ipr—1 (5050) - (557
1, times) and deg Pr—1 < deg ap_i.
OR
(¢)Cy = (g+upi +u’pr+ ... +u" 'pp_t,ua +utq + ..+ U g, v+l L+
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uk‘ilk_3,...,uk*2ak_2-+-uk*1t];uk71ak_]> wdﬂlak_]|ak_2|...|a2hu|g|ﬂr"Af 1%
ar—2|p1 (£ g_l)a e 7ak71|t1<2kj21)> PR (£ g_l) . (%kj)
Moreover deg px—1 < deg ag—1,...,deg t| < deg ag—_1,... and deg p; < deg ag—_;.

Motivated by the work in [7], [10], the structure of cyclic codes over Ry, of length n relatively
prime to ¢ can be given in another way as follows: Let Ry, be a finite chain ring with the maximal
ideal < u > and k be the nilpotent index of u. Assume that n is not divisible by the characteristic
of the residue field Fy, so that ™ —1 has a unique decomposition as a product of basic irreducible
pairwise coprime polynomials in Ry [z] (cf.proposition 2.7 in [7]).

Theorem 3.7. Let C be a cyclic code of length n relatively prime to q over Ry, which has maxi-
mal ideal < u > and k is the nilpotent index of u. Then there exist polynomials gg, g1, - - - , Gx—1
in Ry [x] such that C = <gg,ugl, .. ,uk’lgk_1> and gi—1|gk—2| - - - |91lgo|(z™ — 1).

Theorem 3.8. Let C be a cyclic code of length n relatively prime to q over Ry, which has
maximal ideal < w > and k is the nilpotent index of u, F = E| + uF5 + ... + uF~'F}, where

Fi(z) is a factor of x™ — 1, Fy(z) = f;(;i Then C = (F).

Corollary 3.9. The ring Ry[z] / <x” — l> with n relatively prime to q is a principal ideal ring.

4 Ranks and minimal spanning sets for cyclic codes over R

In this section we will discuss the ranks and minimal spanning sets for cyclic codes over Ry. In
[9], the authors have shown the following Theorem:

Lemma 4.1. [9] Let C; be a cyclic code of even length n over Ry = Zy +uZy + u*Zy + ... +
uF=12Z, with u* = 0. The constraints on the generator polynomials as in theorem 3.6.

() IfCr = {g+upi +u*pr + ... +u* pp_y), deg g(x) = r, then Cy is a free module with
rank(C) = n — r and basis

B = {(g+uz71+u2pz+...+uk’1pk_1), z(g+up +ulp 4. +uF ), o 2T (g4
upy +utpy + ..+ Uk*lpkfl)}
2)IfC, = <g—|—up1 +ulpr . o ua F et T g, wPan Pl 4+

uF s, P e+ T ub T ag ) with deg g(x) =1y, deg ai(z) =1, deg ax(z) =
r3,..., deg ax—_1 = 1k, then Cy has rank(Cy) = n — ry, and a minimal spanning set given by
X = {(9+Up1+uzpz+~-~+Uk_]pkf1)7 z(g+upi+ulpr+.. . +uFpy), o T (g

up1+u2p2+. . .+uk_]pk_1), (ua1+u2q1+. . .+uk_1qk_2), x(ua1+u2q1+. . .+uk_lqk_2), ceey
g2l (ua1 +ulq + ... +uk_lqk_2), (wlay + vl + ...+ uF U 3), 2(vPag +udl 4.+
uF e 3), o T  (Wag e AT ), L W s (), zuF T ey (),
xr’@*‘*’"rluk’lak_l(:r)}.

3)IfC, = <g +up +ulpy + ...+ ukilpk,huk*lak,ﬁ with deg g(x) = r,deg ax_ =t then
C has rank(C4) = n — t and a minimal spanning set given by

r= {(g+um+u2pz+-~-+uk‘1pk71)> z(g+up +ulpr 4. +uF ), o, 2T (g4

uk—l k

2 k—1 1 —t—1, k-1
upy +wpy + ..+ uF pp_y), ag—1, TU" A1, ., T" u akq}-

Now we use the technology to obtain the similar results:

Theorem 4.2. Let C| be a cyclic code of length n not relatively prime to q over Ry, = F,+uF,+
u*F, + ...+ u*='F, with u* = 0. The constraints on the generator polynomials as in theorem
3.6.

(W IfCr = {g+upi +v’py + ... +u* 'py_y), deg g(x) = r, then Cy is a free module with
rank(C) = n — r and basis

B= {(g‘f’upl+U2p2+---+uk71pk—l), z(g+upr +ulpr 4. +uFppy), o 2T (g4

upy +ulpr + ...+ Uk*lpk—l)}-

2)IfC, = <g—|—up1 +ulpr . e ua F g+ e g, WPar Pl 4+
uF s, uP T R ap o+ T ub T ag ) with deg g(x) =1y, deg ai(z) =1, deg ax(z) =

r3,..., deg ax_y =1y, then Cy has rank(Cy) = n — ry, and a minimal spanning set given by
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X = {(g+up1+u2pz+...+uk’1pk_1), z(gt+upi+ulpr+. . +uFpey), Lo T g+
up1+u2p2+. . .—O—uk_lpk,l), (ua1+u2q1+. . .—l—uk_lqk,g)7 x(ua1+u2q1—|—. . .+uk_1qk,2), ey
g2l (ual +ulq 4+ ... +u’“—1qk,2), (Wlay + vl +. ..+ uF 1 3), 2(vPar +udl + .+
uF ), o 2T T (ag P 4 AT e s), L wF T ag g (), auF T e (), L
x’"k*‘_”_luk_lak_l(sc)}.

BVIfFCr={g+upi +u’pr+ ...+ P pg_1, uFag ) with deg g(x) = r.deg aj_1 = t then
Cy has rank(C) = n — t and a minimal spanning set given by

= {(g—i—upl +ulpr+ . AuF T pg ), (g tup +ulpr+. A uF T ), L 2T g+
up1 + u2p2 + ...+ uk’lpk,l), ukflak,l, xukilak,h S ,xT’t*Iuk’lak,l}.
Proof. The proof is similar to the prove of lemma (4.1) in [9]. O

5 Dual codes over rings F, + uF;, + u’F,

This section study the dual codes of cyclic codes over Ry = F, + uF, + u*F,. Let I be the
ideal of R;,, = R;[z]/{z" — 1), where 2 < i < Fk, then the set A(]) = {g(z) : f(x)g(x) =
0,Vf(xz) € I} is called the annihilator of I in R; ,; reciprocal polynomial of degree r of the
polynomial f(z) = ¢y + cijz + - + c,.a" is defined as f*(z) = ¢ + c,_1x + -+ + cox”;
It’s obvious that if C' is a cyclic code with associated ideal I then the associate ideal of O+ is

A(D)" = {g(x) : Vg(x) € I}.

Lemma 5.1. [12] If (n,p) # 1, let Ci,_ be an arbitrary ideal of the ring Ry, = Rp[z]/(a™ — 1)
(i.e., it’s an arbitrary cyclic code of arbitrary length n over ring R;), then there only exits
ai(z)|g(z)|z™ — 1, and the polynomials g(x),a\(z), pi(z) in Fy[z] with dega; > degpi, such
that Cy—1 = (g9(x) 4+ upi(z), ua; (z)

() ifa(z) = g(x), then Cx_y = (g+up), and (g+up)|z" —1in Ry[z], thus A(Cy_1) = (L=1),

: * g+tup
also we have Ckil = <(§+;;l;) >

z™—1

(II)Otherwise, Cy_y =< g+ up,ua >, then A(Cy_,) = <1‘"a_' —u—~ ,M""g_1 ), also we have
z"— pm”T_l * z"—1)*

C¢—1:<(a17u a )’u(g1)>

Lemma 5.2. Let Cj,_ be a cyclic code in R3 , ,then

(D) if (n,p) # 1 and Cy—» = (g +upy + u’p2) with az|a;|g|(z™ — 1)mod g, (g +up)|z™ — 1, and

(g +up) +u*p2) | (z" — 1) and deg pr < degp,, then

A(Croa) = (221 also have CF_, = ((=271—)")

g+upi+u’p; 9+uP|+u2P2
(II) if (n,p) # land Cy_, = <g+up1 +u? p2,u 2ay) with as|g|(z™ — 1)mod q, (g+up)|z™ —1,

’pl ( gn< ) ) az\pl( ) and a2|p2( 1) (17;71), and degpy < degay, then
z" —l) Pl(zg_])z 2P P 9_1)2 zpz( =1)? WE _1
A(Ck 2 < —u a tu gas Zl’ >

2 —1)? () WY ( Gormadl A s
Also have Cj- <(( gazl) —ul o Tu 22 gas *“sz o ) (u g 1))

(I Cy,_, = < up + u?py,ua; + vlqi,u a2> with azlay|g|(z™ — 1), al(o:)|p1 (x)(””gn(;;)

L) and az‘pz( z” 1) (Tl) moreover, deg p, < dega,,degq; <

mod g, aa|qy (771, azlp (%5
degas,degp; < deg ai, then *
A(Ckfz) = <(93”’—1) Upl(QE 1) +u 2p1( 1)3 u2pz(m"fl)3 (z"—1)? _uzpl(w 'g—l)z

gaiay g*aiay a|a2 g*ajay gai aj ’

)

3:6”—1>
Alsohave Cé‘_z — <((I 71) _upl( - ) + 2p1( )3 2p2( n 1) )*, (u(mz;l)z_uzp](z;’?—l)2>*7

N gaiaz g*ajay alaz g*ajay
(“ T) >~

Proof. (I)Since (g+up; +u’py) | (z™ — 1), the proof of the conclusion is similar to the generator
of dual codes in the ring R;.

n_

2 —12 2 2™ —12 2™ —12 "

(IDLet D = <(zq;21) il az Sy 2p1(qa2 LY £ = L 1), itis easy to prove that
02 2™ —1y2 1,2 "

(Ig;;) o upl( az ) + uzpl(gaz ) ugpz( az s c A(Ckfz), u (Ck—2)-

Since A(Cj—2) is an ideal of the ring of Rj ,,, we assume that A(Cy_,) = <h+uv1 +utuy, u2d2>.

Since (h + uvy + u?v)(g + upy + u*p2) = 0, and (h + uvy + v?vy)(ulay) = 0,

then

aph =0,gh =0, gv; +p1h =0, gv, + pv; + p2h = 0.
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From the above equalities, we assume that

" — 2
h = @(x)(ng)

we also can get v, —¢

, and we can obtain that v,

20a™ 142 1
P1<JLT)

= —D1

P2( i
a

xn_l)Z

, U =
2

ap(x)( 7a

, 1.6, U =

+

™ —1\2
gaz

Then

h+uv1+u2v2 =

_ecx"—1
=¢ ;

n

I n

z"—1
g

gfl)Z )2

_u2p2( ]+§u2x

gas

az

which implies that h + uv; + u?v; € D, it is easy to prove that u*d, € D, then A(Cj,_»)

1 2

"

@ =1 um(*’; )? pi(

-1 L]Z

g )2 2P2<

Hence A(Cj—2) = (

gaz
]

+2‘
g

a
(=) 2
p1 7 )

gas

l)Z

on 1>

and O, = (=1

. HE
ga; ga;
=

"—1)3

2P
an + u

(IIHLetD, _upl(x"*l)‘ Fu? pi(*

» (m;l)z . e
2 2 = ) ,(u ; 1) >
W& = T

zpl(zg )2

e D.

3:6”71

g ajaz

,1)3

ajaz

(2" Pl(I —1)° +u 2 P

) )

2pz(r”fl)
ga; aj

—Uu

(" —1)°
gajaz
itis easy to prove that
L)

Pl(
uzi

gaiaz g*ajay

€ A(Cx_2),u (Cr-2).
Since A(C’k_z) is an ideal of the ring of R3 ,,
we assume that A(Cy_») =
Since (h + uv; + u?v2)(g + up1 + u*p)
uzvz)(uzaz) = 07 (g + up; + ung)(udl + uzll)
(h + wvy + v?va)(utaz) = 0,

then

g*aiay
UZPZ(I”*I) EA(Ck 2)

™ 71)
aja 2
1a2 g-ajaz

<h + vy + wdvy, ud; + 4, u2d2>.
=0, (h + uvy + v?vy)(ua; + u?q))

0, (ua; + v?qr)(udy + u?ly)

aph =0, ha; = 0,hq; + ajv; = 0,gh =0, gv; + p1h =0, gv, + pv; + p2h = 0.

(2" =1

and we can obtain that v; = —p;n(x) o

(z

n_
g

2
1

We also can get v, — n(z)

P+ ) B

ajaz

z"—1)° " —

o
en

h+ uvy + vy = () (2" -

gayaz

n

z"—1

P15
ajan

3

+u’n(x) :

2p1<

graiaz

1)’ (& — 1)}

— U x
pin() g*ajay

-1
g

)2

3 n
-1) +u2§x

g aap

)2

|

g "1

gaz

p2(%
e

1+ su? s
a2

3

):

g9

(z" 71) -

gai

=0, (h+ uv +
= 0, and

which implies that h + uv| + u?vs € D, it is easy to prove that ud; + u*l; € D, and u?d, € D,

then A(Ckfz) e D.

1)3

27
2P1( g

71>2

_ (= mGn =) 2P} (2 app(a =1} (" 1) 32" =1
Hence A(Ckfz) - < gajas —u g*aia; tu a|a2 —u g*aja; ? gai —u aj ) U
and i noiy
1 _ (zm—1)° pl(w S VSN U G ) MY C At D RN C LA VBN ¥t L AR PG G
Ck—2 - <(< gajay —u g*aja; +u a]ZZ —u g*ajay ) ’ (u gaj U ai ) ’ (u 9 )
O
6 Examples

Example 6.1. Cyclic codes of length 3 over Fy + uF; + u>F5 + u® F3 with u* = 0

Now, 2% — 1 = (2 +2)3 = g(z)’

The Nonzero cyclic codes of length 3 over F3 + uF3 + u>F3 + u® F3 with generator polynomials

are on the following table 1:

2
).
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Non zero generator polynomials

(1), {9), (5"

(u), (ug), (ug®)

(), (wg), (w'g")

(), (Wg), (v'g)

(9,4), (& u), {9,u°), (¢*,u*), (g*,w’g)

(g,u%), {¢*,u), {g’,u’g)

(ug,v?), (ug’,v’), (ug’,u’g)

(v’g,v’), (v'g* ), (u’g’ v'g)

Table 1 : Cyclic codes of length 3 over F3 + wF3 + u2F3 + u3F3.

Example 6.2. If n = 4 over Fs + uF3 + u>F3 with u® = 0.

ot — 1= (z+ (@ +2)(* +1) = fi(x) fa(2) f3(x) -

The nonzero free/non free module cyclic codes over F3 + uF3 + u*F3 are on the following tables
2,3:

Non zero generator polynomial(s)

W), (F) () (F3) 4w, (fotu), (Fstu), (fi+w?), (htul), (fs+u)

(fifr+ulco +ai)), {fifr+u’(co+ crz))

(fifs +u(co + a1z + 27?)), (fifs +u’(co + c1z + ca’))

(frfs +ulco + ciz + 22%)), (ffs + v’ (co + 17 + c2a”))

Table 2 : Non zero Free module cyclic codes of length 4 over F3 + wF3 + u’ F3.

Non zero generator polynomial(s): g=x+1

(u), (u)

(ufi), i=1,...,3 (&fi), i=1,...,3.

(ufifa), (ufifz), (ufafs)

(W f1fa), (W hifs), (W fafs)

(frouy, (fa,u), (f3,u), {fifo,u), (fifs,u), (fof3,u),

(o), (fa,u?), (s, u?), (fifa, @), (fifs, u?), (fafs, u?),

(fif2+uco,ufi), (fifa+u’co, v’ f1), {fifr +uco,ufa), {fifs +u'co,u’f2)

(fifs +uco,ufr), (fifs +v’co, v’ fi), {fifs + ulco + ca1z), ufo), {fifs + u’(co + c1x), u’ f3)

(fofs +uco, ufo), {fofs + vlco,u* o), {fofs + ulco + c1z), ufo), {fofs +u’(co + c1z), v’ f3)

Table 3 : Non Free module cyclic codes of length 4 over F3 + uwF3 + u2F3

7 Conclusion

In this paper, we studied cyclic codes of an arbitrary length over the ring F;, 4+ uFy + uqu +
...+ uF~'F,, with «* = 0. The rank and minimum spanning of this family of codes are studied
as well. We also study dual codes and find their properties over the ring F, + uF, + u’F,.
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