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Abstract. In this paper, we study multi-step iteration with errors and give the necessary and
sufficient condition to converge to common fixed points for a finite family of generalized asymp-
totically quasi-nonexpansive mappings in the framework of Banach spaces. Also we establish
some strong convergence theorems to converge to common fixed points for a finite family of said
mappings and scheme in a uniformly convex Banach spaces. Our results extend and improve the
corresponding results of [1, 2, 5,7, 8,9, 11, 12, 17, 23].

1 Introduction

Let K be a subset of normed space £ and T': K — K be a mapping. Then

(1) T is said to be an asymptotically nonexpansive mapping [3], if there exists a sequence
{rn} C [0, 00) with lim,,_, o, 7, = 0 such that

[Tz =Ty < (L+ra)lle—yl, (1.1)

forallz, y € K.

(2) T is said to be (L, «)-uniformly Lipschitz [9] if there are constants L > 0 and « > 0 such
that

for all z, y € K. Every asymptotically nonexpansive mapping is (L, 1)-uniformly Lipschitz

mapping.

(3) T is said to be an asymptotically quasi-nonexpansive mapping, if F(T') # 0 and there
exists a sequence {r,,} C [0, 00) with lim,,_, o, 7, = 0 such that

|77 —pl < (14ra) |z —pll. Ye€K and pe F(T). (-3

(4) T is said to be generalized asymptotically quasi-nonexpansive [18] if there exist sequences
{rn}, {sn} in [0, 00) with lim,, o 7, = 0 = lim,,_, , S;, such that

[T"z —pl < (L+70) |z —pl+ sn, (1.4
forallz € K,pe F(T)andn > 1.

If s, = 0forall n > 1, then T is known as an asymptotically quasi-nonexpansive mapping.

From the above definitions, it follows that if F(T') is nonempty, then asymptotically non-
expansive mappings and asymptotically quasi-nonexpansive mappings are all special cases of
generalized asymptotically quasi-nonexpansive mappings. But the converse does not hold in
general.

In 1973, Petryshyn and Williamson [11] gave the necessary and sufficient condition for Mann
iterative sequence (cf.[10]) to converge to fixed points of quasi-nonexpansive mappings. In 1997,
Ghosh and Debnath [2] extended the results of Petryshyn and Williamson [11] and gave the nec-
essary and sufficient condition for Ishikawa iterative sequence to converge to fixed points for
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quasi-nonexpansive mappings.

Liu [8] extended the results of [2, 11] and gave the necessary and sufficient condition for
Ishikawa iterative sequence with errors to converge to fixed points of asymptotically quasi-
nonexpansive mappings.

Iterative techniques for approximating fixed points of asymptotically nonexpansive and asymp-
totically quasi nonexpansive mappings in Banach spaces have been studied by many authors; see
[3, 7,8, 17,19, 20, 21] and the references therein. Related work can be found in [1, 5, 12, 13,
14, 15, 23] and many others.

Recently, Tang and Peng [22] studied the following iteration scheme in Banach space:
Let{T;:i=1,2,...,k}: K — K, where K is a nonempty subset of a Banach space F, be a

finite family of uniformly quasi-Lipschitzian mappings. For a given z; € K, then the sequence
{z,} is defined by

Tp+l = QAkpln + bk:nT];Ly(kfl)n + CinlUkn,
Yk—-1n = Ok—1)nTn + b(k—l)nTl?—ly(k—Z)n T C(k—DnU(k—1)ns
Yk-2m = Ak—2mTn + 0020 T 2Y(k—3)n T C(k—2)nU(k—2)n>
Yon = QA2nTp + b2nT2nyln + con oy
Yin = QAInTn + blnTlnxn + CinUin, n > 17 (15)

where {a;n }, {bin}, {cin} are sequences in [0, 1] with a;, + by, + cin = 1 foralli =1,2,... &k
and n > 1, {uin, ¢ = 1,2,...,k, n > 1} are bounded sequences in K. Also, they gave the
necessary and sufficient condition to converge to common fixed points for a finite family of said
class of mappings.

Remark 1.1. The iterative algorithm (1.5) is called multi-step iterative algorithm with errors.
It contains well known iterations as special case. Such as, the modified Mann iteration (see,
[19]), the modified Ishikawa iteration (see, [21]), the three-step iteration (see, [23]), the multi-
step iteration (see, [5]).

The purpose of this paper is to study the multi-step iterative algorithm with bounded errors
(1.5) for a finite family of generalized asymptotically quasi-nonexpansive mappings to converge
to common fixed points in Banach spaces. The results obtained in this paper extend and improve
the corresponding results of [1, 2, 5,7, 8,9, 11, 17, 23] and many others.

2 Preliminaries

The following lemmas will be used to prove the main results of this paper:

Lemma 2.1. (see [20]) Let {a,}, {b,} and {0, } be sequences of nonnegative real numbers
satisfying the inequality
An+1 S(l'l'én)an‘l'b’ru n > 1.

IfY 0, <ocand )~ b, < oo, then lim,_, a, exists. In particular, if {a, } has a subse-
quence converging to zero, then lim,,_, ., a,, = 0.

Lemma 2.2. (Schu [19]) Let £ be a uniformly convex Banach spaceand 0 < a <t, <b <1
for all n > 1. Suppose that {z,, } and {y, } are sequences in E satisfying limsup,, . ||z,| <7,
limsup,, ., [|lyn|| < randlim,,_, ||[tpz, + (1 — t,)yn|| = r forsome r > 0. Then lim,, o ||z, — yn|| =

Recall that the following:
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A family {T; : i = 1,2,...,k} of self-mappings of K with F = N¥_, F(T;) # 0 is said to
satisfy the following conditions.

(1) Condition (A) [1]. If there is a nondecreasing function £ : [0, 00) — [0, 00) with £(0) = 0
and f(r) > 0 for all » € (0.00) such that 1/k Zf:l |z — Tl
> f(d(z, F)) for all x € K, where d(x, F) = inf{||z — p|| : p € F}.

(2) Condition (B) [1]. If there is a nondecreasing function f: [0, 00) — [0, 00) with £(0) =0
and f(r) > 0 for all » € (0.0c0) such that max;<,<x{||z — T;z|/}
> f(d(z, F)) forallz € K.

(3) Condition (C) [1]. If there is a nondecreasing function f: [0, 00) — [0, 00) with £(0) = 0
and f(r) > O for all » € (0.0c0) such that ||z — Tyz||} > f(d(x, F)) forall z € K and for at least
oneT;, [ =1,2,... k.

Note that condition (B) and (C) are equivalent, condition (B) reduces to condition (A) [16]

when all but one 77 s are identities, and in addition, it also condition (A).

It is well known that every continuous and demicompact mapping must satisfy condition
(A) (see [16]). Since every completely continuous mapping 7: K — K is continuous and

demicompact so that it satisfies condition (A). Thus we will use condition (C) instead of the

demicompactness and complete continuity of a family {7; : i = 1,2,... k}.
Let K be a nonempty closed convex subset of a Banach space E. Then I — T is demiclosed at
zero if, for any sequence {z,,} in K, condition z,, — x weakly and lim,,_, ||z, — T2,|| = 0

implies (I —T)x = 0.

3 Main Results

In this section, we prove strong convergence theorems of multi-step iterative algorithm with
bounded errors for a finite family of generalized asymptotically quasi-nonexpansive mappings
in a real Banach space.

Theorem 3.1. Let F be a real arbitrary Banach space, K be a nonempty closed convex subset
of E. Let {T; : i = 1,2,...,k}: K — K be a finite family of generalized asymptotically
quasi-nonexpansive mappings. Let {z,,} be the sequence defined by (1.5) with Y7 | 7, < oo,
S sin < ocand Y07 e, < oo foralli = 1,2,... k. If F = Nk F(T;) # 0. Then the
sequence {x, } converges strongly to a common fixed point of {7; : i = 1,2,...,k} if and only
if lgg gf d(xy, F) = 0, where d(x, F) denotes the distance between x and the set F.

Proof. The necessity is obvious and it is omitted. Now we prove the sufficiency. Since
{twin, i = 1,2,...,k, n > 1} are bounded sequences in K, therefore there exists a M > 0,
such that

Mzmax{sup”um—p”7 i:],2,...,k}.

n>1

Letp € F,r, = max{ry, : ¢ = 1,2,...,k} and s,, = max{s;, : ¢ = 1,2,...,k} for all n.
Since Y07 i < coand Y7 s, < oo, foralli = 1,2,..., k, therefore Y | r, < co and
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32 | 8, < oo. Foreach n > 1, from (1.4) and (1.5), we note that

n=1

lyin —pll = llainen + bV, + cipti, — ||

< aip lzn = pll + b1n [TV 25 — pll + cin w1 — pl|

< aip ||zn = pl| + bin [(1 + 1) |20 — p|| + sm}
+ein un — |

< aig ||lzn — | +b1n[(1 +70) ||zn — Dl +sn}
+ein utn — |

< (aln +b1n)(1 + ) |20 — pll + binsn + c1inM

= (1 - Cln)(l + 1) [|[@n — pl| + binsn + c1nM

<

(1 + Tn) ”xn _p” + sp +einM
(147n) lz = pll + A1 (3.1)

where Ay, = s, + c1, M, since by assumption >~ | s, < oo and Y -, ¢, < 00, it follows
that Y7 | Ay, < oo.

Furthermore, from (1.5) and (3.1), we obtain

lyon =2l = lla2n@n + 02215 Y10 + c2nuon — pl|

< azn |20 — Pl + bon (|15 Y10 — Pl + c20 [u2n — p|

<z flzn = pll + ban [ (14 720) g1 = pll + 20
+eon |[uzn — Pl

< aznllen = pll + ban | (1+70) Iy = Il + 50
+ean |[uzn — Pl

< agn |20 — ol 4 b2n (1 +72) [[y1n — pIl + b2nsn + c2n M

< azn [ = pll + bau (14 ) [(1 4 70) [ — ol + Av
+brn sy + con M

< (azn +b2a) (14 70)? 20 = pll 4 ban (14 70) Ay
+brpsp + con M

= (1= c2n) (14 70)? n = pll + b2 (1 +70) Ay
+b2nSn + con M

< (T4 lzn —pll + (1 +70) Ay + 80+ c2n M

< (1+7)% |lzn — pll + A (3.2)

where Ay, = (1 + 7,) A1, + sn + 2, M, since by assumption > 7 | 7, < 00, >0 | 8, < 00,
Yoo e <ooand Y | Ay, < oo, it follows that Y ° | Ay, < oco. Similarly, using (1.5) and
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(3.2), we see that

lysn =2l = llasn(zn = p) + b30(T5'y2n — ) + c3n(uzn — )|

< a3 [|on = pll + b3n [ T3"y20 — Pl + can [Jusn — |

< azn flan = pll + ban [ (14 730) g2 — Pl + 530
+c3n [|usn — pl|

< anllen =l + ban [(1+ 70) g2 — Pl + 50
+can [[usn — pl|

< azn [[n = pll + b3n (1 +ra) y2n = pll 4 b3nsn + 3 M

< aan an = pll + ban (14 7a) [ (14 72)? [ = pll + Az
403150 + c3n M

< (azn +b30) (L4 72) (|20 — pl| + b3n (1 4+ 1,) Asyy
403,50 + c3n M

= (I=c3n) (1L +70)* l2n = pll + b3 (1 +74) Asp
403, 8p 4+ c3n M

< (V) lzn = pll + (14 70)Asp + 8p + 3o M

< (L+r0) o —pll + Asn (3:3)

where Az, = (1 + 7,) Az, + sp + ¢3, M, since by assumption > 7 | 7, < 00, >0 | 8, < 00,
S e < ooand Y 7, Ay, < oo, it follows that Y7 | A3, < oo. By continuing the above
process, there are nonnegative real sequences {4;,, } in [0, co0) such that Zf;l A;, < oo and

[yin —pll < (L+7r0)" g —pll + Ay Vi=1,2,... k. 34

For the case i = k, from (1.5) and (3.4), we have

lzner — 2l < (1 47)|zn — pl| + Agn, V> landp € F, (3.5)

where Ay, = (1+75)A(k_1)5, +Sn +crn M, since by assumption 7 | 7, < 00, Y7 | s, < 00,
Doy Chn < oo and Y07 Ag_yy, < oo, it follows that Y- | Ay, < co. This implies that

d(zn+l7]:) < (1 +7’n)kd(mnaf) +Akn

_ (1+Zk(k—1)...(k7t+1)rt>d(zm}_>

t! "

+Agn. (3.6)

Since 7% 7, < oo, it follows that 32°°, S°F (k(k — 1)...(k — ¢t 4+ 1)/t!)rl, < oo and
oo Agn < oco. Therefore, applying Lemma 2.1 to the inequality (3.6), we conclude that
lim,, o d(x,, F) exists. Since by hypothesis liminf,,_, o d(z,,F) = 0, so by Lemma 2.1, we

have

lim d(z,,F) = 0. (3.7)

n—oo

Next, we will prove that {z,} is a Cauchy sequence. If x > 0, then 1 + = < e” and so,
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(1 +2z)* <ek® fork =1,2,.... Thus, from (3.5), it follows that

||5L'n+m - p” < (1 + T'ner—l)k ||xn+m—1 - PH + Ak(n+m—l)

< exp{krnﬂn—l} |Zn+m—1 —pll + Ak(ner—l)
<
<
n+m—1 n+m—1
< exp{k Z i} len — pll + Z A
< eap{k Y ri}llzn —pll+ > Axi
i=1 i=n
< Qlan—pll+ Y A (3.8)

i=n

where Q = exp{k ;o 7}, forall p € F and m,n € N. Since lim d(z,,F) = 0, for each

n— oo
e > 0, there exists a natural number n; such that for n > n;,

n+m—1
€ €
d(z,, F) < TR and ;1 Ari < 5. (3.9)
Hence, there exists a point ¢ € F such that
|2, — gl < 55— (3.10)
SRR} |
By (3.8), (3.9) and (3.10), for all n > n; and m > 1, we have
[#nsm —2nll < Entm — qll + l2n — 4l
< Qllwn, —all + > Aki+ ||lza, —dl
i=ny
< (14+Q) llzn, — QH"'ZAIW
1= |
5
< (1+Q). =e. (3.11)

21 +Q)

This implies that {z,} is a Cauchy sequence. Since E is complete, there exists a p; € E such
that x,, — p; asn — oc.

Now we have to prove that p; is a common fixed point of {T; : ¢ = 1,2,...,k}, that is,
p1 € F.

By contradiction, we assume that p; is not in 7. Since F = Nf_, F(T;) is closed in Banach
spaces, d(p1, F) > 0. So for all p, € F, we have

[pr=p2ll < lp1 — @all + [z — P2 - (3.12)
By the arbitrary of p, € F, we know that

d(pi, F) < |lp1 — 2| + d(zn, F). (3.13)

By lim d(z,,F) = 0, above inequality and x,, — p; as n — oo, we have

n— oo
d(p1, F) =0, (3.14)

which contradicts d(p;, F) > 0. Thus p; is a common fixed point of the mappings {7; : i =
1,2,...,k}. This completes the proof.

Theorem 3.2. Let K be a nonempty compact convex subset of a uniformly convex Banach
space F andfori =1,2,... k,letT;: K — K be a finite family of uniformly (L;, o;)-Lipschitz
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and generalized asymptotically quasi-nonexpansive mappings. Let {x,, } be the sequence defined
by (1.5) with Y07 | 7 < 00, D07 | Sin < 00, Yooy Cin < 00 and 0 < a < b, < B < 1 for
alli = 1,2,...,k. If F = N}, F(T;) # 0. Then the sequence {x,} converges strongly to a
common fixed point of the mappings {7; : i = 1,2,..., k}.

Proof. Letp € 7, r, = max{r;, : i = 1,2,...,k} and s,, = max{s;, : i = 1,2,... k} for

all n. From Theorem 3.1, we have that lim,,_, » ||z, — p|| exists forallp € F. Letlim,,_, ||z, — p|| =
R for some R > 0. Then, from (3.1), we note that

limsup [y1, — p| < limsup ((l—l—rn)Hxn—pH—i—A]n)

n— o0 n—00
< limsup ||z, — p|| = R, (3.15)
n—oo
and
limsup || T{"z, —p|| < limsup ((1 +7r1n) |20 — pl| + 81n>
n—roo n— oo
< timsup (14 70) llon = pll + )
n— oo
< limsup |z, —p|| = R, (3.16)
n—oo
and
lim Hyln _P” = lim ||alnxn + blnTlnfL'n + ClnUln — PH
n—oo n— oo
= lim ||(1 - bln - Cln)xn + blnTlnxn + ClnUln — p”
n— oo
= lim [[(1 = b1n)(zn — p+ cin(uwin — o))
+ bln(Tlnxn —Pp + Cln(uln - xn))”
=R. (3.17)
Again since lim,,_, o ||z, — p|| exists, so {z,} is a bounded sequence in K. By virtue of condi-
tion Y ° | ¢, < oo foralli = 1,2,..., k and the boundedness of the sequence {x,, } and {u,},
we have

limsup ||z, — p+ cin(v1n — x,)|| < limsup |z, — p||
n—o00 n—o00

+ lim sup (cln |lwrn — xn||)

n—oo
< R, peF. (3.18)
It follows from (3.16) that
lim sup [T, — p+ cin (it — 2a)| < limsup [Ty, — p]

n—oQ n—oo

+ lim sup (cln lurn — Znl| )

n—oo

IN

lim sup ((1 +71n) |20 — pl| + Sln)

n— o0

+ lim sup (cm lurn — x| )

n—oo

IN

lim sup ((1 + 1) llen —pll + sn)

n— oo

+limsup ( c1p ||v1n — 20
msup (e, — 0| )

< R, peF. (3.19)
Therefore, from (3.17) - (3.19) and Lemma 2.2 we know that

im || T7'z, — 2 = 0. (3.20)
n— oo
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Again from (3.2), we note that

limsup [|lyn — p|| < limsup ((1 + ) 2 — || + Agn)

n—0o0 n—oo

IN

limsup ||z, — p|| = R, (3.21)

n—oo

and from (3.15), we note that

limsup |75y, — p|| < limsup <(1 +7r20) |[Y1n — Pl + szn)

n—oo n— oo

< limsup ((1 + 7)) lyin — pll + 5n>
n— 00

< limsup|y1, — p|| = R. (3.22)
n— o0

Next, consider

IA

limsup || 75" y1n — p + can(u2n — 2,)|| lim sup || 75" y1n — pl|

n—00 n—00

+ lim sup (czn lluzn — n| )

n—o0

IA

lim sup ((1 +720) ly1n — pll + 52n)

n—oo

+ lim sup (czﬂ [ uzn — )

n—oo

IN

lim sup ((1 +70) Y1 — pll + Sn)

n—oo

+ lim sup (02n [u2n — @] )

n—oo

IN

R, peF. (3.23)

Also,

IN

imsup 2 — p + e sy — 2)|| < limsup |, — p]
n—oo n—oo

+ lim sup (czn [u2n — x| )
n— oo
< R, peF, (3.24)
and

lim HyZn _p” = lim ||a'2nxn + bZnTZnyln + ConUan _p”
n— 00 n— o0

= lim ||(1 - bZn - CZn)xn + bZnTznyln + conuny — PH

n— oo
= lim [[(1 = bo) (2 — p + c2n(u2n — 2))
+ b2n(T2ny1n —-p+ CZn(UZn - J?n))”
=R. (3.25)

Therefore, from (3.23) - (3.25) and Lemma 2.2 we know that
lim || Ty, — x| = 0. (3.26)
n— oo

Now, we shall show that lim,, , || 75'y2, — @] = 0. Foreachn > 1,

lzn =2l < 1T5'Y1n — zull + 115" y1n — Dl

173910 = wall 4 (14 720) g = Pl + 520

IN

A

< Ty = @l + (14 7) lyin = pll + 50 ) (3.27)
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Using (3.26), we have

R = lim |z, —p|
n— oo

IN

liminf ||y, — p|| -
n—oo

It follows from (3.15) that

R = lim |z, —p|
n—oo
< liminf ||y, — p||
n—oo
< limsup|lyin —pll < R. (3.28)
n— o0
This implies that
lim |y, — p|| = R. (3.29)
n—oo

On the other hand, we have
lza =2l < (U470 on = pll + A2n), Vi > 1,

where >°°° | Ay, < oo. Therefore

limsup ||y2, —p|| < limsup ((1 + rn)z |z — p|| + A2n>,
n—00 n— 00
< R, (3.30)

and hence

limsup || 73'y2, — p|| < limsup ((1 +730) ly2n — ol + SSn)

n—oo n— oo

< limsup ((1 +70) [ly2n — pll + 3n>
n— oo

< limsup |z, —p| = R. (3.31)
n—oo

Next, consider

IN

limsup || 75" yon — p + 3 (usn — @7, || limsup || 75'y2n — p|

n— 00 n— oo

+ lim sup (03n luzn — x| )

n—roo

IN

lim sup ((1 +73n) [ly2n — pl| + 53n)

n— oo

+ lim sup (C?m ||u3n - mn“ )

n—oo

IN

lim sup ((1 +70) lly2n — pll + Sn)

n— oo

+ lim sup (C3n [luzn — x| )

n—oo

IN

R, pe F. (3.32)

Also,

limsup ||z, —p+ c3n(uzn — )| < limsup ||z, — pl|

n—oo n— oo

+ lim sup (C3n luzn — x| )

n—oo

< R, peF, (3.33)
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and

lim ||y, — p|
n—o0

= lim ||a3nxn + b3nT3ny2n + c3nuzy — p”
n—00

lim ||(1 — b3, — C3n)xn + b3an?y2n + C3nU3n — p“

n—r oo

= lim ||(1 - b3n><xn —-p+ C?m(u.’m - In))

n— o0
+ bSn(T?;nyZH —Pp + C3n(’LL3n - ZL'n))”
=R. (3.34)

Therefore, from (3.32) - (3.34) and Lemma 2.2 we know that

Tim ([ T§'yop — @] = 0. (3.35)

Similarly, by using the same argument as in the proof above, we have

foralli =2,3,... k.

lim |77y 1yn — 2] = 0, (3.36)

n—oo

Since K is compact, {z,,};2 | has a convergent subsequence {z,, }52,. Let

lim z,, = p. (3.37)

j—o0

Then from (1.5) and (3.36), we have

meH — T, H < bk:nj HT,?]'y(k,l)nj —Tp,; H + Ch,,

‘uknj — :I:nj

—0, as j— oo. (3.38)

From (1.5) and (3.20), we have

lyin = znll < b1n TV 20 — w0l + Cin |utn — 20|

— 0, as n — oo. (3.39)

Again from (3.19) and (3.37), we have

Since lim;_, oy, +1 = p, We have

lim Tlnjxnj =p. (3.40)
Jj—o0
lim 777, 4 = p. (3.41)
]A)OO

From (3.38), (3.40) and (3.41), we have

0

IN

IN

IN

lp — Tp|

n;+1
Hp_Tl ’ -'If'nj-i-lH

nj+1 nj+1
+ HTI ! Tnj+1 — Tl ! T,

+ HT{LJHxn]. — TlpH

o= | + L1 =

L (|17 @y — pf|
—0 as j — oo. (3.42)

From (3.26) and (3.37), we have

lim Tznjylnj =np. (3.43)
j—o00
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Since lim; o Ty, +1 = p, We have

. ni+1
lim TZJ ylanr]

j—o0 -
From (3.38), (3.39), (3.43) and (3.44), we have
0 < |p—"Tol
< Hp Ty H
+ Tznﬁlylnﬁl - Tznj+1$n,-+1 H
I T2nj+1xnj+1 B Tznj+1xnj
i Tznjﬂxnj B T2n_7-+1ylnj
11 i, — szH
<

+L2 Hmnj+l - xnj

™

+L2 | 15"y, —pl|™

—0 as j — oo.

Now, from (1.5) and (3.26), we

[y2n — ||

have

<

Again from (3.35) and (3.37), we have

bZn ||T2nyln - an + Con ”uZn - xn”

—0, as n

HP - Tzanrlylanrl H + L, HyanJrl = Tp;41 ||a2

+ L2 Han - ylnj

— Q.

lim T;JyZnJ = p'
J—00

Since lim;_, o0 2y, 41 = p, we have

. ni+1
lim 757 yon, 41 = p.

Jj—o0

From (3.38), (3.46), (3.47) and (3.48), we have

0 <
<

+

+

+

+
<

+L3 o1 = @n || + L |20, = yn, |

mj+1
T3

mj+1
T3

n;+1
T3

g +1
TS

lp — T3p||
1
Hp — T3 a4 H

n;+1
Yon;+1 — 137

o

xn]‘+1 - T3 !
T’nj+1

Tn; — 43

Yon; — TspH

+L3 | T3 yan, — p||™

—0 as j — o0.

Similarly, from (1.5) and (3.36), we have

yk—vn —2all < by | TR 19—29n = Ta || + ctemtin [[ue—1)n — 2|

— 0,

as n — o0.

xanrlH

+1

nj

Qan

Hp - T;j+ly2nj+l H + L ||y2n; 41 — Ty |

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)
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Again from (3.36) and (3.37), we have
j—o0
Since lim;_, o @p;+1 = p, we have
lim 77" - (3.52)
o0 k y(k—l)nj+1 =p- .
From (3.38), (3.50), (3.51) and (3.52), we have

0 < |lp—Tepl

IN

S+
HP — T Y(—1yn, +1 H

1

n;+1 ni+
(| Te" Y—tyn; 1 — I}’ xnjﬂH

n;+1 mnj+1
T, — T,

+1 S+
+ T]:;lj xnj 7T]:’J y(k—])nj

TL7‘ 1
+ || Yk—1)n; — Tka

IN

Hp - ng+ly(k—1)nj+l H + Ly Hy(k—l)nj-‘rl - xnj-&-lHak

1™

+Li Hxnﬁl — In; + Ly, Hxng ~ Yk—1)n; Hak

+ Ly HT]:Ljy(kfl)nj - pHak

—0 as j— oo. (3.53)
Hence
li_>rn lp—Tipl =0 Vi=1,2,... k. (3.54)

Thus p is a common fixed point of the mappings {7; : ¢ = 1,2,...,k}. Since the subse-
quence {z,;}32; of {z,};2, converges to p and lim,, ||z, — p| exists, we conclude that
lim,, , . =, = p. This completes the proof.

Theorem 3.3. Let K be a nonempty closed convex subset of a uniformly convex Banach
space E andfori =1,2,...,k,letT;: K — K be a finite family of uniformly (L;, a;)-Lipschitz
and generalized asymptotically quasi-nonexpansive mappings. Let {x,, } be the sequence defined
by (1.5) with Y0 | 7y, < 00, D07 | Sin < 00, Doy Cip < 00 and 0 < a < by, < B < 1 forall
i=1,2,....k. If F =Nk F(T;) # 0. Then lim, o | T2, — x| = O0foralli =1,2,... k.

Proof. From Theorem 3.2 equation (3.36), we have

lim ]‘Ti"y(i,l)n — an =0, (3.55)
n—oo
foralli =2,3,... k.
In the case ¢ = 1 that lim,,_, ||T]"z,, — || = O, where yo,, = x,,. Fori =2,3,... .k, we

obtain from (3.55) that

1T 20 —znl| < HTz‘nmn - Tiny(i—l)nH + HTiny(i—l)n - an
< Li||lzn — yi-1)n| 4 T y(i—1)n — on |
< L <a(i—1)n T(?_l)y(i—z)n — Zn|| T Ch-1)n ||u(i—1)n - mnH ) 1’

+ | T y(i—1)n — 2| = 0 as n — oo. (3.56)
Therefore

lim [|T72, — @] =0, Vi=12,... k. (3.57)
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This completes the proof.

Remark 3.1. Theorem 3.1 extend and improve the corresponding results of Khan et al. [5]
and Tang and Peng [22] to the case of more general class of asymptotically quasi-nonexpansive
or uniformly quasi-Lipschitzian mappings considered in this paper.

Remark 3.2. Theorem 3.1 also extend and improve the corresponding results of [1, 2, 7, 8,
11, 17]. Especially Theorem 3.1 extends and improves Theorem 1 and 2 in [8], Theorem 1 in [7]
and Theorem 3.2 in [17] in the following ways:

(1) The asymptotically quasi-nonexpansive mapping in [7], [8] and [17] is replaced by finite
family of generalized asymptotically quasi-nonexpansive mappings.

(2) The usual Ishikawa [4] iteration scheme in [7], the usual modified Ishikawa iteration
scheme with errors in [8] and the usual modified Ishikawa iteration scheme with errors for two
mappings in [17] are extended to the multi-step iteration scheme with errors for a finite family
of mappings.

Remark 3.3. Theorem 3.1 also extends and improves Theorem 2.0.3 in [12] in the following
aspects:

(1) Two asymptotically quasi-nonexpansive mappings in [12] is replaced by finite family of
generalized asymptotically quasi-nonexpansive mappings.

(2) The usual modified Ishikawa iteration scheme with errors in the sense of Liu [6] for two
mappings in [12] is extended to the multi-step iteration scheme with errors in the sense of Xu
[24] for a finite family of mappings.

Remark 3.4. Theorem 3.2 extends and improves the corresponding result of [9] in the fol-
lowing aspects:

(1) The asymptotically quasi-nonexpansive mapping in [9] is replaced by finite family of
generalized asymptotically quasi-nonexpansive mappings.

(2) The usual modified Ishikawa iteration scheme with errors in [9] is extended to the multi-
step iteration scheme with errors for a finite family of mappings.

Remark 3.5. Theorem 3.1 also extends the corresponding result of [23] to the case of more
general class of asymptotically nonexpansive mappings and multi-step iteration scheme with
errors for a finite family of mappings considered in this paper.

4 Application

In this section we give an application of the convergence criteria established in Theorem 3.1 is
given below to obtain yet another strong convergence result in our setting.

Theorem 4.1. Let K be a nonempty closed convex subset of a uniformly convex Banach
space F andfori =1,2,... k,letT;: K — K be a finite family of uniformly (L;, v;)-Lipschitz
and generalized asymptotically quasi-nonexpansive mappings. Let {x,, } be the sequence defined
by (1.5) with D07 75 < 00, 0 | Sin < 00, Do Cin < 00 and 0 < a < by, < B < 1 for
alli = 1,2,..., k. Assume that F = N F(T;) # 0 and the family {7} : i = 1,2,...,k}

satisfies condition (C'). Then the sequence {x,,} converges strongly to a common fixed point of
the family of mappings {T; : i = 1,2,...,k}.

Proof. From Theorem 3.3 we have lim,,_, o |17z, — x,|| =O0foralli = 1,2,..., k and the
family {7; : i = 1,2,..., k} satisfying condition (C), we have that liminf,,_, » f(d(z,,F)) =
0. Since f is a nondecreasing function with f(0) = 0 and f(r) > 0 for all r € (0, 00), it follows
that lim inf,, . d(z,, F) = 0. Now by Theorem 3.1, z,, € F, i.e., {x,,} converges strongly to a
common fixed point of the family of mappings {7} : ¢ = 1,2, ..., k}. This completes the proof.

Example 1. Let E be the real line with the usual norm |.| and K = [0, 1]. Define T: K — K
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by

T(z) = x/2, ¥fx #0,
0, ifz=0.

Obviously T(0) = 0, i.e., 0 is a fixed point of the mapping 7. Thus, T' is quasi-nonexpansive.
It follows that 7" is uniformly quasi-1 Lipschitzian and asymptotically quasi-nonexpansive with
constant sequence {k,} = {1} for each n > 1 and hence it is generalized asymptotically quasi-
nonexpansive mapping with constant sequences {k,} = {1} and {s,, } = {0} for each n > 1 but
the converse is not true in general.
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