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Abstract. Let L be a finite abelian tamely ramified extension of a rational function field. In
the spirit of the Kronecker—Weber Theorem, we present a construction of a cyclotomic function
field and a constant field extension whose composite contains the given field L.

1 Introduction

The classical Kronecker—Weber Theorem establishes that every finite abelian extension of Q,
the field of rational numbers, is contained in a cyclotomic number field. In 1974, D. Hayes [2],
defined the concept of cyclotomic function field and proved the analogous result for rational
congruence function fields. The proof of this theorem uses class field theory.

In this note we present a proof of this result in the case of a finite abelian tamely ramified
extension L of a rational function field k. More precisely, we show that L is contained in the
composite of an explicit cyclotomic function field and a constant field extension. As a motiva-
tion, we study first quadratic extensions and in this case, we obtain explicitly the constant field
extension.

2 Notation

First we give some notations and some results in the theory of cyclotomic function fields [4].
Let k = IF,(T') be a congruence rational function field, I, denoting the finite field of ¢ = p*
elements, where p is the characteristic of the fields. Let Ry = F,[T'] be the ring of polynomials.
For N € Ry \ {0}, Ax denotes the N—torsion of the Carlitz module and k(A ) denotes the N—
th cyclotomic function field. The degree of the extension k(Ay)/k is ©(N), where ®, the phi
Euler function for function fields, is multiplicative and for an irreducible polynomial P of degree
dandn € N, ®(P") = ¢(»=14(¢? —1). The extension k(Ay)/k is geometric. We denote by p..
the pole divisor of 7" in k. In k(An)/k, poo has ramification index ¢ — 1 and decomposes into
lfle‘ different prime divisors of k(Ay) of degree 1, where Gy := Gal(k(An)/k). We denote
by R the set of monic irreducible polynomials in Rr. The primes that ramify in k(Ay)/k are
Poo and the polynomials P € R such that P | N, with the exception of the case ¢ = 2 and
N e{T, T+ 1,T(T + 1)} since in these cases k(Ayx) = k.

3 Quadratic Extensions

In this section we study quadratic extensions. This is a particular case of the general result but
we include it since it is useful as a concrete example of the general case.

Since we are considering tamely ramified extensions, in this section we assume that the char-
acteristic p of the fields is different from 2. We need a few lemmas.

Lemma 3.1. Let F'/k be a quadratic extension. Then F = k(v/M), where M = o [[ P; is a
i=1
nonzero square-free polynomial, o € F;,, P; € Riforie {1,..,r} with P, # P; if i # j.

Proof. Since the characteristic is different from 2, F' = k(y), where y satisfies y* + b1y + by =

—by 4 /12 — 4y
0, for some by,b; € k. Then y = ! and therefore F' = k(,/b? —4by) =

2
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k ( %) = k(/f(T)g(T)) = k(vV'M), where M is a nonzero square-free polynomial that

can be factored as above. O

Lemma 3.2. Let P € R} and d = deg P. Then
(@) For d even we have k(v/P) C k(Ap),
(b) For d odd we have k(/—P) C k(Ap).

Proof. Since ¢ is odd, ¢ — 1 = 2[ for some [ € N. By [3, Exercise 5, page 303] we have two
cases:

L 1 l
(a) For d even we have k( “V/P) C k(Ap), then P? = P71 = (PF), then k(v/P) C
k(Ap).

1 1 l
(b) For d odd we have k( “v/—P) C k(Ap), thus (—P)? = (=P)7 " = ((—P)F>7 so that

k(vV=P) C k(Ap).

O
Lemma 3.3. Let P € R}. Then k(v/P) C k(Ap)F .

Proof. For the case when dis odd, k(v/P) = k(v/—1v/=P) C k(v/—1,v/=P) = k(v/=1)k(v/=P) C
kF . - k(Ap) = k(Ap)F,2 and for the case d even, we have k(v'P) C k(Ap) C k(Ap)F.. O

From the above lemmas we obtain explicitly, for a quadratic extension F'/k, a composite of
a cyclotomic function field and a constant field extension that contains F'.

Proposition 3.4. Let F'/k be a quadratic extension. Then F = k(v M) C k(A )F 2, where

M = a]] P; is a nonzero square-free polynomial, o € F;;, P; € Ry fori € {1,...,r} with
i=1

P # Pjifi#j.

Proof. By Lemma 3.1 such nonzero square-free polynomial M = « [] P; exists. We take

=1
VM = \/a\/P;---/P, and since by Lemma 3.3 we have k(\/P;) C k(Ap,)F, for i €
{1,...,r},wehave k(v M) = k(\/a/Pi - --/Pr) Ck(vPr) - k(vVP)Fp C k(Ap,) - k(Ap,)Fp =
k(Apl..APT)qu = k(Aapl...pTﬂqu = k(AM)qu Therefore ' = k(\/ M) - k(AM)F 2. O

q

Example 3.5. Let k = F3(T) and F = k(y), where y> = T° —T'+ 1. The polynomial 7° — T + 1
is irreducible modulo 3. For the Kummer extension F'/k we have

F Q k(ATB_T+1 )Fg
k(ATLT+1)F9

=

F =k(y) 26

k=TF5(T) — Fo(T)

4 The result

In this section we prove our main result. First we prove the following proposition.

Proposition 4.1. Let L/k be a finite abelian extension, P € R+ and d := deg P. Assume P is
tamely ramified in L/k. If e denotes the ramification index of P in L/k, we have e | ¢% — 1.
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Proof. First we consider in general a finite Galois extension L/k. Let G_; = D be the decom-
position group of P, Go = I be the inertia group and G;, ¢ > 1 be the ramification groups. Let
P be a prime divisor in L dividing P. Then if Oy denotes the valuation ring of 3, we have

U =149 C 04 =00 \B,i > 1,00 =04

Let I(*B) := Og /B be the residue field at 3. The following are monomorphisms:

/G P ) i) o ) LB)E=0
Gz/Gerl ~ U /U ) o~ {mz/ml+l o~ l(m),Z > 1.

T — on/m

where 7 denotes a prime element for ‘.
We will prove that if G_; /G, = D/G, is abelian, then

¢ =o: Go/G1 — U /UM = (0g /P)"

satisfies that imp C Op/(P) = Ry /(P) = F,. In particular it will follow that |Go/G| |
|F2d| =q¢%-1.
To prove this statement, note that

Gal((Op/B)/(Op/(P))) = D/I = G_1 /Gy

(see [4, Corollary 5.2.12]).

Let 0 € Go and 9(5) = p(o mod Gy) = [o] = amod P € (Oq/P)". Therefore or =
am mod P2

Let § € G_; = D be arbitrary and let 7; := #~'7. Then 7 is a prime element for 3. Since
¢ is independent of the prime element, it follows that om; = am; mod 32, that is o6~ 'n =
af~ ' mod 3. Since G_; /G is an abelian group, we have

o = (Ao~ ") (7) = 6(a)m mod L.

Thus o7 = 6(a)7 mod P? and o7 = am mod P2. It follows that #(a) = « mod B for all
0eG_y.

If we write § = 6 mod Gy, 0[] = [a], that is, [o] is a fixed element under the action of
the group G_/Gp = Gal((Op/B)/(Op/(P))). We obtain that [a] € Op/(P). Therefore
imy C (Op/(P))" and |Go/G1| | |(Op/(P))"] = ¢ - L.

Finally, since L/k is abelian and P is tamely ramified, G; = {1}, it follows that e = |Gy| =
Go/G1l | ¢ — 1. o

Now consider a finite abelian tamely ramified extension L/k where P, ..., P, are the finite
ramified primes. Set P = P} and d = deg P. Let e be the ramification index of P in L. Then
by Proposition 4.1 we have e | ¢¢ — 1. Now P is totally ramified in k(Ap)/k with ramification
index ¢ — 1. In this extension p., has ramification index equal to ¢ — 1.

Letk C E C k(Ap) with [E : k] = e. Set '} a prime divisor in LE dividing P. Let q := B[
and B := P .
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We have e = e,/ (B|P) = eg/r(q|P). By Abhyankar’s Lemma [4, Theorem 12.4.4], we
obtain

€LE/k(‘3|P) = mcm[eL/k(m|P)7€E/k(q|P)] = mcmle, e] = e.

Let H C Gal(LE/k) be the inertia group of B/ P. Set M := (LE)". Then P is unramified in
M /k. We want to see that L C k(Ap)M. Indeed we have [LE : M| = e and E N M = k since
P is totally ramified in E'/k and unramified in M /k. It follows that [ME : k] = [M : k|[E : k.
Therefore

[ME: k]  [ME:k]

[LE:k]:[LE:MHM:k]:e[E:k} = = [ME:}].

Since ME C LE it follows that LE = ME = EM C k(Ap)M. Thus L C k(Ap)M.

In M /k the finite ramified primes are at most the elements of {P,,--- , P.}. Incase r — 1 >
1, we may apply the above argument to M /k and we obtain M, /k such that at most r — 2
finite primes are ramified and M C k(Ap,) Mz, so that L C k(Ap )M C k(Ap,)k(Ap,) My =
(API Pz)MZ'

Performing the above process at most r times we have

L C k(App,..p,) Mo 4.1

where in My/k the only ramified prime is p..
We also have

Proposition 4.2. Let L/k be an abelian extension where at most a prime divisor pg of degree 1
is ramified and the extension is tamely ramified. Then L/k is a constant extension.

Proof. By Proposition 4.1 we have e := ey, (po)|q — 1. Let H be the inertia group of po. Then
|H| = e and pg is unramified in ' := L /k. Therefore E/k is an unramified extension. Thus
E/k is a constant extension.

Let [E : k] = m. Then if 9B, is a prime divisor in F dividing po then the relative degree
dg/k(Bolpo) is equal to m, the number of prime divisors in E/k is 1 and the degree of B is 1
(see [4, Theorem 6.2.1]). Therefore By is the only prime divisor ramified in L/E and it is of
degree 1 and totally ramified. Furthermore [L : E] = ¢ | ¢ — 1 = [F;|.

The (¢ — 1)-th roots of unity belong to F, C k. Hence k contains the e~th roots of unity and
L/E is a Kummer extension, say L = E(y) withy® = o € E = kFym = F,m (T'). We write « in
a normal form as prescribed by Hasse [1]: (a)g = ‘,Bga’ 0 < a < e. Now since deg(a)g = 0 it
follows that deg, a or deg b is not a multiple of e. This contradicts that py is the only ramified
prime. Therefore L/k is a constant extension. ]

Finally, we obtain our main result.

Theorem 4.3. If L/k is a finite abelian tamely ramified extension, where Py, ..., P, € R} and
possibly po, are the ramified primes, then L C k(Ap,...p,)Fym for some m € N.

Proof. From (4.1) we have L C k(Ap,p,...p. ) Mo, for a finite abelian tamely ramified extension
Moy/k ramified at most at po,. By Proposition 4.2 we have that My = kF,~ is a constant
extension. It follows that L C k(Ap,...p,)Fym for some m € N.

O
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