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Abstract. In this paper we introduce the sequence space BV, (M,p,q,u,s) defined by a
sequence of Orlicz functions over a seminormed sequence space. We establish some inclusion
relations on this space under some conditions and examine some properties of this space.

1. INTRODUCTION

Let ¢, and w denote the set of bounded and all sequences = = (z;,) with complex terms.

An Orlicz function is a function M : [0,00) — [0, c0) which is continuous, nondecreasing
and convex with M (0) = 0, M (x) > 0 for 2 > 0 and M (x) — oo as  — oc. Lindenstrauss and
Tzafriri [3] used the idea of Orlicz function to construct the sequence space

Iy = {wa ZM(p;kl) < oo,forsomep>0}.

k=1

The space of ¢, is a Banach space, with the norm

Iz —1nf{p>0 ZM(“;’“') < 1}

k=1

which is called an Orlicz space.

If M is a convex function and M (0) = 0, then M (Az) < AM (z) for all with 0 < X\ < 1.

An Orlicz function M is said to satisfy the A, — condition for small z or at 0 if for each k£ > 0
there exist Ry, > 0 and ;;, > 0 such that M (kz) < Ry M (x), YV € (0, 2] [2].

Let o be a one to one mapping of the set of positive integers into itself such that o*(n) =
o(a*~1(n)), k =1,2,.... A continuous linear functional ¢ on £, is said to be an invariant mean
or a c— mean if and only if

(i) ¢(x) > 0 when the sequence x = (zy,) has z;, > 0 for all £,

(zz) <p( )=1,wheree=(1,1,1,...) and

(i) o ({zom }) = ¢ ({zx}) forall z € Lo

Ifois the translatlon mapping n — n + 1, a 0— mean is often called a Banach limit, and V/,,

the set of c— convergent sequences is

V, = {x = (zy) : lilgnt;m(a;) = Le uniformly inn, L = o — limx}
where
k
tkn - Z -Tn

Mursaleen [5] defined

BV, = { Z |pr.n(z)| < oo, uniformly in n}

where
Gt (%) = tin(z) — tho1,0(2)
assuming that ¢, (z) = 0, for k = —1.
For any sequences z,y and scalar A\, we have

¢k,n(x + y) = (bkm(x) + ¢k,n(y) and ¢k,n(/\x) = )‘(bk,n(x)'
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Definitition 1.1. A sequence space F is said to be solid (or normal) if (axzy) € E whenever
(zr) € E for all sequences (ay) of scalars with |ag| < 1 [2].

Remark. It is well known that a sequence space E is normal implies that £ is monotone [2].

Definition 1.2. Let ¢; and ¢, be seminorms on a linear space X . Then ¢ is said to be stronger
than g, if and only if there exists a constant T" such that ¢, (x) < T'q;(x) for all x € X [7].

The following inequality and p = (pi) sequence will be used frequently throughout this

paper
lag + bl”* < D {]ar|"™ + |bk]"*}

where ay,, by, € C,0 < pr < sup,pr = G and D =max (1,2¢71) [4].
2. MAIN RESULTS

Definition 2.1. Let X be a seminormed space over the field C of complex numbers with the
seminorm ¢, M = (M},) be a sequence of Orlicz functions, p = (pi) be a sequence of strictly
positive real numbers, u = (uy,) be a sequence of positive real numbers and s > 0 be a fixed real
number. Then we define the sequence space BV, (M, p, ¢, u, s) as follows:

BV, (M,p, q,u, s) = {x (e e X2k [Mk <q (W))F < oo}

k=1

where for some p > 0 and uniformly in n.

Theorem 2.2. The sequence space BV, (M, p,q,u,s) is a linear space over the field C of
complex numbers.

Proof. Let x,y € BV,(M,p,q,u,s) and a, 3 € C. There exist some positive numbers p; and

p2 such that
[ee] Pk
Zk—s {Mk (q (W))} < 00, uniformly in n
pi
=1

[ee] Pk
Z ks {Mk (q <uk¢k"(y)>)] < 00, uniformly in n.
1 P2

Define p3 = max(2 |«| p1,2 8| p2). Since My, is non decreasing and convex, g is a seminorm, we

and

have
ﬁks [Mk <q (Uk¢k,n(p0£31' + ﬁy)))}pk
B () ()
< ,:1 Z;Iak k—* [Mk ( (de)k n ) + My, <q (W)))rk 0
<

oE (N o (25

< 00, uniformly in n

where D = max (1,27 ~1). This proves that BV, (M, p, q,u, s) is a linear space. O

Theorem 2.3. The sequence space BV, (M, p, q,u) is a paranormed ( not necessarily total
paranormed) space with

g(z) =inf{ p"i" (Zk {Mk (q (W))] ) <1, mn=1273, .
=1

where H = max(1, sup,, px).



THE GENERALIZED SEQUENCE SPACE ... 83

Proof. Since q(#) = 0 and M;,(0) = 0, we getinf {p"# } = 0 for 2 = 6. Clearly g(z) = g(—2).
The subaddivity of g follows from (1), on taking « = 1 and 5 = 1. Finally, we prove that the
scalar multiplication is continuous. Let A be any number. By definition,

[o'e) P\ H
sy (0 (o () <2
k=1

p

Then

gz :inf{()\r)”ﬁ‘ : (;ik |:Mk <q (M))]py <1, mn= 1,2,3,...}

L
H

where r = £. Since |A\["* < max(1, I, it follows that |)\|% < (max(l, |)\|H)) . Hence

gOa) = (max(1,|)\|H))%.inf P <ZI<;‘S [Mk <q (M))]”) L omn=1.23...
k=1

and therefore g(Az) converges to zero when g(x) converges to zero in BV, (M, p, q,u, s). Now
suppose that A\, — 0 and z is in BV, (M, p,q,u,s). For arbitrary ¢ > 0, let N be a positive

integer such that
> s Uk Pkn () Pr e\ H
2 e (o ()] <)

k=N+1
for some p > 0 and all n. This implies that

(£ bl -

for some p > 0 and all n.
Let 0 < || < 1, using convexity of M, , we get for all n

i o [M'“ (q (W)ﬂp i ke [|A| M, <q (W»r

k=N+1 k=N+1 P

)"

Since M, is continuous everywhere in [0, co), then

-F (=25

is continuous at 0. So there is 0 < § < 1 such that |f(t)| < § for 0 < ¢ < é. Let K be such that
|A;| < 6 fori > K. Then for i > K and all n, we have

| ™

IA

N

L
H

(5 [ (=) <

Since 0 < € < 1 we have

\SRNO)

1

(el <

for i > K and all n. If we take limit on inf { p"# } we get g(\z) — 0. O

Theorem 2.4. Let M = (M},) and T = (1}) be sequences of Orlicz functions, ¢, g, g be
seminorms and s, s1, s, > 0. Then

(1) BVy(M,p,q,u,s) N BV,(T,p,q,u,s) C BVo (M +T,p,q,u,s),

(”) BVO(Mapv q1, U, S) N BVU(Mapv Q, U, S) c BVU(Mvpa q1 + @, u, 8)7

(133) If s1 < sp then BV,(M,p,q,u,s1) € BV,(M,p,q,u,s)

(iv) If q; is stronger than g, and M, are Orlicz functions that satisfy A,— condition, then
BV,(M,p,q1,u,8) C BV (M,p,q2,u,s).
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Proof. (i) Letz € BV,(M,p,q,u,s) N BV,(T,p,q,u,s).

e (252

[ 2) o2
o o (2] o o (55

If we take summation from & = 1 to co on above inequality, we get x € BV, (M + T,p,q,u, s).
(11) Let x € BV, (M, p,q1,u,s) N BV, (M,p,q,u,s). If we take p = max {2p;,2p>}, then
we have

£ [ o (2222

= S () o ()]

k=1

oo () wofr b (5]

k=1

IN

IN

< o0

where uniformly in n. Hence we get z € BV, (M, p, q1 + g2, u, ).
(ii1) For s1 < s, let z € BV,(M,p, ¢, u, s). Then, we write

B Pl ) <

for some p > 0, uniformly in . Then
© Pk e Pk
BB« B bl (22
k=1 P k=1 P

< 00, uniformly in n.

(iv) Let z € BV,(M,p,q1,u,s). Then

S o (2|

Since ¢ is stronger than ¢, and M, is Orlicz function that satisfy A, — condition, we have

(o (2] sn S oo (22

Hence BV, (M, p,q1,u,s) C BVy(M,p,q,u,s). ]

IN

Theorem 2.5. Let 0 < r, < ¢ and (¢x/r%) be bounded. Then BV, (M,r, q,u,s) C
BV,(M,t,q,u,s) where r = (1) and ¢ = (¢x) sequences of positive real numbers.

Proof. Letz € BV,(M,r,q,u,s). Then there exists some p > 0 such that

g ks {Mk (q (W)>] < 00, uniformly in n.
P
k=1

This implies that £~ {Mk (q %(””))ﬂ < 1 for suffeciently large values of k, say k > ko
for some fixed ky € N. Since r;, < ¢;, for each k € N, we get

(=) e (252
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for all k > kg, and therefore

S )] B (2]

Hence we have

.- Uk P, (T) tk

E k™ {Mk (q <)>} < 00, uniformly in 7.
p

k=1

Hence we have © € BV, (M, t,q,u,s). o

Theorem 2.6. (i) If 0 < p;, < 1 forall k¥ € N, then BV, (M, p,q,u,s) C BV,(M,q,u,s).
(1) If pp, > 1 forall k € N, then BV,(M, q,u,s) C BV,(M,p,q,u,s).

Proof. (i) If we take t;, = 1 for all k¥ € N in Theorem 2.5, we have the result.
(11) If we take ¢, = py and r, = 1 or all k¥ € N in Theorem 2.5, we have the result. O

Theorem 2.7. The sequence space BV, (M, p, q,u, s) is solid.
Proof. Letx € BV,(M,p,q,u,s),i.e,

e} Pk

E ks {Mk (q <uk¢k"(x)>)] < o0, uniformly in n.
P)

k=1

Let @ = () be a sequence of scalars such that |o| < 1 for all k € N. Then, since ¢ is lineer, ¢
is seminorm and M, is Orlicz function for each £ € N, we have

S [ (s ()] < S o o (22002

< 00, uniformly in n.

IN

Hence ax € BV,(M,p,q,u,s) when z € BV,(M,p,q,u,s) under the above restrictions.
Therefore the space BV, (M, p, q,u, s) is a solid sequence space. O

Corollary 2.8. The sequence space BV, (M, p, g, u, s) is monotone.

Proof. Proof is seen from Remark. O
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