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Abstract. In the present paper, we discuss some inclusion relations between certain subclasses of k-fold symmet-
ric functions with fractional powers. Their several interesting and important consequences along with some examples
are then discussed.

1 Introduction and preliminaries

Let H = H(U) represent a space of analytic functions in the unit disk i/ = {z : z € C;|z| < 1}. For a € C and
n € N, let

Hla,n] = {f e HU) : f(2) =a+anz" +an12" + ..,z €U}, (1.1)

with Hy = H|[0, 1].
We recall that a normalized function f analytic in U/ is called k-fold symmetric if its power series has the form

f(z) =2+ ZankH P (z el). (1.2)

n=1
and we denote this class by Aj. Further let Ay, , is the class of functions f(z) of the form

o0

f(z) = Z(’H—] + Zank+a+lznk+a+] (0 <a< 1)7 (13)

n=1

which are analytic in the open unit disk * = {z: 2 € C;0 < |z| < 1}.
We note that Ay o = Ay, the class of normalized k-fold symmetric functions. It is clear that the analytic function
f € Ay o is normalized in the case when « = 0. Moreover, we have

feAa=2f(2) € 4 (0<a< 1)

Motivated by the works of Irmak et al. [1], Liu [3] and Zhao [5], we define the following new subclasses of Ay,

as below ) 10
Re{u 8 +5(1+ 6 )+(u+5)(a+1)

(4 2 n (4 3
zzwféf)f Z(k;2a+2 #0, Re { (Za+1(1f(_ )Zk)a+1) <Za(1f_(zl)€)a+l> } >(z€U)

wpéeERand0<B<a+1,0<y< (a+1)° (0<a<]).

We denote these classes by My, (i, d; 3) and Ny, o (u, 9; ) respectively.

We note that, here and throughout this paper, the values of complex powers are taken to be their principal values.
In this investigation, we first focus on certain inequalities consisting of the differential operator:

2f'(2) 2f"(2)
f(2) f'(2)

k

1 — 2k

}>ﬁ(zeu)

and

kz*
>+(u+5)(a+1)1_zk

a1, 05 f)(2) = 1 +4 <1+
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that generalizes the expression used in the definition of the class My, . (u, d; 8) and we then obtain several properties

of the expression
/() e Y
ZoH (1 = ZF)act 2o (1 = ZF)otT

including relations between the classes My, (11, d; 3) and Ny, o (1, 0;7).
Following two lemmas (Lemmas 1.1 and 1.2) [4, pp. 33-35] (see also [2]) will be required to prove our main
results.

Lemma 1.1. Let Q C C and suppose that the function 1 : C> x U — C satisfies )(Me", Ke; z) ¢ Q for all
K>nM,0eRandz €lU. Ifp(z) € Hla,n]} and (p(z), 2p'(2); z) € Qforall z € U, then |p(z)] < M (z € U).

Lemma 1.2. Let Q C C and suppose that ¢ : C?> x U — C satisfies (iz,y;2) ¢ Q for all x € R,
y < —n(1+2?)/2, and z € U. If p(z) € Hla,n] and y(p(2), 2p'(2); 2) € Qforall = € U, thenRe{p(z)} > 0 (z € U).

2 Main results and their certain consequences

Throughout the paper, we assume that 4,6 € R, 0 < o < 1. Now we state and then prove each of our main results
given by Theorem 2.1 and Theorem 2.4.

Theorem 2.1. Let f € Ay, ., with #’% % 0forall z € U, and also let p, 6 € R. If

kM

Re {Jk,a(p, 05 f)(2)} < (a+ 1)(p+0) + M (at 1) (2 €U)
where M > (o + 1)° then
f(2) g f'(2) ’ 5
‘(Z()Hrl(l_zk)(wrl 2o (1 — k)t (a1’ <M (zel),
where the powers are the principal ones.
Proof. Consider g(z) = 22" (1 + aprar12 + @2krar12” + ...)F (2 €U*)
then we have f(z) = (g(z*))* which gives us
/ k(K
f(2) 9(z")
Differentiate logarithmically (2.1) and simple calculation yields
o 2f(2) zf"(z) kzk
Jastpdif) = nF B s (14 20 1 s oy g
Zkg/(zk) Zkg”(zk) kzk
Let us define 5
ik f(2) ! f'(2) B 5
p(z) = a(z") = <Za+1(1 _ Zk')oHrl) <Za(1 ZR)atl (a+1)°
Using f(z) = (g(zk))%, we easily get
ko 1( kY0 1—k)§
k s__ % (9'(z")) kyy
) + 0+ 1)’ = e T ey 9E) ' (23)

Differentiating logarithmically (2.3) with respect to z and a simple calculation yields

k

kg (%) 2Ry (2F) >+(u+5)(a+l)lk_zzk (2.4)

eI [+ (1 —k)d] kgl (2F)

Z'g

(n+0)(a+1)+ IR

+k6 (1 +
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Taking z* = £ in (2.4), we have

k€q'(§) o 89 9" (§) N k¢
Letting © ©
e e (1 gl SE &9 (¢ ke
Tealsi9)€) = e (1= 009 2 s (1428 ) 4 (s oy ) (26)

We can easily observe that ¢(§) € H|[0, 1]. Using (2.5) in (2.6), we get

kEq'(€)

T a1 8:9)(€) = (@4 1)) + T8

Letting

ks
Y(r,s;6) = (a+ 1)(M+5)+m

and

Q= {w(f) eC:Re{w(®)} < (a+1)(n+0)+ ]\leaj\ﬂ—l)“}’

we then receive for z* = ¢, by (2.2) and (2.6) that 1(q(£),£q/(€);€) = J; (1, 059)(€) € Q for all £ € U. Further,
forany @ € R, K > M and ¢ € U, since M > (a + 1)°, we also have

Re{y(Me? Ke?;€)} = (a4 1)(u+ 6) + KRe <M+e—i];(oz+ 1)6>

kM
M+ (a+ 1)
ie. Re{y(Me? Ke';¢)} ¢ Q. Therefore, according Lemma 1.1, we obtain |¢(£)] < M which gives that

|p(2)| < M. This completes the proof of Theorem 2.1.
Putting M = v + 1, the above theorem reduces to the following result.

> (a+1)(p+0)+

Corollary 2.2. Let f € Ay o with % £ 0 forall z € U, and also let 11,6 € R. If

kE(y+1)
Y+ 14+ (a+1)°

Re{Jo k(1,05 f)} < (a+1)(n+0) + (zelU)

where v > (a+ 1)° — 1 then

|(za+1({(_2)zk)a+1>ﬂ (za(lf_/(zi)c)a+1>6 —(a+1)°

where the powers are the principal ones.
Taking p =1 —n, 6 =n, n € R in the above corollary, we get the following result.

<yv+1 (z€lU),

Corollary 2.3. Let f € Ay , with % +0forall 2 € U, and also let n € R. If

E(v+1)
Y+ 1+ (a+1)7

Re{Jor(1—n,m )} < (a+1)+ (z el)

where v > (a+ 1)" — 1 then

|<Z°‘+‘(1JC(—Z)Z"?)‘J‘“)1?7 (,za(lf—(;))wrl)n —(a+1)"

where the powers are the principal ones.

<v+1 (z€l),

Theorem 2.4. Let f € Ao with %ﬂ@aw # 0 forall z € U, and also let 5 € R and n € R. If
f(2) € My o(p, 05 81()) where

. o 5
(a+1)(u+6)—m1f76 [O, (%l)}

" (2.7)
(a+ 1)(u+0) - Mo iy e [l (a4 1)7)

Bi(y) = B(u, 057) = {
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then f € Ny o1, 0;7).

Proof. Let

p(z) = q(z*) = T 11)5 — {(Za-&-l(if(_zlk)a-&-l)# (Za(lf_/(zl)c)a+l>5 _7} .

Using the same procedure as in Theorem 2.1, we can easily have

ERGCOat 1) —a] kg () kg (k)
(et 9ot D+ oy e 1y~ T k- DI =g *’“‘5<” e )
kzk

+(u+)(a+1)

— . (2.8)

Putting 2* = £ in (2.8), we can easily get

kéq' (&) [(a+1)° — 1]
[(a+1)0 =~]q(&) +v

where the powers are the principal ones. We then easily observe that ¢(§) € H[1, 1].
Further, since

(a+1)(pu+0)+ = J.o(1, 95 9)(€)-

ks [(a+1)° — 1]
[(a+1)° =] +~

U(rs:6) = (a+ (p+0)+ -

and

Q= {w(&) e C:Re{w(&)} > B(1,;7)},
we then receive for 2% = ¢, by (2.2) and (2.7) that ¥(q(€), &' (€);€) = Jit o (11, 859)(€) € Qforall £ € U. Also, for

any z € R,y < —(1 +2?)/2 and £ € U, we have

ky[(a+1)° =y
[+ 1)2 =222 442

Re{v(iz,y;€)} = (a+ 1)(p+0) +

ky[(a+1)° — ] 2241 = h(x)

AR B R L

. _ o
< Blp, 057) = Jim h(z) ify e [0,5%]
_ MO ifve [@,(ajt 1)6) ’

ie. Y(iz,y; &) ¢ Q. Finally by Lemma 1.2, we obtain that Re{q(£)} > 0 (¢ € U) and hence Re{p(z)} > 0 (z € U)
which completes the proof of Theorem 2.4.
Letting 4 = 1 —n, § = n in Theorem 2.4, we then obtain the following corollary.

Corollary 2.5. Let f(z) € Ag.o with % £ 0 forall z € U, and also let ) € R and v € [0, (a + 1)7].
If f € My,o(1 —n,n; 2(7)) , where

. k~y . (a41)"
Br(1) = B(1 —n,m37) = (o + 1) = gy if € [0, 252
- R « n_ . « n
(o 1) = Mol alify ¢ [letD (o 4 1))
then f € Ny o(1 —n,1;7).
Putting 1 = 1 and § = —1 in Theorems 2.1 and 2.4, respectively, we next get the following corollaries.

Corollary 2.6. Let f(z) € Ay o with % £ 0 forall z € U, and also let M(c + 1) > 1. Then

k(a4 1)M
M(a+1)+1

fsz) - ‘<M(zEU),

Re{Jp.o(l, =15 f)(2)} < zf'(z) a+1

)
70) (atD?—T| ~ Mot 1P
Re{zf (Z)} > (zel) when M(a+1) = 1

Zdomn M2(a+l 1’ S _M(at1) (2 €U) when M(a+1) > 1

f(=)
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Corollary 2.7. Let f(z) € Ay with % # 0 for all z € U, and also let v € [O,ﬁ). If
Re{Jir.a(l, —1: )(2)} > B3(7) (2 €U),

_ 7’“1((”1 ify € {07 %}

_ AN — 21—~ (a+1)] D)
Bs(7) = B(1,—1:7) e [
then
¢ (552» >y (zel),
ie.
zﬁg) - %‘ < % (z€U) when~y € (07%“)
Re ($5) >0 (zeu) wheny=0.

Putting £ = 1, @« = 0 in Corollaries 2.6 and 2.7, we get the following results.

Corollary 2.8. Let f(z) € Ay o with f( 2) £ 0 forall z € U, and also let M > 1. Then
: M f(z)
Re(1o(1 1))} < gy = |2y 1] < M (=€),
ngg) + lefl’ > 5= (2 €U) when M > 1
Re{z}c(g)} > 1 (zelU) when M =1
Corollary 2.9. Let f(z) € Ay o with f 2) £ 0 forall = € U, and also let v € [0,1). IfRe{J1 o(1, —1; f)(2)} >
Aa(y) (z €U),
fy e [0,1]
_ 20—y 17 2
Ba(7) Uity e [1,1),
then 1)
2
()77 e
ie. )
Z]{(S) - %‘ < % (2 €U) when~v e (0,1)
Re ZJJ:(S)) >0 (ze€lU) wheny=0.
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