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Abstract In this paper, we introduce new transformations for Horn’s double hypergeometric
functionsG1, G2 andG3. Also deduce new integral representations of Euler-type involving these
functions in terms of hypergeometric functions of two variables.

1 Introduction

The theory of hypergeometric functions has evolved in many directions and has been useful in the
study of a variety of useful properties in diverse areas of mathematics, physics, and engineering.
Numerous works have been published on this topic in the literature (for example [1, 2, 3, 4, 5, 6,
7, 8, 9, 10]). The enormous success of the theory of hypergeometric functions in a single variable
motivated the development of the theory of hypergeometric functions in multiple variables, as
the solutions of partial differential equations arising in various problems of mathematical physics
are expressed in terms of such hypergeometric functions [11, 12, 13]. The study of multivariable
hypergeometric functions has grown in popularity as a result of advances in number theory, Lie
algebras, group theory, representation theory, algebraic geometry, and combinatorics, etc. have
led to increasing interest in the study of multivariable hypergeometric functions [14, 15, 16].

First of all, we recall Horn’s hypergeometric functions of two variablesG1, G2, G3, H1, H2, H3
, H4, H5, H6 and H7 defined by (see[17, 18]):

G1 (a, b, c;x, y) =
∞∑

m,n=0

(a)m+n(b)n−m(c)m−n
xm

m!
yn

n!
, (1.1)

with |x|+ |y| < 1;

G2 (a, b, c, d;x, y) =
∞∑

m,n=0

(a)m(b)n(c)n−m(d)m−n
xm

m!
yn

n!
, (1.2)

with |x| < 1 and |y| < 1;

G3 (a, b;x, y) =
∞∑

m,n=0

(a)2n−m(b)2m−n
xm

m!
yn

n!
, (1.3)

with 27|x|2|y|2 + 18|x||y| ± 4(|x| − |y|) < 1.

H1 (a, b, c; d;x, y) =
∞∑

m,n=0

(a)m−n(b)m+n(c)n
(d)m

xm

m!
yn

n!
, (1.4)
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with 4|x||y|+ 2|y| − |y|2 < 1.

H2 (a, b, c, d; e;x, y) =
∞∑

m,n=0

(a)m−n(b)m(c)n(d)n
(e)m

xm

m!
yn

n!
, (1.5)

with 1
|y|−|x| < 1.

H3 (a, b; c;x, y) =
∞∑

m,n=0

(a)2m+n(b)n
(c)m+n

xm

m!
yn

n!
, (1.6)

with |x|+ |y|2 − |y| < 0.

H4 (a, b; c, d;x, y) =
∞∑

m,n=0

(a)2m+n(b)n
(c)m(c)n

xm

m!
yn

n!
, (1.7)

with 4|x|+ 2|y|2 − |y| < 1.

H5 (a, b; c;x, y) =
∞∑

m,n=0

(a)2m+n(b)n−m
(c)n

xm

m!
yn

n!
, (1.8)

with 16|x|2 − 36|x||y| ± (8|x| − |y|+ 27|x||y|2) < 1.

H6 (a, b, c;x, y) =
∞∑

m,n=0

(a)2m−n(b)n−m(c)n
xm

m!
yn

n!
, (1.9)

with |x||y|2 + |y| < 1.

H7 (a, b, c; d;x, y) =
∞∑

m,n=0

(a)2m−n(b)n(c)n
(d)m

xm

m!
yn

n!
, (1.10)

with 4|x|+ 2
|s| −

1
|s|2 < 1.

Here (α)β denotes the Pochhammer symbol defined (for α, β ∈ C) by

(α)β :=
Γ(α+ β)

Γ(α)
=

{
1 (β = 0; α 6= 0)

α(α+ 1) · · · (α+ n− 1) (β = n ∈ N),
(1.11)

Γ being the familiar Gamma function and it being read traditionally that (0)0 := 1.
Appell [19] developed four hypergeometric functions of two variables and designated them

by F1, F2, F3 and F4. The following is a de
nition of one of these functions:

F3 (a, b, c, d; e;x, y) =
∞∑

m,n=0

(a)m(b)n(c)m(d)n
(e)m+n

xm

m!
yn

n!
. (1.12)

for |x| < 1, |y| < 1, and e 6= 0,−1,−2, ... .

2 Transformation formulas

In this section, we find some new transformations of Horn functions G1, G2 and G3 in series
of some generalized hypergeometric functions. We recall the generalized hypergeometric series
pFq (p, q ∈ N0) given by (see cite14):

pFq

[
λ1, . . . , λp ;

µ1, . . . , µq ;
z

]
=
∞∑
n=0

(λ1)n · · · (λp)n
(µ1)n · · · (µq)n

zn

n!

= pFq(λ1, . . . , λp; µ1, . . . , µq; z).

(2.1)
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Theorem 2.1. If |x| 6= 0 and
∣∣∣xy ∣∣∣ < 1, then the following transformations holds

G1 (a, b, c;x, y) =
∞∑
m=0

(a)m(c)m
(b− 1)m

xm

m!
×

5F4

[
−m, b

2
,
b+ 1

2
,
b− 1

2
,
b

2
;
b− 1 +m

2
,
b+m

2
,

1− c−m
2

,
2− c−m

2
;
y

x

]
. (2.2)

G2 (a, b, c, d;x, y) =
∞∑
m=0

(a)m(d)m
(c− 1)m

xm

m!
×

5F5

[
−m, c

2
,
c+ 1

2
,
c− 1

2
,
c

2
; 1− a−m, c− 1 +m

2
,
c+m

2
,

1− d−m
2

,
2− d−m

2
;
y

x

]
.

(2.3)

G3 (a, b;x, y) =
∞∑
m=0

(b)m
(a− 1)m

xm

m!
×

7F6

 −m, a
3
,
a+ 1

3
,
a+ 3

3
,
a− 1

3
a

3
,
a+ 1

3
;

a− 1 +m

a
,
a+m

3
,
a+m+ 1

3
1− b− 2m

3
,

2− b− 2m
3

3− b− 2m
3

;

y

x

 . (2.4)

Proof. To prove the result in equality (2.2), let Ω denote the left side of the equality (2.2). And
with the help of following identity

∞∑
n=0

∞∑
k=0

Ak,n =
∞∑
n=0

n∑
k=0

Ak,n−k (2.5)

we get

Ω =
∞∑
m=0

m∑
n=0

(a)m(b)2n−m(c)m−2n
xm−n

(m− n)!
yn

n!
. (2.6)

By using the following identities (see [19])

(m− n)! = (−1)nm!
(−m)n

, (2.7)

(b)m−n =
(−1)n(b)m
(1− b−m)n

, and (b)2n−m =
(b)2n(b− 1)2n

(b− 1)m(b− 1 +m)2n
. (2.8)

and

(c)m−2n =
(−1)2n(c)m
(1− c−m)2n

, (2.9)

Ω becomes

Ω =
∞∑
m=0

(a)m(c)m
(b− 1)m

xm

m!

m∑
n=0

(−m)n(b)2n(b− 1)2n

(b− 1−m)2n(1− c−m)2n
. (2.10)

From above equation (2.10) second summation over n is

5F4

[
−m, b

2
,
b+ 1

2
,
b− 1

2
,
b

2
;
b− 1 +m

2
,
b+m

2
,

1− c−m
2

,
2− c−m

2
;
y

x

]
.

in view of which, complete the proof of (2.2). Similarly, we can prove (2.3) and (2.4) by using
identities (2.5), (2.7), (2.8) and (2.9).
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3 Integral representations

In this section, we give certain integral representations for Horn’s double hypergeometric func-
tions G1, G2 and G3.

Theorem 3.1. The integral representations are satisfied for G1:

G1 (a, b, c;x, y) =
Γ(a+ a′)(V − T )a(W − T )a′

Γ(a)Γ(a′)(V −W )a+a′−1

∫ V

W

(α−W )a−1(V − α)a′−1

(α− T )a+a′

×G2

(
a+ a′, 1− a′, b, c; (V − T )(α−W )x

(V −W )(α− T )
,

−y
(W − T )(V − α)

)
dα,

(<(a) > 0,<(a′) > 0, T < W < V ) , (3.1)

G1 (a, b, c;x, y) =
4Ma′

1 M b
2 Γ(a+ a′)Γ(b+ b′)

Γ(a)Γ(a′)Γ(b)Γ(b′)

×
∫ ∞

0

∫ ∞
0

coshα
(

sinh2 α
)a′− 1

2(
1 +M1 sinh2 α

)a+a′ coshβ
(

sinh2 β
)b− 1

2

(
1 +M2 sinh2 β

)b+b′
×H2

c, 1− a′, a+ a′, b+ b′; b′;−x csch
2α csch2β

M1M2
,

M2y(
1 +M1 sinh2 α

)(
1 +M2 sinh2 β

)
 dαdβ,

(<(a) > 0,<(a′) > 0,<(b) > 0,<(b′) > 0,M1 > 0,M2 > 0) , (3.2)

G1 (a, b, c;x, y) =
Γ(a+ b)Γ(c+ c′)

Γ(a)Γ(b)Γ(c)Γ(c′)

∫ 1

0

∫ 1

0
αc−1 (1− α)c

′−1
βa−1 (1− β)b−1

×H7

(
1− c′, a+ b

2
,
a+ b+ 1

2
; 1− c− c′; αβx

(1− α)2
(β − 1)

,
4 (α− 1)β (1− β) y

α

)
dαdβ,

(<(a) > 0,<(b) > 0,<(c) > 0,<(c′) > 0) , (3.3)

G1 (a, b, c;x, y) =
4Γ(a+ b+ c)

Γ(a)Γ(b)Γ(c)

∫ π
2

0

∫ π
2

0
(sin2 α)a+b−

1
2 (cos2 α)c−

1
2 (sin2 β)b−

1
2 (cos2 β)a−

1
2

×
[

1− x cos2 α cot2 β − 1
4
y sin2 α tan2 α sin2 2β

]−(a+b+c)
dα,

(<(a) > 0,<(b) > 0,<(c) > 0) . (3.4)

Proof. To prove the result in equality (3.1), let 0 denote the right side of the equality (3.1). Then
from the definition (2), we get

0 =
Γ(a+ a′)

Γ(a)Γ(a′)

∞∑
m,n=0

(a+ a′)m(b)n−m(c)m−n
(a)−n

× (V − T )a+m(W − T )a′−n

(V −W )a+a′+m−1

∫ V

W

(α−W )a+m−1(V − α)a′−n−1

(α− T )a+a′+m
× xm

m!
yn

n!
dα. (3.5)

Applying the following integral representation (see, e.g., [17, p. 10,(14)])

B(a, b) =
(V − T )a(W − T )b

(V −W )a+b−1

∫ V

W

(α−W )a−1(V − α)b−1

(α− T )a+b
dα,
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(T < W < V,<(a) > 0,<(b) > 0) .

in (27), we have

0 =
Γ(a+ a′)

Γ(a)Γ(a′)

∞∑
m,n=0

(a+ a′)m(b)n−m(c)m−nB(a+m+ n, a′ − n)
(a)−n

. (3.6)

Now applying well known beta function (see, e.g., [20, 21])

B(a, b) =
Γ(a)Γ(b)

Γ(a+ b)
,

in (28), we get the required result. On the same way, we find the results (24)-(26).

As in the proof of Theorem 3.1, one can easily prove the following Theorems. So, details are
omitted.

Theorem 3.2. The integral representations are satisfied for G2:

G2 (a, b, c, d;x, y) =
Γ(b+ d)Γ(c+ c′)

Γ(b)Γ(c)Γ(c′)Γ(d)

∫ ∞
0

∫ ∞
0

αc−1

(1 + α)
c+c′

βd−1

(1 + β)
b+d

× F3

(
a,
c+ c′

2
, b+ d,

c+ c′ + 1
2

; c′;
βx

α (1 + β)
,

4αy

(1 + α)
2
β

)
dαdβ,

(<(b) > 0,<(c) > 0,<(c′) > 0,<(d) > 0) , (3.7)

G2 (a, b, c, d;x, y) =
(1 +M1)a(1 +M2)bΓ(a+ d)Γ(b+ c)

Γ(a)Γ(b)Γ(c)Γ(d)

×
∫ 1

0

∫ 1

0

αa−1 (1− α)d−1

(1 +M1α)
a+d

βb−1 (1− β)c−1

(1 +M2β)
b+c

×G3

(
b+ c, a+ d;

(1 +M1)α (1− α) (1 +M2β)x

(1 +M1α)
2
(1− α)

,

(1 +M2)β (1− β) (1 +M1α) y

(1 +M2β)
2
(1− α)

)
dαdβ,

(<(a) > 0,<(b) > 0,<(c) > 0,<(d) > 0,M1 > −1,M2 > −1) , (3.8)

G2 (a, b, c, d;x, y) =
Γ(a+ a′)Γ(c+ d)

Γ(a)Γ(a′)Γ(c)Γ(d)

×
∫ ∞

0

∫ ∞
0

(
e−α

)a (1− e−α)a′−1 (
e−β

)c (
1− e−β

)d−1

×H6

(
1− a′, a+ a′, b;

e−(α−β)
(
1− e−β

)
x

(1− e−α)2 ,
(e−α − 1) e−βy

(1− e−β)

)
dαdβ,

(<(a) > 0,<(a′) > 0,<(c) > 0,<(d) > 0) , (3.9)

Theorem 3.3. The integral representations are satisfied for G3:
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G3 (a, b;x, y) =
Γ(a+ a′)Γ(b+ b′)

Γ(a)Γ(a′)Γ(b)Γ(b′)(V1 −W1)a+a
′−1(V2 −W2)b+b

′−1

∫ V1

W1

∫ V2

W2

× (α−W1)
a−1

(V1 − α)a
′−1

(β −W2)
b−1

(V2 − β)b
′−1

×G2

(
b+ b′, a+ a′, 1− a′, 1− b′; (V1 − α) (β −W2)

2
x

(S2 −W2) (α−W1) (S2 − β)
,

(α−W1)
2
(V2 − β) y

(V1 −W1) (V1 − α) (β −W2)

)
×dαdβ,

(<(a) > 0,<(a′) > 0,<(b) > 0,<(b′) > 0,W1 < V1,W2 < V2) , (3.10)

G3 (a, b;x, y) =
Γ(a+ a′)

2a+a′−2Γ(a)Γ(a′)

∫ 1

−1

[
(1 + α)2

]a′− 1
2
[
(1− α)2

]a− 1
2

(1 + α2)
a+a′

×G3

(
1− a′, b;−

(
1 + α

1− α

)2

x,

(
1− α
1 + α

)4

y

)
dα,

(<(a) > 0,<(a′) > 0) . (3.11)

G3 (a, b;x, y) =
4(1 +M1)a(1 +M2)bΓ(a+ a′)Γ(b+ b′)

Γ(a)Γ(a′)Γ(b)Γ(b′)∫ π
2

0

∫ π
2

0

(
sin2α

)a− 1
2
(
cos2α

)a′− 1
2

(1 +M1sin2α)
a+a′

(
sin2β

)b− 1
2
(
cos2β

)b′− 1
2

(1 +M2sin2β)
b+b′

H2

(
a+ a′, 1− a′, b+ b′

2
,
b+ b′ + 1

2
; b;−(1 +M1)2ysin2αtan2αcot2β

(1 +M2) (1 +M1sin2α)
,

(1 +M2)2xcsc2αsin4β
(
1 +M1sin

2α
)

(1 +M1) (1 +M2sin2β)
2

)
dαdβ,

(<(a) > 0,<(a′) > 0,<(b) > 0,<(b′) > 0,M1 > −1,M2 > −1) . (3.12)

G3 (a, b;x, y) =
Γ(a+ a′)

Γ(a)Γ(a′)

∫ 1
2

− 1
2

(
1
2
+ α

)a′−1(1
2
− α

)a−1

×H6

(
b, 1− a′, a+ a′;−

(
1 + 2α
1− 2α

)
x,−(1− 2α)2

y

2 (1 + 2α)

)
dα,

(<(a) > 0,<(a′) > 0) , (3.13)

4 Conclusion remarks

This paper aims is to obtain new transformations for Horn’s double hypergeometric functions
G1, G2 and G3. Also, some new integral representations of Euler-type involving these functions
in terms of hypergeometric functions of two variables have been discussed. Therefore, the results
of this work are variant, significant and so it is interesting and capable to develop its study in the
future.
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[10] A. ȩtinkaya, I.ö Kıymaz, P.Agarwal and R. Agarwal, A comparative study on generating function relations
for generalized hypergeometric functions via generalized fractional operators, Adv Differ Equ., 2018(1),
1–11 , (2018).

[11] G. Lohöfer, Theory of an electromagnetically deviated metal sphere. I: Absorbed power, SIAM J. Appl.
Math., 49 , 567–581,(1989).

[12] A.M. Mathai and R.K. Saxena, Generalized Hypergeometric Functions with Applications in Statistics and
Physical Sciences, Springer-Verlag, Berlin, Heidelberg and New York. (1973).

[13] H.M. Srivastava and B.R.K. Kashyap, Special Functions in Queuing Theory and Related Stochastic Pro-
cesses, Academic Prees, New York, London and San Francisco, (1982).

[14] Yu. A. Brychkov, Handbook of Special Functions, Derivatives, Integrals, Series, and Other Formulas,
CRC Press, Boca Raton, etc., (2008).

[15] B. Davies, Integral Transforms And Their Applications, 2nd Edition. New York, NY: Springer-Verlag,
(1984).

[16] A.P. Prudnikov, Yu.A. Brychkov and O.I. Marichev, Integrals and Series, Vol. III, Gordon and Breach
Science Publishers, New York (1990).

[17] A. Erdélyi, W. Magnus, F. Oberhettinger and F.G. Tricomi, Higher Transcendental Functions, Vol. I,
McGraw-Hill Book Company, New York, Toronto and London, (1953).

[18] J. Horn, Ueber die Convergenz der Hypergeometrische Reihen Zweier und Dreier Veränderlichen, Math.
Ann.,34, 544–600, (1889).

[19] H.M. Srivastava and P.W. Karlsson, Multiple Gaussian Hypergeometric Series , Ellis Horwood Lt1.,
Chichester, (1984).

[20] E.D. Rainville, Special Functions, Macmillan Company, New York, (1960), Reprinted by Chelsea Pub-
lishing Company, Bronx, New York, (1971).

[21] H.M. Srivastava and J. Choi, Zeta and q-Zeta Functions and Associated Series and Integrals, Elsevier
Science Publishers, Amsterdam, London and New York, (2012).

Author information
S. Jain, Department of Mathematics, Poornima College of Engineering, India.
E-mail: shilpijain1310@gmail.com

J. Younis, Department of Mathematics, Aden University, Yemen.
E-mail: jihadalsaqqaf@gmail.com

P. Agarwal, Applied Nonlinear Science Lab,Department of Mathematics, Anand International College of Engi-
neering
Nonlinear Dynamics Research Center (NDRC), Ajman University, Ajman, AE 346, United Arab Emirates, In-
dia.
E-mail: goyal.praveen2011@gmail.com



8 S. Jain, J. Younis, P. Agarwal and Mohamed A. Abd El Salam

Mohamed A. Abd El Salam, Mathematics Department, Faculty of Science, Al-Azhar University, Nasr-City
11884, Cairo & October High Institute for Engineering and Technology, Giza, Egypt.
E-mail: mohamed_salam@azhar.edu.eg

Received: September 30, 2021.

Accepted: December 7, 2021.


	1 Introduction
	2 Transformation formulas
	3 Integral representations
	4 Conclusion remarks

