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Abstract Let G be a (p,q) graph. Let f : V (G) — {1,2,...,p} be afunction. For each edge
uv, assign the label |f (u) — f (v)]. f is called a difference cordial labeling if f is a one to one
map and |es (0) — ey (1)| < 1 where ey (1) and ey (0) denote the number of edges labeled with 1
and not labeled with 1 respectively. A graph which admits a difference cordial labeling is called
a difference cordial graph. In this paper we investigate the difference cordial labeling behaviour
of K + mK;, K& + 2K>, Sunflower grpah, Lotus inside a circle, Pyramid, Permutation graphs.

1 Introduction

Let G = (V, E) be (p,q) graph. In this paper we have considered only simple and undirected
graphs. The number of vertices of G is called the order of G and the number of edges of G
is called the size G. Labeled graphs are used in several areas of science and technology such
as astronomy, radar, circuit design and database management[2]. The origin of graph labeling
is Graceful labeling which was introduced by Rosa [11] in the year 1967. In 1980, Cahit [1]
introduced the cordial labeling of graphs. Cordiality behavior of numerous graphs were studied
by several authors [4, 12, 14, 20, 5, 15, 16, 17, 18, 19, 13]. In this approach, R. Ponraj, S. Sathish
Narayanan and R. Kala introduced difference cordial labeling in [6]. In [6, 7, 8, 9] difference
cordial labeling behavior of several graphs like path, cycle, complete graph, complete bipartite
graph, bistar, wheel, web and some more standard graphs have been investigated. In this paper,
we investigate the difference cordial labeling behavior of K, + mKj, K¢ + 2K,, Sunflower
graph, Lotus inside a circle, Pyramid, Permutation graphs, book with n pentagonal pages, t-fold
wheel, double fan. Let « be any real number. Then the symbol |z] stands for the largest integer
less than or equal to = and [«] stands for the smallest integer greater than or equal to =. Terms
and definitions not defined here are used in the sense of Harary [3].

2 Difference cordial labeling

Definition 2.1. Let G be a (p, q) graph. Let f be a map from V (G) to {1,2,...,p}. For each
edge uv, assign the label | f(u) — f(v)|. f is called difference cordial labeling if f is1 — 1 and
les (0) —ey (1)] < 1 where es (1) and e; (0) denote the number of edges labeled with 1 and
not labeled with 1 respectively. A graph with a difference cordial labeling is called a difference
cordial graph.

The following results (theorem 2.1 to 2.9) are used in the subsequent section.
Theorem 2.2. [6] Any Path is a difference cordial graph.
Theorem 2.3. [6] Any Cycle isa difference cordial graph.
Theorem 2.4.[6] If G isa (p, q) difference cordial graph, theng < 2p — 1.
Theorem 2.5. [6] K, isdifference cordial iff n < 4.
Theorem 2.6.[6] K>, isdifference cordial iff n < 4.
Theorem 2.7.[6] K3, isdifference cordial iff n < 4.
Theorem 2.8. [6] The wheel W, isdifference cordial.
Theorem 2.9.[10] The ladder L,, isdifference cordial.

Theorem 2.10. [10] The prism C,, x P, is difference cordial.
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The join of two graphs G; and G is denoted by G1+G> and whose vertex setis V(G1+G2) =
V(Gl) U V(Gz) and edge set E(Gl + Gz) = E(Gl) U E(Gg) @] {uv RS V(Gl),v S V(Gz)}

Theorem 2.11. Let G bea (p, ¢) graph. If ¢ > p + 1, then G + K isnot difference cordial.

Proof. Obviously, G+ Ky isa (p+ 1,p + ¢) graph. Suppose G + K3 is difference cordial, then
by theorem 2.4, p + ¢ < 2(p + 1) — 1. Thisimplies ¢ < p + 1, a contradiction. m|

Theorem 2.12. Let G; be a (p1, ¢1) connected graph and G, be a (pz, g2) connected graph with
G1 # Ky and p, > 3then G; + G isnot difference cordial.

Proof. The order and size of G; + G, are p; + p and ¢1 + g2 + p1p» respectively. Suppose
G1 + G, is difference cordial with G; # K, and p, > 3, then by theorem 2.4, q; + ¢ + pip2 <
2(pm+p)—L=pp—p2-—m+1<2,=22>ppPp1—-1)-m+1>3(p1—-1)—-p1+1>2,
a contradiction. O

Theorem 2.13. Let G bea (p, ¢) graph. Then G + G isdifference cordial iff p < 3and ¢ < 1.

Proof. The number of vertices and edges in G + G are 2p and 2¢ + p? respectively. Suppose f is
a difference cordial labeling of G + G, then by theorem 2.4, 2q + 1? < 2 (2p) — 1. This implies
p < 3. It follows that ¢ < 1. When p = 3 and ¢ = 1, the difference cordial labeling of G + G is
shown in figure 1.

1 2 5
3 4 6
Figure 1

When p =3 and ¢ =0, G + G = K3 3 which is difference cordial by theorem 2.7. When p = 2
and ¢ = 1, G + G = K4 which is difference cordial by theorem 2.5. Whenp = 2 and ¢ = 0,
G + G = K>, which is difference cordial by theorem 2.6. When p = 1, ¢ must be 0. Here,
G + G = P, this is difference cordial by theorem 2.2. O

Theorem 2.14. Let G bea (p, ¢) difference cordial graphwith & (k > 1) vertices of degreep—1.
Thenp < 7.

Proof. Obviously, ef (1) <p—1. Letu; (1 <i< )be the vertex of G such that deg (uz) p—
1 (1<i<k).Thenes(0) > (p—3)+(p—3)—1++(p—3)—(k— 1) = k (p— 3) - -2,
This implies, e; (0) —ef (1) > k(p—3) — (k U _ p+1. Itfollows that p < 7. o

<
-3

Theorem 2.15. K, + mK; isdifference cordial iff m < 4.

Proof. Suppose K, + mK; is difference cordial then by theorem 2.14, m < 5. Let V(K, +
mK;) = {u,v,w; : 1 <i < m}and E(K; + mK;) = {w,vw;,vw; : 1 <4 < m}. When
m =5, the maximum value of ef(1) occur when f (u) = 2,f (v) =4, f(w1) =1, f (w2) =3,
f(wsz) =5, f(ws) =6and f(ws) = 7. It follows that, e; (1) < 4, e; (0) > g—4 > 7. This
implies e (0) — e (1) > 3. Hence K, + 5K; is not difference cordial. Since, K + K = Cs,
by theorem 2.3, K, + K is difference cordial. The difference cordial labeleling of K, + 2K,
K, + 3K, and K, + 4K, are shown in figure 2.

6
5
3 A
2 4 2 4 2 4
Figure 2

Theorem 2.16. K¢ + 2K, isdifference cordial iff n < 2.
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Proof. Let V(K: 4+ 2K3) = {u,v,w,z,u; : 1 < i < n} and E(K{ 4+ 2K3) = {uv,wz} U
{wug, vug, wui, zu; -1 < i < n}. Clearly, e; (1) < n + 3. Since the degree of the vertices
wov,wand zisn+1,e;(0) > (n—-1)+(n—-1) -1+ (n—-1)+(n—-1) -1 > 4n — 6.
Hence, e (0) — ef (1) > 3n — 9. This implies n < 3. Suppose n = 3. Here, e (1) < 6. Also
er (0) > g —es (1) > 8. Therefore, ey (0) —ef (1) > 2. Hence, K§ + +2K is not difference
cordial. For n < 2, the difference cordial labeling is given in figure 3.

1 3
2
5 4
Figure 3

O

The sunflower graph S,, is obtained by taking a wheel with central vertex v and the cycle
Cy v1vy . .. vpv1 and new vertices wyws . . . wy, Where w; is joined by vertices v;, ”i+1(mod n)-

Theorem 2.17. The sunflower graph S,, is difference cordial, for all n.

Proof. Define f: V(S,) — {1,2,...2n+ 1} by f(w) =1, f(v;) =2i, 1 <i<mn, fw) =
2i+1, 1 <i<n. Nowes0) = 2nand es(1) = 2n. Therefore f is a difference cordial
labeling. O

The Lotus inside a circle LC,, is a graph obtained from the cycle C,, : wiuy...u,u; and
a star K, with central vertex vy and the end vertices viv, . .. v, by joining each v; to u, and

“ir1(mod n)-
Theorem 2.18. The Lotusinside a circle LC,, is difference cordial, for all n.
Proof. Define a map f from the vertex set of LC,, to the set {1,2,...2n + 1} as follows:

flw) =1, f(v,) =2, 1 <i<mn, fu,) =2i+1 1 <4 <n. Clearly f is a differ-
ence cordial labeling. O

A Lotus inside a circle LC, with a difference cordial labeling is shown in figure 4.

A,
%

Figure 4

The graph obtained by arranging vertices into a finite number of rows with 4 vertices in the
it" row and in every row the j** vertex and j + 1°¢ vertex of the next row is called the Pyramid.
We denote the Pyramid with n rows by Py,,.

Theorem 2.19. All Pyramids are difference cordial.

Proof. Leta;; (1< j <i) be the vertices in the i*" row. Define an injective map f from the
vertices of the Pyramid Py, to the set {1 2,3... 1 "*1 } by f(ai;) = 3(Gi—1)(2n—j)+i, j <

i < n. Clearly, ef(0) = ef(1) = MT Therefore, f is a difference cordial labeling of the
Pyramid. O

Example 2.20. The Pyramid Pyg with a difference cordial labeling is shown in figure 5.
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Figure 5

The graph P, + 2K is called a double fan DF;,.
Theorem 2.21. The double fan DF,, is difference cordial iff n < 4.

Proof. Note that DF,, is a (n + 2,3n — 1) graph. Suppose DF,, is difference cordial, then by
theorem 2.4, 3n — 1 < 2(n+2) — 1. It follows that n < 4. Since DFy = Ps, DF3 = wy,
using theorem 2.2 and theorem 2.8, D F; and D F3 are difference cordial. The difference cordial
labeling of DF, and DFy is given in figure 6.

¢

Theorem 2.22. Books with n pentagonal pages are difference cordial.

Proof. Let G be a book with n pentagonal pages. Let V(G) = {u;, vi,w; 1 1 <i <n}U{u,v}
and E(GQ) = {uu;, wyw;, wiv;,v;v 1 <i < n} Defineamap f: V(G) — {1,2,...,3n+ 2}

by

flu;)) = 3i—-2 1<i<n

flw) = 3i—-1 1<i<n

flvi) = 3i 1<i<n
f(u)=3n+1and f (v) =3n+2. Since ey (1) =2n + L and ey (0) = 2n, f is a difference
cordial labeling of G. O

H, » is a graph with vertex set {u;,v; : 1 <i < n} and edge set {u;v; : 1 <i < j <n}.
Theorem 2.23. H,, ,, isdifference cordial iff n < 6.

Proof. Suppose H, , is difference cordial, then using theorem 2.4, % <2(2n) -1 It

follows that n < 6. For n < 6, the difference cordial labeling f is given in table 1. O
n uq U us U4 us Up U1 U2 (%] V4 Vs Ve
111 2
21113 2| 4
311|365 214 |6
41 1| 3|68 214|517
5(11|4)]6 )| 8]10 2113|5719
62|46 |8|10(12| 1|3 |5 |7]|9]|1
Table 1.

Let G be the graph derived from a wheel W,, by duplicating the hub vertex one or more
times. We call G a t-fold wheel if there are ¢ hub vertices, each adjacent to all rim vertices and
not adjacent to each other.

Theorem 2.24. A t-fold whedl G isdifference cordial ifft <2 andn = 3.
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Proof. The 1-fold wheel is a wheel and is difference cordial by theorem 2.7. Let ¢ > 1. Clearly
G consists of n 4 ¢ vertices and nt 4+ n edges. Suppose G is difference cordial with ¢ > 3, then
by theorem 2.3, nt +n <2(n+t)— 1. =2n—-1> (n—2)t+n > (n — 2) 3 + n. It follows
that 2n < 5, a contradiction. Suppose G is difference cordial with ¢ = 2, then by theorem 2.3,
2n+n < 2(n+2) — 1. This implies n < 3. The difference cordial labeling of G with n = 3

and ¢ = 2 is given in figure 7.
3

25

Figure 7

O

Next is the permutation graphs. For any permutation fon 1,2, ... n, the f-permutation graph
on a graph G, P (G, f) consists of two disjoint copies of G, say G; and G, each of which has
vertices labeled vy, v, ... v, With n edges obtained by joining each v; in Gy t0 vg(;) in Go. We
shall denote the identity permutation by 1.

The product graph G x G is defined as follows: Consider any two vertices v = (u1,u2)
and v = (vg,vp) inV = V3 x V5. Then w and v are adjacent in G; x G, whenever [u; =
vy and wy adj vo] or [uy = v, and uy adj vy].

Theorem 2.25. Let G be (p, ¢) graph with ¢ > p. Then for any permutation f, P (G x K3, f) is
not difference cordial.

Proof. The order and size of P(G'x K>, f) are 4p and 4q-+4p respectively. Suppose P(Gx K>, f)
is difference cordial with ¢ > p, then by theorem 2.4, 4q+4p < 2(4p)—1. = 8p—1 > 4q+4p >
8p. = —1 > 0, a contradiction. O

Theorem 2.26. For any permutation f, P (W, f) isnot difference cordial.
Proof. Obviously, the order and size of P (W,,, f) are 2n + 2 and 5n + 1 respectively. Suppose

P (W,, f) is difference cordial. Then by theorem 2.4,5n +1 < 2(2n+2)—-1. = n < 2,a
contradiction. O

For a graph G, the splitting graph of G, S’ (G), is obtained from G by adding for each vertex
v of G anew vertex v’ so that v is adjacent to every vertex that is adjacent to .

Theorem 2.27. I1f Gisa (p, q) graph and s’ (G) bethe splitting graph of G with ¢ > p. Then for
any permutation f, P(S' (@), f) isnot difference cordial.

Proof. The order and size of P(S'(G), f) are 4p and 6 + 2p respectively. Suppose P(S'(G), f)
is difference cordial, then by theorem 2.4, 6¢q+2p < 2(4p)—1. = 6p—1 > 6¢ > 6p. = —1 > 0,
a contradiction. O

The helm H, is the graph obtained from a wheel by attaching a pendant edge at each vertex
of the n-cycle. A flower F,, is the graph obtained from a helm by joining each pendant vertex
to the central vertex of the helm.

Theorem 2.28. For any permutation f, P(Fli,, f) isnot difference cordial.

Proof. The order and size of P(Fi,,, f) are 4n+2 and 10n+1 respectively. Suppose P(Fl,, f) is
difference cordial. Then by theorem 2.4, 10n+1 < 2(4n+2)—1. = n < 1, acontradiction. O

Theorem 2.29. P( Py, f) isdifference cordial where f = (12)(34) ... (kk+1)...(2k—12k).



194 R. Ponraj, S. Sathish Narayanan and R. Kala

Proof. Letu; and v; be the vertices in the first and second copies of P,y. Define, f : V(P(Pay, f))
—{1,2,...,4k} by f(u;) =i, 1 <i<2k,

fvaics) = 2k+4i—-3 1<i<®L if 2k=2(mod4)
1<i<% if 2k=0(mod4)
flvaic) = 2k+4i—-2 1<i<®l if 2k=2(mod4)
1<i<% if 2k=0(mod4)
flvgii1) = 2k+4i 1<i<®1 if 2k=2(mod4)
1<i<¥% if 2k =0(mod 4)
flvg) = 2k+4i—1 1<i<iL if 2k=2(mod4)
1<i<4% if 2k=0(mod4)
Since, e; (0) = es (1) = 3k — 1, f is a difference cordial labeling. o
Theorem 2.30. P(P,, I) isdifference cordial.
Proof. Since P(P,,I) = L,, proof follows from theorem 2.9. o
Theorem 2.31. P(C,,, I) isdifference cordial.
Proof. Since P(C,,,I) = C,, x P,, proof follows from theorem 2.10. O

Theorem 2.32. P(K,, I) isdifference cordial iff n < 3.

Proof. Since P(K1,1) &2 Ky, P(Kz,I) =2 Cqand P(K,,I) =2 C3 x Py, P(K,,I),n < 3is
difference cordial. The order and size of P(K,,, I) are 2n and n? respectively. Suppose P(K,, I)
is difference cordial, then by theorem 2.4, n? < 4n — 1. It follows that n < 3. O

The corona of G with H, G ® H is the graph obtained by taking one copy of G and p copies
of H and joining the *" vertex of G' with an edge to every vertex in the i** copy of H. P, ® K;
is called the comb and P, ® 2K is called the double comb.

Theorem 2.33. P(P, ® K, I) isdifference cordial.

Proof. Let V(P(P, ® K1,I)) = {us,vi,wi,z; © 1 < i < n}and E(P(P, ® K1,1)) =
{uivi, viw;, wizi,ux; © 1 < i < npU{uuir,zizieg 0 1 < i < n— 1} Define an injec-
tivemap f: V(P(P,® K1,I)) —»{1,2...4n} by

I () 4i -3 1<i<n

flo) = 4i-2 1<i<n

flw) = 4-1 1<i<n-1

flzi) = 4 1<i<n-1
f(w,) = 4n and f(z,) = 4n — 1. Since ef(0) = ef(1) = 3n — 1, f is a difference cordial
labeling of P(P, ® K1, I). o

Theorem 2.34. P(P,, ® 2K, I) isdifference cordial.

Proof. Let V(P(P, ® 2K1,1)) = {w;,vi, wi, ®i,y5,2 - 1 <i <n}and E(P(P, ® 2Ky,I)) =
{uwsws, wimi, wimy, wiys, Yivi, vy, Tizi, 205 0 1 <@ < npU{uiuir,viv4a 01 <0 <n— 1}
Define aonetoonemap f : V(P(F, ® 2K1,1)) — {1,2...6n} as follows:

f(wz) = 6:—4 ]_Szg[%'l
f(z) = 6i—1 1<i<[2]
f(Ui) = 6i—2 1§Z§[%-|
/ “mﬂ-) = 6[3[+5-5 1<i<|3]
7 (wra) = 6[3]+5i-4 1<i<|3]
Fvrg1a) = 6[3]+5i-3 1<i<|3]
Foraye) = 631 +5-2 1<i<|3
Fzre1) = 6[31+5i-1 1<i<|y]
Fapa1e) = 6[31+5[3)+i-1 1<i< 2]
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The following table 2 shows that f is a difference cordial labeling. O

Nature of n. | ef(0) | ef (1)
n =0(mod 2) In—2 In—2

9 : 3 9 :
_ n— n—1
Table 2.

Theorem 2.35. P(K;, + mKy, I) isdifference cordial iff m < 3.

Proof. The order and size of P(K, + mKi,I) are 2m + 4 and 5m + 4 respectively. By theorem
24,5m +4 < 2(2m + 4) — 1. It follows that m < 3. The difference cordial of K, + Kj,
K, + 2K, and K, + 3K, are shown in figure 8.

Figure 8

O

Theorem 2.36. Let C,, bethe cycle uyus; . .. u,uy. Let G* be the graph with V(G*) = V(C,,) U
{vi,w; : 1 <i<n}and E(G*) = E(C,) U {uivi,ui+l(md ) Wi, Vi 1 <i<n}. Then G*
is difference cordial.

Proof. Define a function f : V(G*) — {1,2...3n} as follows:

flu)) = 1 1<i<n
flvi) = n+2i+1 1<i<n-1
flw)) = n+2i+2 1<i<n-1

f(vn) =n+1land f(w,) =n-+2. Since ef(0) = er(1) = 2n, f is a difference cordial labeling
of G*. O

Theorem 2.37. P(K,, . I) (m,n > 1) isdifference cordial iff m =n =2 andn = 3,4,5.

Proof. The order and size of P(K,, ,I) are 2m + 2n and 2mn + m + n respectively. Suppose
P(K,,n,I) is difference cordial, then by theorem 2.4, 2mn + m + n < 2(2m + 2n) — 1.
=2mn<3m+3n-1— (1).

Casel. m =n.

(LH)=2m?<bm—-1=>m=n=2.

Case2. m # n.

Assumem >n>2. (1) =0< -2mn+3m+3n—-1< -2mn+6m—-1 =6m—-1>
2mn — (2).

Subcase 1. n > 3.

(2) = 6m —1>6m. = —1> 0, acontradiction.

Subcase 2. n = 2.

Here p = 2m + 4 and ¢ = 5m + 2. Suppose f is difference cordial, then by theorem 2.4,
5m+2 < 2(2m+ 4) — 1. This implies m < 5. Since P(K;,,1) = C4 x P,, by theorem 2.10,
P(K3,I) is difference cordial. The difference cordial labeling of P(K,3,1), P(K24,1) and
P(K35,1I) is shown in figure 9.
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Figure 9

O

Finally we investigate the difference cordial labeling behavior of special graphs which are
generated from cycle.

Theorem 2.38. Let C,, bethecycleuju; . .. u,u;. Let Gbeagraphwith V(G) = V(C,,) U{w; :
1<i<n}and E(G) = E(C,) U {uiwi,uiﬂ(mod Wi 11 << n}. Then G is difference
cordial.

Proof. Defineamap f: V(G) — {1,2...2n} as follows:
Casel. niseven.

f(us) = 2i—-1 1<i<zd
flussy,) = 3H+i 1<i<ss
f(w;) = 2 1<i<ng?
flwn—y) = n+2+4i 1<i<n32
Case2. nis odd.
fuy) = 2i—-1 1<i<np
flungs,;,) = 32 +i 1<i<ng®
f(w;) = 2 1<i<zg
flwn—y) = n+d+i 1<i<n3
The table 3 gives the nature of the edge condition of the above labeling f. It follows that f is a
difference cordial labeling. O
Valuesof n | ef (0) | ef (1)
n=0(mod2) | 3 3
n=1(mod2) | -t | 3ntl
Table 3.
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